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State Space Analysis
of Control System
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8.1. ANALYSIS OF SYSTEMS

The procedure for determining the state of a system is called state variable analysis. The state of a
dynamic system is the smallest set of variables such that the knowledge of these variables at t = £,
with the knowledge of the input for t > t, completely determines the behaviour of the system for any
time ¢ 2 t,. This set of variables is called state variables.

In earlier chapters we studied the linear system by transfer function, block diagram etc. The
transfer function has some drawbacks e.g. transfer function is only defined under zero initial
conditions and also it is applicable to linear time invariant systems.* Therefore due to these limitation
state variable approach is developed. This technique can be used for analysis and design of linear
and non-linear, time invariant or time variant and multi input multi-output systems.** The state
space analysis involves the description of the system in terms of I order differential equations by
selecting suitable state variables, the first order derivatives are arranged on left hand side and on
right hand side the terms are free from derivatives. The state space techniques have many advantages

(Given in next article i.e., 8.2).
8,2. ADVANTAGES OF STATE SPACE TECHNIQUES

This technique has the following advantages.

* If the characteristic of a system does not change with time, then the system is said to be time invariant.
** A system is said to be a single variable system if and only if it has only one input terminal and only one
output terminal. A system is said to be multivariable system if and only if it has more than one input terminal

or more than one output terminal.
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This appmach can be applied to linear or nonlinear, time variant or time invariant systems,
It is easier to apply where the Laplace transform cannot be applied

th : : \ : :
n™ order differential equations can be expressed as ‘n’ equation of first order whose solutions
are easier.

- Itis a time domain approach.

- This method is suitable for digital computer computation because this is a time domain
approach.

6. The system can be designed for optimal conditions with respect to given performance indices.
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8.3. SOME IMPORTANT DEFINITIONS

State : The state of a system at any time ‘#," is the minimum set of numbers x;, x,,....,x, which along
with the input to the system for time ¢ 2 t, is sufficient to determine the behaviour of the system for
all > t,. In other words, the state of a system represents the minimum amount of information that
we need to know about a system at “‘t,”” such that its future behaviour can be determined without
reference to the input before ‘t,". The state can also be defined as the state of a system at time f is the
amount of information at #, that, together with input u(t;, =) determines the unique behaviour of

: the system for all ¢ > £,. By the behaviour of the system, we mean all responses, including the state of

the system. If the system is a network we mean the voltage and current of every branch of the

network.
Consider the network shown in Fig. 8.1 if the initial current N :

through the inductor and initial voltage across the capacitor are R L T

known, then for any driving voltage the behaviour of the netwrok * P '

can be determined. Hence, the inductor current and capacitor z i gy |

voltage can be considered as the state of the network. )L |
State Variables : The definition is given in Article 8.1 Fig. 8.1. 3

State Vector : If we need n variables to completely describe
the behaviour of a given system, then these n state variables may be considered as n component of
a vector x. Such a vector is called state vector, A state vector is thus a vector which determines
uniquely the system state x(t) for any time t > #,, once the state at t = t is given and the input u(f) for
t 2 t, is specified.
| State space : The n-dimensional space whose coordinate axes consists of the x, axis, x, axis ......,
| x, axis is called state space. Any state can be represented by a point in the state space.

8.4. STATE SPACE REPRESENTATION

8.4.1. State Space Representation For Electrical Network (Physical Variable Form)

Consider an RLC network shown in Fig. 8.2. Let, the current at time ¢ = 0 be i;(0) and capacitor
voltage at time ¢ = 0 be V_(0). Thus, the state of the network at time
t = 0 is specified by the inductor currenf and capacitor voltage.
Hence, the pair ;(0), V. (0) is called the initial state of the network.
Similarly at time ‘t’, the pair i;(t), V, (t) is called the state of the
network at ‘t’. The variable i, and V, are called state variables of
the network. Fig. 8.2.
Apply KVL

i gy
R1L+L%+Vc =0 (8.1)
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Also, {,uf wCil .(8.2)
A e
From equation (8.1) %L p -!E k *%Vc .(83)
dv 1
i LY (84
dt C IL ( )

Equations of this form are called state equations. In such equations all the variables present are

state variables.

Equations (8.3) and (8.4) can be written in matrix form as
di R 1 i
7’- -_— -
t ) £

dv, 1
av, 1 v,
dt B R

..
L

..(85)

i, P
let x(t)A[VC] and A =

then equation (8.5) can be written as

gt' x(t) = Ax(t)
or x() = Ax(t)
In the linear time-invariant systems, the general form of state equations are
x(t) = A x(t) + Bu(t) -.(8.6)
y(t) =C x(t) + D u(t) -(8.7)
These equations are vector differential equations where ‘x’ is the n-dimensional state ~ector
y = n-dimensional output vector
u = r-dimensional control vector or input vector
A = n x n system matrix
B = n x r control matrix
C = n x n output matrix
In some cases there is no direct connection between input and output so D u(t) will not be there.
y(t) = Cx(t) (8.8)
Equations (8.6) and (8.8) can be expressed as '

' (a4, 615 ... a, |[x ]
:: it o x:W bu b e by "
il o Pk I .
in| L% Aun || Xn | buy b,, _“..._
5 Wi [ Cin oo Co. ]
y:’ = x:z .
Bl TG e i ey

agi
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5,4.2. State Space Representation of mth D_rder Diffe:fﬂfﬂgﬁ'ff—{—-——-w——- —

Consider the following examples.
(@) For nth Order Differential Equation
EXAMPLE 8.1. A system is described by the differential equation

dly  dly o dy
F+6?+113+10y=8u(ﬂ

. i i _ Obtain state space representation of the
:Vylg::n y is the output and u is the input to tlTe system 1y Fusiud, 2003

Solution : Select the state variables as %
X, =Y, X= y and x; = ¥ then
Xy =%
%, =1
Xy =8 u(f) - 10 x; — 11x, - 6x,
The last equation is obtained from the given equation.

al o 1 oliniail
wl=l 0 0 1]|%|+[0ju@) .(8.11)
X3 | ~10- —11.. ~6 jil45 8

Compare equation (8.11) with equation (8.6) we get

0 1A 0 x
A= 0 0 1Tt B= 0| x(t) el 4.5,
Bl ¢ -6 | 8 X3

(b) State Space Representation of n'" Order Linear System with r Forcing Function

| Consider the following example

‘ EXAMPLE B.2. A system is described by the following differential equation. Represent the

system in state space.
dix . . d°%

s +3 ——
dt dt
and outputs are

+ 4% +AX = uy(t) + 3uy(t) + 4 uy(t)

dx

d*x
y2 = -d-ti- + 4!‘2 + Uy

Solution : Select the state variables as

s
i w e
x2=x3

X, =u )+ Buy(t) + 4uy(t) - 3x; - 4x, - 4x,
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'l Jo 1 0]fx] [o o0 0]fu
Y0=10 0 1||x,|+[00 0flu
-\:3 -4 4 -3 X3 &0 Us

Outputs :
Yy =4x, + 3u,
Y =x3+4ruz+u3
v,] [0 4 0]l™| 300"
[yz}:=[0 0 1] ¥ +[o 4 1] “2
X3 Uy

8.4.3. State Space Representation for Transfer Function

Consider the following example
EXAMPLE 8.3. For the given transfer function, obtain the state model.
y(s) K
u(s) = 3 +a,s® +a,s+a,
Solution : This transfer function has no zeros.
(53 + ags® + ays + a)) y(s) = Ku(s)

G(S) =

ar Sy(s) + ass2y(s) + ays y(s) + agy(s) = Ku(s)
Taking inverse Laplace
YO +asy (1) +a, (1) +ay y(t) = Ku(®)
or Y () = Ku(t) - a3 ¥ (1) - a, Y(H) —ayy(t)
Select the state variables as, first state variable as output
y() =x,
Yy ) =%1= x,
y(t) = x.z =X3
V() = %3
v () =—a3x3—aXy—ayx;, + Ku(t)
Rewriting the equations
X = x5
X = X

X3 =l X3 — Ay, — Xy + Ku(t)

- g1 8 el i
Hl=lo 0 1 ||x|+0]u@®)
1'3 "’al “az _a3 x3 K

y(t) =[100] x(H)

BLOCK DIAGRAM :
The block diagram of the given transfer function is shown in Fig. 8.3.
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Now consider another case when the transfer function has zeros. |
&} -@-{T] 17 (1] L 1] (I i
E (]

Lok

+
Fig. 8.3.
EXAMPLE 8.4. Obtain the state model for the given transfer function.
5 v(s) i K(Cys+C,)
Ge) = 4o = & +ags’ +a,s+a,
Solution : Break the transfer function in two parts

x() y) _ K C
g(;‘ —:(S-)_ xl(s) 83 +ay8% +a,5+ 4 (Gattfen)

3 Xy (3)
Now consider us) =

s +aas +azs+al

[3 + @552 + ays + a,] x,(5) = Ku(s)

Taking inverse Laplace
X,(f) +ay x,(t) + 4, xl(t) + ayx,(t) = Ku(t)
1(t) =- asxl(t) ale(t) a,x,(f) + Ku(t)

Select the state variables as
"1 - %
J‘1 5 "z‘xs
"1 _.13
Rewrite 1=%
Izzxs

| Xy =—83%3— 8y Xy — 41Xy + Ku

= b 1. 8 Mal 10
Xl=| 0 0 1 [|x;|+]|0|u(t)
f3 —-a, —a; —a3 X3 K

)

CO“Sidef, x (3) = Czs + C‘

y(s) = x,(s) [Cy58 + Cy]
Take inverse Laplace

y(t) =Cyxy + Coxy

¥ =[G, C; 01 x(t)

= [CI Q o] xl
X
X3
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The block diagram is shown in Fig 8.4

‘5(2‘ M—> v
R A %3 | Xa® ¥, ¢ o [y —
» K "N ‘11!' Qx'»«ij ly,"){l'}"’ "G
R LTS TR
1@, | | f |
,; (™ | {42 | {4 |
, T rJ L
L e S &
Fig. 8.4. :
8.5. SOLUTION OF THE TIME-INVARIANT STATE EQUATION E‘
.
8.5.1. Solution of Homogeneous State Equation : Laplace Transform Method
We know that :
x(t) = Ax(t) + Bu(t) -(8.12)
u(f) = 0 for unforced response
Then x(t) = Ax(p) (8.13)
Let us consider the analogous scalar equation

x(t) = ax(f) .-(8.14)
Take the Laplace transform of equation (8.14)
sX(s) — x(0) =aX(s)
(s —a) X(s) = x(0)

or X(s) = (s—a) x(0) (8.15)
Take the inverse laplace of equation (8.15)

x(t) = e x(0) ..(8.16)
If equation (8.16) is the solution of equation (8.14) then the solution of equation (8.13)

x(t) = e x(0)
e* = ¢(t) = State Transition Matrix (STM)

2,2 3.4 . At
=l+as S Ay =,~-0A"_’t (817)

o(t) = £720(s) = £7[sI - A]"!
where ¢(s) = Resolvant matrix

8.5.2. Properties of State Transition Matrices

For time invariant system x = Ax and

2.0 L has
o(t) B TR YT L

2! ——3"!_ + .....
@) 60)=eO=]
(i) o) = e = (A" = [o(-1)]"
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(1) &\1) = &)

(i) o, + ) = et o ofh oAb o o) 0ty = () 1)
®)  [&O]" = &nt)

(00 &ty ~ 1) &ty = 1)) = &ty ~ to) = &t, ~ 1o (t, - 1)

8.5.3. Solution of Non-Homogeneous State Equations

Here u(t) 20
4. Initial condition t = 0

x(t) = Ax(t) + Bu(t) ~(8.18)
Consider an analogous scalar equation

x(t) = ax(t) + bu(t) ~(8.19)

where ‘@’ and ‘b’ are the scalar quantities. Take Laplace transform of equation (8.19)
sX(s) — x(0) = aX(s) + bu(s)

or (s —a) X(s) = x(0) + bu(s)
Multiplying both the sides by (s — a)™! we get
X(s) = (s—a)™ x(0) + (s —a) ™ bu(s) ~(820)
Take inverse laplace of equation (8.20)
> t
x(t) = & x(0) + je‘ =9 py(1) de ~(821)
0
Equation (8.21) is the solution of equation (8.19), then the solution of equation (8.18) will be
t
x(t) = At x(0) + AV bu(x) de (822
0
t
or x(t) = 0() x(0) + [o(t—1) bu(x) de 829
0

b. When initial time is given by t, i, t =t

t
x(t) = ¢(t) x(0) + j¢(t—t) Bu(t)dt
0

At : tet,
: ¢
x(tg) = dty) (0) + j o(ty —7) Bu(t) dt -(824)
Multiply both the sides by ¢7(t,) :

L,
#3419 x(t9) = X0) + [ (-tg) 8ty ) Bu(x) e
,
=x(0) + jo(—tono —1) Bu(t)dt
0

t,
o7(tg) x(tg) = x(0)+ [ 0(~7) Bu(z) de
0
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t

& x(0) = ¢(- to) x(t(,) - Iq;(-t) Bu(t) dt ...(8.25)
0
Put the value of x(0) from equation (8.25) in equation (8.23)

K t
x(t) = [o(-to) x(to) - [ 6(-1) Bu(r) dr] o(t)+ [0t 1) Bu(r) e
0 0

t
& x() = O(t—to)x(ty) + j o(t-1) Bu(t) dr .(8.26)
ty
Equation (8.26) can also be written as
t
x(t) = 4 x(ty) + [ 409 Bu(r) ar -(8.27)
fy

EXAMPLE 8.5. Find the time response of the system described by the equation

: g f o0 el

x(®) = o .3 x(t)+ 1 u(t)
$1

x0) =| o u®=1,t>0

t
Solution : x(t) = o(t) x(0) + j (t— 1) Bu(t) du .(828)
Step 1 : Calculation of ¢(f) : :
o(t) = £71¢(s) = £(sI - A)?
®(s) = [sI-A1?
[is. 0 -1 1 s+l .1
SI'A=_0 s]_[o _2]= 0 s+2
Foe2 1
y | +3a+2 s*+3542
Al .~ 5 s+1
| s +3s+2

. s+ 2 £—1 1

s2+3s+2 s2+3s+2
¢(t)=£"l¢(5)=
bipy Sgin (g X
0 S ey
s“+3s+2
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Put all the values in equation (8.28)

(6 et=e®|[-1] ‘e
,\'“) = +J
0 " P 0 ol 0
r '
4 - ]+I[e-(l 1) e-2(l 1) dt
U -2t-1)

I
() =+ I e -9 _ o 20 gy
0

'
x,(t) = I e gy
0
or, 200 koSt S
1 2 2 :
-1
xz(t)=i——2—ez'
if y=Cx C=10]
1 oty 2
y=[l 0] l } _2' =5'—28 +ie
2 2

Equations 8.29 and 8.30 are the required answers.

8.6. TRANSFER MATRIX

We know that
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t)
Take the Laplace transform, assuming initial conditions zero*
s X(s) = AX(s) + Bu(s)
Y(s) = CX(s)
Consider the equation (8.33), I is the identity martix
sl X(s) = AX(s) + Bu(s)
or X(s) [sI - A] = Bu(s)
Multiplying both the side by [sI - A]! we get
X(s) = u(s)[sI - AI''B
Put the values of X(s) from equation (8.35) in equation (8.34)
Y(s) = C[sI - A} Bu(s)
We know that Y(s) = G(s) u(s)
Compare the equation (8.36) and equation (8.37) we get
G(s) = C[sI-A]"' B
where G(s) = Transfer matrix

..(8.29)

.-(8.30)

-{(831)
(832

-(8.33)
-(8.34)

..(8.35)

.(8.36)
-(8.37)

.(8.38)

The transfer matrix given by the equatxon (8.38) is for MIMO system. For single input single

output system, the transfer matrix is given by
G(s) =CT[sI- A b

.(8.39)

* By the definition of transfer function.



vx.ntvm.tﬂl, Then “{“‘“ﬂ" (. Y9) bt i i
,,(‘.‘0) Vor MIMO) nymhorn
:,,(a.ﬂ) For SIS0 wymtem
ona are glven by
ioe|a _',] (0 +[:] )
'(') w1 01X
gunction of the system.

that
B ol 0
A'[-z _3],8-[1],(3"-[1 0}

=l 3l

43 1
y 43842 843842
‘ AV -
‘l"‘A -[2 ‘+3] .. [’I Ar i 2 ¥
43842 43842
5+3 1 0
e 243842 8743542 1
i I o | |7

s2 43542 5243842
1
X »mﬁmduamferfuncﬁonss,*_sﬁz Ans.
TATION OF STATE TRANISITION MATRIX : &%

i;aplace Transform Method

the Laplace transform
£ g s X(s) - x(0) = A X(s)
. [sI - A] X(s) = x(0)
‘Multiply both the sides by [sI - A
| X(s) = [sI - A" x(0)
[sI - A} = §(s) = Resolvent matrix

. ot) = At =£1¢(s) = £sI - A
‘where ¢(t) = ' = state transition matrix
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EXAMPLE 8.7. Compute the STM when

(-1 1
a=lo 3]
Solution :
Fss OF F-1-18 s+1 -1
i 0 s]'[o 2]=[ 0 s—2]
[ s-2 1
e s?+35+2 s?+3s+2
s+1
¥ s®+3s+2
F£_1 s—2 1 1
o) = £ 1 Al 2 s> +35+2 s +35+2
0 1 s+l
B s> +3s+2
’_e—t ot L2
"= | 0 (bt J

8.7.2. Series Summation Method
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“7.3‘ Eigen Values
"”n,;'mos of the characteristic equation are known
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as eigen values of matrix
8.7.4. Eigen Vectors

non zero vector P, that satisfies the matrix equation (AJ - A) P = 0
here A is i eigenvalue of A is known as eigenvector of A associated with the eigenvalue A,

8.7.5. Use of Diagonal

h 0 0
Let A=]10 A, 0
B0

A%
2!
1.8 ol Dt oo 0 et 0 0
10 1 01410 At 0+l Vo M o0

g0 1 0 0. At 0 0. o ‘

_ Let 4 is the eigenvalue of A and P; is the eigenvector, then for each of the n eigenvalues of A ‘
AP, =Py
AP, =), P,

et =T+ At+

2 s

AP’I =kﬂpﬂ
or AM =M~ (8.42)
where A = diagonal matrix with eigenvalues on its main diagonal
M = modal matrix
A = 1AM
or eM = MleA'M
or M =MeM M1

EXAMPLE 8.9. Compute ¢** when
g 1
Aeia i

{ 01T 10 =t
Solution : “'A”[o 1]”[—3 -4]'[3 x+4] Nl

IA-Al =A2+40+3=0

or Mpr-l
A =-3

& [Pu] and P, = [Pu]
Pa P2

Put A = -1 in equation (8.43)

Let the eigenvector




“Pu—-pPy =0
3py +3py =0
Let ip ¥ then p,, =-1
™
e _1]
Put e
B e
3 1j|lpn| 0]
=3py-pp =0
3P +Pp =0

]y
(1.5 0.5
M—l_
By
D
"Tlo -3
(1 1Y et o |15 05
- 18
aMetatleln -3d[o e"“][—o.s -0.5]
- (1.5 -0.5¢> 0.5¢”* -0.5¢*
*|15c¥-15c" 15e%-0.5c7| A"

8.8. BLOCK DIAGRAM OF A LINEAR SYSTEM IN STATE VARIABLE FORM

g81 . MIMO Svstﬁermw




Fig. 8.6,

8.9. CONTROLLABILITY AND OBSERVABILITY

A system is said to be controllable if any initial state x(f,) or x, can be transferred to any final state
x(tg in a finite time interval (t;- t)) , ¢ 2 0 by some control u.

A system is said to be observable if every state x, can be exactly determined from the measurement
of the output ‘y’ over a finite interval of time 0 St < ¢

The concept of controllability and observability were introduced by Kalman and they play an
important role in the design of control system in state space.

There are four possible states for the system.

(1) The system is controllable and observable

(i) The system is controllable and unobservable

(iif) The system is uncontrollable and observable

(iv) The system is uncontrollable and unobservable

Consider the following example to determine the controllability and observability.

8.9.1. With the Help of Block Diagram

EXAMPLE 8.10. Determine the controllability and observability of the system described by
the state equation. Find out the transfer function and draw the block diagram.

-1 0 O 1
x@® =0 =2 0 |x(®)+]|1]|ult)
0o 0 -3 0
y® =[1 0 +2]x@)
Solution :
-1 0 O0jflx 1
x) =0 -2 0 ||xy|+|1|u
: 0 0 =3}|ix; 0
X, ==X, +Uu
iz——2x2+u
Xy =-23x,
Yy =x+2x,
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The block diagram is shown in Fig. 8.7, 1 ’OTQ & .{

From the block diagram, the first state is

controllable and observable, second state is con- _1 |
trollable and unobservable (scu), the third state — i

is uncontrollable and observable (suo). Since, all 2 z, ¥ +

the states are not controllable and obserbvable "@ o "[ I _} T, SR /‘// >y
the whole system is uncontrollable and T ;S f“} I !

unobservable. scu f
The transfer function is available only for b g — .'
’ ; X3
the state which is both controllable and —-»{_}-~—~— }_ J
% | I ] r"{
l- [ sco

observable. Hence, the required transfer

function is
Ys 1
G(s) = T+ ANt Fig. B.7.
8.9.2. Kalman’s Test
A linear time invariant continuous system described by the state equation
X = Ax + Bu ...(8.44)

y =Cx
is completely controllable if and only if the rank of the controllability matrix is defined as
Q =[B:AB:A%B: ... A"1B]
is equal to rank ‘n’.
The system represented by the equation (8.44) is observable if and only if, the n x n_ composite

matrix is obtained as
=1k ATCT: (AN CL,, . ATD CT
EXAMPLE 8.11. Consider the following system
2 0.5 0 0
o) Lo 2]z
xz 0 —2 xz x 1
v =[0 1=
X2
Test for controllability and observability.

Solution :
Q =[B: AB]

a-[o" 2]
-5 3l
o-[7 3]

Given that




T o p— —
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Rank of 'Q" is one. Hence system is uncontrollable.*

C=[0 1]~ CT= m

o[ e[ S
Q =[CT: AT CT]

o i
g —2]

Rank of ‘Q’ is one. Hence the system is unobservable. For controllability and observability the

rank should be two.
The given system is uncontrollable and unobservable.



EXAMPLE 8.14. A system is given below, find the state and output equation of the system.
(R.M.L. University Faizabad, 2001)

u(r) i K y(t)
(s +1)(s +2)(s” +1) ¢
Solution :
s K
yuz_s; =G0) = (531)(s+2) (2 +1)
y(s) _ K
u(s) ~ s*+3s% +3s%+35+2
y(s)[s* + 3s® + 352 + 3s + 2] = Ku(s)
s*y(s) + 3s%y(s) + 3s%y(s) + 3sy(s) + 2y(s) = Ku(s)
Taking inverse Laplace ‘
(1) +3Y (1) + 3V (1) + 3Y(t) + 2y(t) = Ku(®)
) =,
yit) =x,=x,
y(t) = 322 = Xy o
Y@ =x,=x,
Y () = x,

—
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S Y@= .1.‘4 = Ku(t) - 3x, - 3x, - 3x, - 2x,

Rewriting
A
X; = X
’%3 Ny
X, = Ku(f) -3x,-3x;-3x, - 2x,
x 0. 1 0.0 ]=f0
%l |0 0 1 0fside
= + u(t)
o 0 0 0 1Hmirle
. Loplgias o K
é P
l y(t)le

e

y(t) =[1 0 0 0]x(t)
Block diagram :

Fig. 8.8.

EXAMPLE 8.15. A system is described by the following transfer function

Ge) 20 (10s+1)
\ B = P +3s? +2s+1
| Find the state and output equation of the system. (AM.U., Aligarh, 1989-90)

_ y(s) 20 (10s+1)

Solution : G(s) = ue) T et aPs+1
y(s)  Xi(s) y(s) 20 (10s+1
u(s) ~ u(s) X;(s) ~ s> +3s%+2s+1 Gl
X 20
Consider _Ls)

u(s) ~ s> +3s2+2s+1
X,(s) [s® + 352 + 25 + 1] =20 u(s)

Taking inverse Laplace
X (5 +3 X, (t) + 2X ,(t) + X, () =20 u(t)
Select X, 4%,
X g xz =X,
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X1 = X,=X,

Xy =20u~3X, -2X, - X, = 20u - 3X, - 2X, - X,
Rewriting X, =X,

X_’2=x3

X3 =20u -3X, -2X, - X,
X
iy v 1 0uX1TTo
A2l 10 0 1l tilaly
X, -1 -2 -3||X,]| |20

y(s)
m =10s + 1

Y(s) = (10s + 1) X,(s)
or yit) =X, +10X,
y(®) =[1 10 0]x()
EXAMPLE B8.16. A system characterised by the transfer function
Y(s) = 2
uls) ~ 54652 +11s+6

Find the state and output equation in matrix form and also test the controllability and
observability of the system.

Solution : (5> + 652 + 115 + 6) Y(5) = 2u(s).

Taking inverse Laplace
Y() + 6Y () +11Y () + 6Y(t) = 2u(¥).
Let Y(t) =x,
YO =x,=3%,
Y(t) = iz =X,
L. YB) =x3=x,
i Y (#)=x, = X;=2u(t)-6x, - 11x, - 6x,
Rewriting X, =x,
$2 = X3
X5 = 2u(t) - 6x5-11x, - 6x,
% 0. 30 Hxt |0
(=0 0 1| x|+o0]ue
%, -6 -11 -6|[x;3]| |2
y(t) =[1 0 0]x(t)
For controllability

Q =[b:Ab: A%b]
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0
2

A2 =|-12

o S e

Q=(0 2 -12

(212 50
IQI #0

It is full of rank, hence the system is controllable

For observability :

Q =[cr:aTcr Alet]
1 00 -6
|0 01 -6
0

ATCT =1 4 ATch =
0

100
8140

g 0%

Rank of the matrix = 3, Hence the system observable.

EXAMPLE B.17. A system is described by the following equations

x(t)-[ s l]x(t)+[}, 9 }]u(t)

12
y®) = |1 0[x(2)
11

Find the transfer function of the system.

- O O

Q

(B.E., AM.U., Aligarh, 89-90)

(R.M.L. University, Faizabad, 2003)

Soluhon The given system is MIMO system.
s G(s) =C[sI-Al'B

*———————————ﬁ
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12

10 1

& v
01 1]" .
“ 11

(s 0 -1 1 (T S |
SI~A = — -
_0 s] [0 —2] [ 0 s+2]
[sl - A g2 1 S i
| 0 s+1|s243542

12 s+2
s+2 1
Clsi-All = |1 0 ———— =|5+2
0 s+1}g2435+2
: 1 s+2

s+2 25+3

s2+3s+2 D11

25+3
1

243842
s+2 g

s2 +35+2

o e SN
C[sI—A]“B_Nl— s+2 =1 [ ]=E_M'__
s+2

s+2
s —352-9s5+2
s +3s5+2
EXAMPLE 8.18. A system is characterised by the equation
y(s) 20 (4s+2)

u(s) =~ s +5s% +8s+2
Find its state and output equation and express in matrix form.

G(s) =

: ¥6) X)) y(s) 20
Selation : uls) ~ () X, ()~ 5 15248942
X,(s) 20

u(s) ~ $3+552+8s+2
(s> + 552 + 85 + 2) X,(s) =20 u(s)

Taking inverse laplace
X +5%, +8% +2x, = 20u
Select X =x
X1 =x=x,
TR
Xy = X3 =-5x3—8x,-2x, +20u
Rewriting =2

2.5%
X3 =-5x3-8x,-2x, + 20u

% g 1 Oiin 0
0 0 1 {|lx;|+|0|u
-2 -8 S|ixs] |20

.
N
1}

is the required transfer function.

(B7.E., AM.U., Aligarh, 1986-87)

-(4s+2)
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%ﬁ% w4842
y(s) = (4s + 2) X,(s)
Y(t) = 4x, + 2x; = 4x, + 2x,
yit) = [2 4 0]x(t)
EXAMPLE 8.19. A system is described by the following transfer function
s+2

Glo) = oy i+ 8s 00
Find the values of A, b and CT.

Y(s) s+2
Solution : =
| s u(s) = §+3s% +25+10
Y(s)  Xi(s) wy(s) 1 L
u(s) T u(s) Xi(s) " s®+3s% +25+10 e
Xi(s) _ 1
u(s) ~ s>+3s%+25+10
or (s® + 3s% + 25+10) X,(s) = u(s)
Taking inverse Laplace
X, +3X, +2x, +10X, =u
X, =u-3%, -2x, -10X,

Select Xl =X,

}‘('1 = ).(2 =X
Rewriting 5(1 oy

}.(2 = %y

X' ro' 1 olx)lo
X, = 0 0 1[lx;[+|0]|u
X,| 1710 -2 B]lx] |1
- O 100 ] 0
A= 0 0 1 andb= 0
-10 -2 -3] 1
y(s)
X,(s) it

y(s) = (s +2) X)(5) = x, +2X;




A

EXAMPLE 8.20. A single input

P — Ry
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y(t) = x, 4 2,

v =[2 1 0]x(t) o 7 =[2 1 0]

single output system is given as
-1 0 0 1
x(M) =| 0 -2 0 |x(t)+|1]u
0°'0' -3 0
y=[10 2]xp
Test for controllability and observability. (RM.L. University Faizabad, 2001)
Solution :
[-1 0 0] 1
A4=10 -2 0|,B=|1|, a=f1 03]
[0 0 -3] 0
-1 0 0]f1] [
AB=|0 2 0|l1]|=]|=2
L0 0 -3]|o 0
- .
A2B = |
10 ‘
[1 -1 1 |
Q =[B:AB:A%]=|1 2 4 |
8.0 0 |
Rank of the matrix =2
Hence, the system is uncontrollable
For observability
Q =[cTATcT:ATCT |
feg s odftE [ 1
ATcT =| 0 -2 0 ||0|=| O
|00 -3]i2] |-6 |
B
ATZCT =1l
18
1.~1 1
Q=(00 0
2 -6 18

Rank of matrix = 2
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§+38" +4&8
EXAMPLE 8.23. Obtain the transfer function of the system.

il

Solution: From Fig. 8.10 |
X, =-2x;-x,+3u
x, =—3x,—2x, +4u
Output equation: y=2x,+x,

-5 Sl

y =[2 1] x(#)
1 s+2 -1
[sI- Al = s2+4s+1[ -3 s+2:|
i - AP T80
s’ +4s+1 ‘
: ; 75+ 3
Hence, required transfer function = % gy |

EXAMPLE 8.24. Consider the following matrix

[ el

Find the state transition matrix, also determine x(f)
Solution :

Gi A 9.4
ven =
: ~6. ~5
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1 +5 1
omi el

5% +55+6
[ s+5 firogid
ot) = £1005) = £1 s> +55+6 s> +55+6
, 2 i
| s> +55+6 5° +55+6

e —2¢7 U _g¥
¢(t) = —6( e—zt 23 e-st) 3 e-3t i, eZ'}
We know that x(t) = ¢(t) X(0)

3e72t 03t g2t _ 3 1 372 _ 273
X(t) o _6(e—2t _e-3t) 38-3t _8—21 [0] o —6(8_2’ =5 e—3t ) Ans.



