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Ffom Eq (286) We ca

SOluﬁon .
H(= X 14081 _os :
(2) 1+ 0.452-2 j0.67
_ 22408120281
22 + 0.45 N — :
The zeros are at 0.58 and -1.39 s T 5
The poles are + ;0.67 -0.67 1
Therefore the frc
Practice Probl : :
em 2.32 Find the impulse and step responses for the given system
y(n)+yn—-1)=z(n)—-2x(n-1)
May’ 05 (Set 4), May’ 06
3
o i n 1
Ans: y(n) =5 (1) uln) - Zu(n)
Practice P : e
P differenr;b;em %.33 Determine the impulse response of the system described by
Ly quation y (n) —3y (n — 1)—4y (n — 2) = z (n)+2z (n — 1) using z- \ nonotonic
NOV'05 (set3) - | The 1
6 1
Ans:  h(n)=z (@ u(m) - (- u() \
5 1,
3 . L . \
2.17 Simple Digital Filters ‘

A Squart
The design of di gital filters are covered in Chapters 5 and 6. In the following sections \
we will study about simple IIR and FIR digital filters.

y p : A \H'
2.17.1 Simple IIR digital Filters
The

Lowpass IIR digital filters

nction of a first order lowpass IIR digital filter 1s given by

The transfer fu

{ =1z
H(Z) = ——2—-‘1—:-5;:‘1‘ (2.85) |
where |a| < 1 for stability. The only zer0 of the transfer function is at 2 : -1 ;It:d
poleis atz = @ As |z| < athe frequency response of the filter can be obtaine Y
substituting z = ¢i¥ in Eq. (2.85). That fgres »

= lie® (236)

H(E)= "5 1-0c?
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B monotoni Pole-zero plot of a lowpass f P
onically decreases and reaches 0 g ™
s°0’ atw=7

The magni
gnitude response of the filter is

'H(e"")‘ = 1 ; G [(1 e COSUJ)2 4 sin? w}lﬂ
[(1 — acosw)? + a?sin? “’W 287)
Squaring on both sides ‘
] Y
|H(e"")|2 s (1-a) 2+2cosw (1—a‘)2 (1+cosw)
4 1+a%—2acosw 2 (1+d- T (288)

The 3dB cutoff frequency can be obtained by equating Eq. @2.88) 172
That is, | \
(1 a)?(1+ cosWe) _ 1 \
201+ a2 — Sacoswe) 2
(Ao 0)2(1 + aoapey Yt o2 — 2a.c08We
+ a? —2aC08 We

(1+a*-200F coswe) =1 7%
y S 2(1) COS We = ’2aCOSch

-—20+(1+a 9

coswe = T4 a? |
|

f!'Omvvhich azcosw; - 20+coswc50
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The solution is

G R

For a stable filter ot (2.89)
a= 20wk

COS We (2.90)

The magnitude respon
. sponse of lowpass filter for di
Fig. 2.14. (See } s r for different values of a is shown in

1.5
- 8=0.6 \
L RPE AR T s a=0.9 a8 |
a E g {s
) . :c'g" i 06
= 05 & | 3
= 5 0.4
N \ i
. it . |
‘ 0.5 o/t 1 0 0.5 J
Nom(;ahsed frequency (a) Normalised ﬁ'equenc;) ’:b‘)
505 [ R e T
=) 3 -e-- 2209 l
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e 1 \
R e [ Rt
t-1 . Lt g, R cvpeweerrer o e
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0 0.1 0.2 03 04 05 06 07 08 09 1
Normalised frequency  (¢) o/n
Fig. 2.14 Magnitude and phase response of the first order lowpass filter for a = 0.6 |
and a = 0.9. : = - Flg. 2
: and a
2.17.2 Highpass IIR digital filter
S i ) : rme ‘
The transfer function of a first - order highpass digital filter 1s given by 1‘ Fig.
|
=1 , 1
1+a {1-2 91 | Bar
H(z) = 2 [ 1~ az"‘] / |

sazeroatz = land 2

| ¥ : function ha
where |a| < 1 for stability. The above transfer fun 2 bt of lowpuss alter.

pole at z = a. The 3dB cutoff frequency of the filter is same

‘That is, | . % Q9
s = 717 .

1 —sinwe (2'93)
B L sk \

coS We

and
a,:
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g 0.5
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g
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)
= 06
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The magnimde r
Fig. 2.16 S
7 pandpess 1% lter i
| The rransfer funct'\on ofas
L/ aﬂd a 1 : : | E ‘ OSM
s filter: A .-z 2  \‘
(2.92)
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The f
réquency response of the filter is

H(ej“’)= 1_(1

1 — e d2w
& 2 1-b( +a)e—3v — ge—i%= (2.95)
e magnitude of H (e7*) is given by
|H (e7%)| = (L ; a [(1 — cos2w)? + sin? 2w]1/2
{ [1 — b(1 + a) cosw + acos2w)|? 13 256)
+[b(1 + a) sinw — sin 2w)? }

The square magnitude function is given by

_ S
et 4 1+b2(1+a)2+a2—2b(1+a)2cosw+2acos2wx
: o ot ; 297
Atw =0 a.nd e | H(e)|? = 0-and the centre frequency wo where the n(\agni)-
tude value is unity, is given by .

wo = cos™}(b)

(2.98)
The bandwidth of the filter which is equal to the difference of two cutoff frequencies
we, and we, (We, > we, ) is given by 3

' 2a
=i ;
Weg — ey = coS [_————1 T a2} (2.99)

' Tﬁe magnitude response of bandpass filter for different values ofa apd bis shown
in Fig. 2.17. (See MATLAB program 2.7)%

Bandstop IIR digital filter
| ‘ BN . = b
The transfer function of 2 second order pandstop digital filter is giver y

| . =
_obz 42
L 7

2.100)
H(z) =5 Aot 0 . .

Mug\\'\m\\c
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Fig. 217
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fig. 217 Magnitud
b= 0.4

The frequency response of a bandstop filter 18 equ

1+a

H@)= 77 Iat

Fo'rw—’—o

fhpal T
H(E) = \11»/(1”31‘
R + o 200

—— \@+o

gimitarlys X = 4

A=
agn'ﬂ“ esp
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The system funet;

The magnitud
gnitude and phase respo o F
nses i
MAT = f bandstop filter are shown in Fig. 2.18. (See of the filte
q l q B oI Can ’()&

N
o

(=4

The magnitude

Magnitude in dB
3

-

:
3

0.5 ot 1\

0 0.5 w/n 1 0
Normalised frequency (b)

Normalised frequency ()

g 1
g 0 Forw =0
o8 ; ) ; . and for w -
0 0.1 02 03 04 05 06 07 o'.s (;.9 \
Normalised frequency (c) w/n
Fig. 2.18 Magnitude and phase responses of the second order bandstop filter for TS, 0
b=04. w=T.
The
2.18 Simple FIR Digital filters
2.18.1 Lowpass FIR digital filters
The impulse response of a simple lowpass FIR filter (moving average filter) is given
by
h(n) =05 for n= 0,1
=0 otherwise (2.103) |
resp
The system function of the filter is given by |
! res|
o0 .
H(z) = Z h(n)z™"
n=—00
—05+0527" |
1 . 104 fr
(2.105)

z+1

e

22
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The system fun
G
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Forw =0
H(ei0
and forw == e =1
\H(e™)| =0

That is, the
) response st:
arts from 1 at w = 0 and monotonically d
¢ ecreases 10 zero at

w = T.
The phase r
o p esponse of the filter can be obtained by writing Eq. 2.107
a.(2.107) a8

: 1 :
H(ij) o § Xejwﬂ + e—jw/2\ e-—jw/‘z
_ il
e cosw/2
Phase magn'\tude
response response

L bW =

d phase response of the filter aré shown in Fig:

The magnitude anc P
B program 29)

réSPCCtively' " ined by © uating the
¢ : f the filter €40 be obtained 0¥ q
The cutoff frequency ¥e 0
' H()© L.
response |H(e 7
L e o
, ' c0S 9 \/72
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magni
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1

o/r 1

0.8 :
o
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0 - 0
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Normali Y v
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S
|
=3 1
)
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215
g 0.5
=
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0 0.5 o/t 1 0

Normalised frequency (b)

Normalised frequency (d)

o/ 1

Fig. 2.19 (a) Magnitude response of FIR lowpass filter (b) Phase response of FIR
lowpass filter (c) Magnitude response of FIR highpass filter (d) Phase response of

FIR highpass filter

2.18.2 Highpass FIR digital filter
The system function of a simple highpass FIR filter is given by

H(z) = %[1 )

The frequency response is given by

H(e®) = HE)| _,
= —;—[1 = C—jw]

= —1-e—jw/2 [ejw/2 &5 e—jw/2]

— je"*an (3

The magnitude response is given by
R . W
() =sing

Forw =0 [H(e?)| =0

and forw = 7> IH(Cﬂ)‘ s

(2.110)

(2.111)

(2.112)

i

s

That

'I‘he cuto

phase 1€

2.19
A filte

viewe
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2.19 Comb Filtep

A filter which has Multiple |,
) ewed as a notch filter in
Vi

Let us consider a MOoVving

assbang 45 comb fiygy.
hich the

W can be
S OCCur periodic

ally acrogs the
average FIR filter describeq by differenc

¢ euation

| M-1 Q)
A = — \" n~k : C
y(n) v ?ﬁ, r( )

| E: (2114)
— Z
H(z) = X(z) M~
y \1 i Z-M\ (2115)
— i -1
— M\1-z
" by
given
response is | o 116)
The frequency H(&¥)=H (z)\{ _”c_jwM\ &
e
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o 1 eTIwM/2 iejmw/z _e—jwM/‘Z\X
M e—iw/2

elw/2 _ g—ijw/2

= Le—jww—u/q sin 3
M sin & (2.117)

The magnitude response of the filter is shown in Fig. 2.20a. The filter has a peak

magnitude at w = 0 and M — 1 notches at w = o
= —;1 <1< M-1. (See MAT
program 2.10) ¥ FE

A comb filter can easily be generated from either an FIR or IIR filter with system

function H(z) by replacing z by zL, where L is a positive integer. Now the system
function of the comb filter is

G(z)= H(zD) (2.118)
and the frequency response is given by
G(e*) = H(e™D) (2.119)

From Eq. (2.119) we can find that if the magnitude response |H (e9“)| exhibits

a peak at % then the magnitude response of |G (e7@)| exhibits L peaks at g—:,l <
k < L. Similarly if the magnitude response | H(e7)| exhibits notch at w = % then

) Tk
the magnitude response |G(e7*)| will have L notches at w = —;1 < k < L. The

frequency response of a comb filter generated from a moving average FIR filter can
be obtained by replacing e’ by %L in Eq. (2.116)

' & -, e——juLM
, [wLM}
s
_ 1 jene-np_ 2 22 (2.121)
M Lol
S —é_

ok 1)
_ 21k < p<L-1and LM
The magnitude response has L peaks atw I ,0Lk<S

S

desired locations by selecting L and ‘M appropriately.

2.20 Allpass Filter

filter. That is, for an allpass filter
| lH(ej“’)\=1for0,<_w§7r

(2.122)

And Nty order

H

where the coeff
Let the deng

D(Z) o=
Then the s

H(z)

From Eq.

{maginary Part




zak
AB
tem Then 2o P Wi (%) can be expressed as
J “N
stem H(z) = : +: _&anzN,+ AN D dig ey
127 % agz72 4+ 4+ G‘N..lz"(N_n YNz N Q125)
118) _#"DE
' D(z) « Q2.126)

.119) From Eq. (2.126) we find
hibits ' H(HHE =7 G
e
" then
4
L. The
lter can

(2.120) -

2.121)

LM~V
m a8 anpass
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We have
[H (™) = 5 (2)F(p-1
(Z) (Z ) Z=elw (2128)

Therefore
IH(ei)]2 = 5 4 .
g = 1 and the system i

201 1S an allpa

’ ;?gp(éli f f H(2) then it has a zero at Lp 58 System. Note from Eq. (2.127) tha if
- 2.21 sho Zo’
Ws the pole zero pattern of an allpass filter with system functig

H(z) = 0.125 — 0.052~1 — 0.1,-2 + 273 B

1504212 005272 4 0.125,-3 (2.129)

circle. T

g phasl;errefore the zeros of th.e allpass system function lie outside the unit circle

i _esponse shows the dlscontinuity, whereas the unwrapped phase rem :
€ discontinuity. (See MATLAB program 2.11). g

E);ample 2.50 E\NO causal systems with impulse responses (n) = aé (n)+6(n—1)
and hy(n) = b™u(n) : [l < 1 are connected in cascade. Determine the frequency

response H (e’“) of the overall system. Find the values of @ and b for |H(e7%)| = 1.

ialo ik hy(n) hy(n) |y o

Solution
If two system with impulse responses hy(n) and hy(n) are cascaded then the

impulse response of overall system is given by
h(n) = hi(n) * ha(n)

Taking Fourier transform on both sides we get .
H(e"") = H1 (ejw)Hg(er)

Given
hi(n) = = ad(n) + d(n - 1)

= Hy(e")=a+e?

and : e
‘ ha(n) = b"u(n)
: 1
= Ha(e") = T e &
b a+cosw—)SInw

= 71— bcosw + jbsinw

H(e") = T —pm
. (a + cosw)? +sin’w
IH(er)lz = (1 gy bCOSW)s - b2 Sinzw
a2+ 2acosw +1
= 72— 2bcosw +1

For
The
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. (1 — 2bcosw + B2 dw\n((,.m.s\.j_,
' ") (~2asin : N
W) — (g2

(1 — 2bcosw i
X‘o) = (a?

a + 2abcosw — gh? — 0‘2; 200 4 1
—ab(a 4 b) = (’L ++ Bl s »3]]:

= ab= -1 i

or L ol

a

2.21 Minim
um
Ph Phase, Maximum Ph
ase Systems ase and Non-minimum

Let us consider
two first order systems with transfer functions
1 Lt
Hi(2) = LRl
1ase

B o
\al < 1;\b\ 2

H 2(2) — RS

1az "
transfer functiops i shown in Fig. 273, Both the
he transfer function

:de the circle atz= "0 whereas t
rcle and the transfer fonction Ha\%
onse of {hese tWO

_p inside the
ircle. The frequency 1esp

(2130)

has a zero at 2
e xpressed as.
prel @13

(2

’ 1/2
2 ,\Lgbcosw

140

The magnitude
950
(140 w) ¥ v zw
S a? gin” W ) -.
X 2 i |
13 & 0B \ |
' @13 \

\Hl(ejw)\ + (1+a005 (
\1/2 } &W

and phas® response ® e
1/2 M \ :
= \ 5 1 20,005
- @13
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4
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Fig. 2. i
g.2.22 Magnitude and unwrapped phase response of two transfer functions

ZH(e’*) = tan™! (___bM = —asi
ik -t (TEE) e

1+ bcosw % acoh
and ZH(e) = tan™! (;E‘E_“’_] B e (eSr S
o tan 1 +a,cosw] (2.135)

From Egs. (2.132 & 2.133) we can find that the magnitude characteristics of the
two systems are identical. The graphs of ZH;(e*) and ZH,(el*) are illustrated
in Fig. 2.22. (See MATLAB program 2.12) We observe that the phase response
Z/H;(e?*) first begins at zerophase at the frequency w = 0 and terminates at ze-
7. On the other hand the phase response £ Hj (¢7) starts at zerophase

rophase atw =
phase at w = 7. That is, the system Hj(2) has an

at w = 0 and terminates at 180°
excess phase with respect to H 1(2).

Im(z)| : Im(z)1

>

Fig.2.23 Pole-zero plot of (a) Minimum phase transfer function H1 (z) (b) Maximum
phase transfer function Hz(2)
That is, a causal stable transfer

an excess phase compared to a causal St 5
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al stable transfer functio
a conseq

uence, the causal stable

n with identical magni- .

(ransfer func
gystem and t
KnOWn as m
cle and the
System.

Notch Fil

Eliminatir
in instrun
applicatic
W= ==
The null
To achie
+wg, W
functior

If
the val
with @



ions
2.134)

(2.135)

s of the
istrated

s at ze-
rophas€
) has an

sfer function wiy,
N
ud

all 2Ry ‘\\\s‘\dc

A '\‘\';n\x\m\\\ R\
sem and the caugy) Stable yy
yS Wwn as maximum Phase
)
Knt

Ster £ \Iele jy I\
Tangfe, - S KNOWn we
; Sie \\ \“\\“ With . Wy
Systen, X

el a8 \\\\\\\n\\\\\\ Phig
- A syggen, oy ‘\ LAUNITY Outsige the WL Cipe|e

.- : ’ Q \- N “\‘x \\\‘ S\
\e m‘d v i remmn“\s Ty 0\“\\“}@ the 5 Ay l\\ \mo\ Nside (he anit ey
C S Called gy NON- iy
4 m phag
Notch T¥ter

iminating SOHz power Supply fre
E“msmemaﬁon and recording sy
in 10

queney nojge i one

lications. It is a second order fi)
1

appP

of the mogt Tequirements
Stem. - A noteyy filter

is useful for such type of
er whose Magnitude TeSponse is zero or nul a1
+wp and roughly equals one for g the rem
w =

aining frequencies; that is —1 1o m.
. " P gt ‘08 at piwe
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The Sampling rate

F 2 2.f7)1
> 100 Hz

e Sampling period must be less than 0.01, hence let us select T — 0.001

Then the frequency r: i - z
y range i1s | — =
g T) = (~10007 to 10007) and the

normalized frequency is = 50 x 27 x 0.001 = 0.314.
The notch filter transfer function is

(1 — eI0314 31 (] — ¢=i0.314 ~1)
(1 = aed03Td-1)(] — ge—30314,-1)

Hi%) =

Let a = 0.95, then

o 1-1.9022z7" 4 272

~ 1-1.807z"! + 0.90252~2

Fig. 2‘.25a shows the sinusoidal signal of frequency 50H z and Fig. 2.25b shows the
magnitude response of notch filter which has null at 0.17. The output of the notch

H(2)

filter is shown in Fig. 2.25¢c when the sinusoidal signal of frequency 50H z is applied.

(See MATLAB program 2.13)

1

0t
-1 !
0 0.02
1.5 ‘
1
0.5
0 i 1 1 | | |6 3 0|7 0|8 ks |
-0 0.1 0.2 0.3 0.4 0.5 0. ; o & i

Normalised frequency

0.2

_ : - 014 O :
004 006 008 % N 1 o (©

0 0.02 - time
.~ Fig.2.25

After the transient, the notch filter eliminates the sinusoidal.

practice Problep,

e

Example 2.52 D,
the continuous-tiy

Solution To g
frequency alias
Given

Wry

fi

= -
- 2x%
. p

Let us sele
The freque
That is, -

S e



01.

vs the
notch
plied.

T(t) = 9 cog 9t + cos 300

Solution To design a lowpass filter, first we select
frequency aliasing,

Given
W = 300
300
o= 5y we know Sampling period T
1 is T < 0.01047
T < 300,that\sT < 0. -
AR o

Let us select T = 0.008. .

==y m
The frequency range of z(n) is = to 7
That 1S, _392.7 to 392.7.

.- : .‘ ,\‘
¥ ) (& S ¢
3 ) I W
% T )
a : l' ¥
< b O\ ¢ Bl
é 0 T B T
.% A ¥
N
< ¥ 4 A4
" L ’; :
T2 Vg, L%
1 L
2 .4 :
o < 2
. ou‘
0 ™
sl

<

ey

=t

1

‘2‘ jl’ﬂl’

e e e
8 o= - B

a sampling period that avoids

hence

s
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Normali
alize the frequency range of z(n) to (— to )

multiplying 5 i
ying 5 and 300 by T = 0.008 which is 0.040 and 2\1hwh canbe Schlsvadiy

Now we have 3
to design a digi
Select bandwi oSIg igital lowpass filter which .
fite ndwidth qf the filter as 0.1, then from ich allows 0.04 and rejects 2 4.
r transfer function Eq. (2.85) we have a = 0.9 and the

H(z)=1—'09 1—\—2_‘

2 1-0.9z1
= 0.05(1 + z_l)

1-0.9z71

Ille lnpllt W er 18 ShOW]l m I 1 2 263 Ihe
. L . T

output is shown in Fig. 2.26b, fr i
. . 2.26b, from which we can see that the hi i
is completely blocked by the filter. (See MATLAB programez ‘1%1}; et

Practice Problem 2.35 Desi igi
. : esign a digital filter to eliminat
ponent in the continuous-time signal e e o

z(t) = sin 107t + 2sin 10007t

Second order digital filter

The second order digital filter has two poles

and the maximum of two zeros. If it has
two poles and two

zeros the transfer function can be written as

- (Ls b1ejbzz‘1)(1 —be iz
= (- aedezz~1)(1 - aje—i92z71) (2.137)
where a; and b; are real and positive.

A digital resonator is a second order bandpass filter that has a pair of complex
conjugate poles ae3w0 near the unit circle, that is, a is close to 1. The magnitude
response of the digital resonator is as shown in Fig. 2.27a. From Fig. 2.27a we can
observe that for a digital resonator,

the resonant peak occurs in the neighbourhood
of wo. The magnitude response of

a good resonator should drop sharply to zero &
w moves away from wo. The system function of digital resonatar can have zeros at
originorat z = 1andz= -1

When the zeros aré at origin the system function is

given by
Bl kot B Lo
H(z) = q - aei»z )1~ ae~10z7)
bo

B ilaEfntns (2.139)
~ 1—(2acos wo)z a2z |

. i< shown in Fig. 2272 From the plot
i response of the system function 18 §
Thec:l: irl;lst:fvz th:to the magnitude response will not fall sharply as w approaches to
we »

zero. But the
the two ZeTos a
w < wo the me
2 = 1 and ofhe
. This type ©
practical appl
Thus the

b, canbec

" 'Example
of an LTI

Solutic
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1 0 \
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zero. But the magni :
gnitude response falls sharpl
the two Zeros are complex the magnitude y as w approaches to 7. Similarly if
L < WO B it résponse docs “mrssp(mse has sharp fall for w > wo but of
, = 1andotherat z = YRR ave a sharp fall. If one zero is located at
) ’ e i -
it This type © B i sponse xs. zero 2t frequencies w =0 and
ractical app\icaﬁo“s o an the previous one and is useful for many
P ding simple bandpass filtering and speech generation.
Thus the sransfer function of a good digital resonator is
1 -1 S o=k
H(z) =bo (L7 (2139)
(L= aeiwor (1 - ge—iwor ")

b, can be chosen SO that the peak magpitude is equal to one.
‘ Examp\e 2.53 Determine a closed-form expression for the ﬁequency response H ()
of an LT1-DT system with impulse 1esponse
a® o<ngM-? ol <1
h(n) = \0 otherwise
Solution Given
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Solution

when wk = (271
Given:

y(n) ‘:“ ary(n —1) + a2y(n — 2) + agy(n — 3) :
= t’u-T(TL)_ + biz(n — 1) + baz(n — 2) + baz(n — 3) 1

and
T : 2
aking Fourier transformn on both sides we get
Y (e7%) —~Jwy ( piw i .
¥ % T a1V (1) + age™IWY (ef) 4 ggeivy (e
i ((e!™ —Jjw jw —j . . |
oX (e )4+ bre % X (el ) + boe J2wx(e]w) 33 b3e~—_73wx(ejw) ‘ There are k |
H(e) = }i(cw)z bo + bie % + bye=92¢ 4 poe—i3w ' ;
. X(ev) 14+ a1e79% + age—i2 4 gge—iw
The magnitude response is constant for all frequencies if | Quedibns
/ ; ‘ 1. Defir
bo = a3 _ The
b1 = ap
b2=a1 andb3=1
: : ' _ whe
Example 2.55 Determine the frequency response H (e?“) of the LTIDT system with wh
impulse response h(n) = d(n) — ad(n — k) where |a| < 1. Find the maximum 2. Wi
and minimum value of the magnitude response. How many peaks and dips of the “ /
magnitude response occur in the range 0 < w < 277 Find the locations of the peak _‘ ';h
and the dips. - : 3
a 3. R
|
Solution g E
: 6 £8t k i\ 40 R
Given: h(n) = 6(n) — ad(n — k) : ‘{ T
Taking Fourier transform on both sides « \ 4
. ' 1.
H(e*) =1 ae™ " | 5. 1
=1 — a(coswk — jsinwk) “1 }
= (1—acoswk+jaSin°-’k) ‘1
: . -2 |
IH(er)|2 =(1-a coswk)2 + a?sin® wk ‘\
— 14 a*—2acoswk l" 6.
|
Fora = 0.5 | %

IH(ejw)’lz =1.25—coswk

H ()| = V1T - s
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Questions and Answers

1. Define the z-transform.

The z-tra : y
nsform of a discrete-time signal z(n) is defined as e

00

X(Z): 2 I(n)z'“

n=—oc
where z is a complex variable. In polar form z can be expressed as z = e,
where r is the radius of the circle. ;

2. What is meant by Region of convergence? (EIE AU’ 03)
The region of convergence (ROC) of X (z) is the setof all values of z for which
X(z) attains a finite value. '

3. ROCofa causal signal 1S the of a circle of same radius 7.

Exterior

4. ROC of an anticaus
True/False

al signal is the interior of @ circle of same radius T

True he z-transform:
E . iy property of t
5. Explain the llm!arlfl)’7 Pand 215 (m)} = Xo(z) then

1f Z{I1(n)} e | = a1X1(Z) +a2X2(Z).

) + 0272 n)

the Stransfor™:

erty ©.
:C(n 3 k)} =2

kX (2)
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10.

11.

12.

13.

True
What are the properties of Region of ¢

1 4.

- Explai ]
Plain the time reversal property of the »

Digital Signal Processing

transform.

If Z{];(TL)} = X(Z) R()(: ™" < |

z| < r4 then

Z{z(—n)} = X(z~Y) Rroc: : < |z| < J
T2 1 ¥ Ty

- Explain ¢ i
he convolution property of the z-transform

It Z{z,(n)} = Xi1(z) and Z{xa(n)} = Xy5(z), then
Z{z1(n) * 22(n)} = X, (2) Xa(2)
Explain the multiplication property of the z-transform
If Z{z1(n)} = X;(z) and Z{za(n)} = X4(2) then ‘
z

Z{z1(n)zy(n)} = -2%3— 7{ Xi1(v) Xy (;) v dy
pol

State Parseval’s relation in z-transform.

If 1(n) and z5(n) are complex-valued sequences, then

o0

" 1 (1

n;m z1(n)z(n) = 5;3 f X1(v) X3 [ F} vy
C

State the initial value theorem and the final value theorem.

Initial value theorem: If z(n) is causal, then
z(0) = lim X(2)
Z=00

Final value theorem: If z(n) is causal, Z[z(n)] = X(z), where the ROC for
X (z) includes, but is not necessarily. confined to |z| > 1 and (z — 1)X(2) has

no poles on or outside the unit circle, then

z(00) = lerll(z -1)X(2)

An LTI system with the system function H(z) is BIBO stable if and only if

the ROC for H (%) contains the unit circle. True/False

onvergence? (AU EEE'07)

1. The ROC is aring or disk in the z-plain centred at the origin.

2. The ROC cannot contain any poles.
3. The ROC of an LTI stable system contains the unit circle.

(5 p#

W

16.



4. The ROC must be 4 conn
(<

Th
) Ct . :
15‘ e Z-transform and.RO ed rﬁg“m. Z I Orm 5
Cof i, - /
y € finite durmm" i
n):{‘z,/\‘r“ o
1 P \v, ‘)
3 0
L X Z2) =
( ) 2 'J‘(n), n
TL:»OG
We have z(0) = 5;z(—1) - 4a(-9) <
= 2‘, Iu) =1

(2) = 0',m(3) =1
substituting the sequence Values we get
X(2) =222 4+ 4, T84T 4 0

| ROC: entire z-plane except z = 0 and 7 = o
n 2 5 | s Find the z-transform and ROC of the signal

z(n) = —b"u(-n-1)

= (v ]
X(2) = 2 2z = Y —Pu(-n-1)
'n_—o:o | T |
; = — 2 bnz'n V,'u(-—n-“:gﬁ)\-nﬂ
n=-00 -
o
==Y
n=1
s converges if |biz| < Liew PR

¥ 2 ROC: 121 <P

e lse (b) o digitol S
: oital impulse 1 (Ohde
e paanformaf AT v
17, Fing, () is 261 oxcept 1 70 yheresln)
(a) Since & ) is 2610 except o " 1
(b) Since =(1 T
| e L o
n=0 ) what is the e \
. ¥(2 |
) ls X( "
yence
Th.  ansfor™ of @ 5%
e zr '
18, ke ' o)
| | X(Z)l Z{”NM L N

1f Z {:z(n)} g
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19. What is the ;
relationshi
Thall nship between z-transform and DTFT?  qu Oct’
ansform of z(n) is given by- ct’ 96)

S A zn
2 W
where z = rel¥
Substituting Eq. (2) in Eq. (1) we get 3
: x
X(re?*) = E z(n)r~"e dwn 3
S R ©))
The Fourier transform of z(n) is given by |
. 0
X(e)= Y z(n)eivm @
n=-—oo

Eq. (3) and Eq. (4) are identical, when r = 1. In the z-plane this corresponds
to the locus of points on the unit circle |z| = 1. Hence X (e7*) is equal to X(2)
evaluated along the unit circle, or

X(&) = X(2)| ,—gse
For X (i) to exist, the ROC of X (z) must include the unit circle.
20. What are the different methods of evaluating inverse z-transform?
The inverse z-transform can be evaluated using several methods

1. Long division Method
2. Partial fraction expansion Method

3. Residue Method

4. Convolution Method
21. Express the z-transform of y(n) = k_goo:c(k) in terms of X(z).

n n-1 g
— k)= Z(k) + I(n)
y(n) kg;w z(k) k;w
n—1
yn—1) = =)
k=—0C
y(n) = y(n—1) +2(7)
,n ) . “sfmm on both Sides
A Y(z)=2"Y(@)+X0)
X(z)

Y(z)=71_z1

-

2
28
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ind
- ‘::(n)th-(i c{o + Coution of g, fol
— i f ( i
Tl 3 2’ 1}‘1 h("l‘) ::'o“"ng USinz 2 et e

Tl ,1’1} We knom

Z
{:c(n) *h(n)} = X(2)H( )
2
X (z) = (1 42,7 o
H@) = (14 1 )

X(Z)H(Z\) =143 + 4772 4 5,3
o) ehlm) = {13431y
‘ )

23, Define system function.

I.Jet :B('n) and y(n) is the input and output sequences of an L'T1 system with
lmpu\se rf:sponse h(n). Then the system function of the LT system is defined
as the ratio of Y (2) and X(z),1e.,

Y (2)
HQ = X
: _ Al
where Y (z) 18 the z-transform of the output signal y(n) and X(z) is the z

he input signal z(n).
I ystem function H(z) is stable i and only

ing S
24. An LTI system ha‘.’l igde the unit circle. True/False.

if all the

_(1.2,5,1,0,1)
i 7, transform of the signal x(n) = 1,2

X(2) = oi m(n)zm L g
_\—




