Unit-1
Probability

1.1

Algebra of Sets and Counting Methods

The algebra of sets and counting methods are useful in understanding the basic
concepts of probability. These concepts are briefly reviewed from the point of
view of probability.

Sets and Elements of sets: The fundamental concept in the study of the
probability is the set.

A set is a well defined collection of objects and denoted by upper case English
letters. The objects in a set are known as elements and denoted by lower case
letters. A set can be written in two ways. Firstly, if the set has a finite number of
elements, we may list the elements, separated by commas and enclosed in
brackets. For example, a set A with elements 1, 2, 3,4, 5 and 6, it may be
written as

A={1,2345,6}

Secondly, the set may be described by a statement or a rule. Then A may be
written as

A = {x |x is a natural number less than or equal to 6}

If x is an element of the set 4, we write x € A. If x is not a element of the set 4,
then we write x & A.

Equal Sets: Two sets A and B are said to be equal or identical if they have exactly
the same elements and we writeas A = B

Subset: If every element of the set A belong to theset B, i.e.,if x EA = x €B,
then we say that A is a subset of B and we write A € B (A is contained in B) or
B 2 A (B contians A).If A€ Band B € A, then A = B.



Null set: A null or an empty set is one which does not contain any element at all
and denoted by @.

Note:

1. Every set is a subset it self

2. An empty set is a subset of every set.

3. Aset containing only one elements is conceptually different from the
element itself .

4. In all applications of set theory, especially in probability theory, we shall
have a fixed set S (say), given in advance and we shall be concerned only
with subsets of S. This set is referred to universal set.

1) Union or sum:

AUB ={x|x€A or x € B}

UA ={x| x € A; foratleastonei=1,2,..,n}

i=1
2) Intersection or Product:
ANB ={x| x € A and x € B}

n
ﬂpﬁ ={x|x€A; foralli=1,2,..,n}
i=1

If AN B = @, then we say that A and B are disjoint sets.

3) Relative Difference: A — B ={x| x € A and x ¢ B}
4) Complement: A =S — A4

Algebra of Sets:
If A, B and C are subsets of a universal set S, then the following laws hold:
Commutativelaws: AUB=BUA, ANB=BnNA

Associative laws: (AUB)UC =AU (BUC),(ANnB)NnC=An(BNC)



Distributive laws:
ANBUC)=ANB)UANC),AUu(BNC)=(AUB)N(ANC)
Complementarylaws: AUA=S,ANA=0,AuS=S5S,AnS=A4
Difference laws: A —B=ANB=A—-(ANnB)=(AUB) — B,
A-(B-C)=(A—-B)U(A—C),(AUB)—C=(A-C)U(B-0),
(ANB)UA—-B)=A4,(AnB)N(A—B)=9

De — Morgan’s laws:

AUB=ANB,ANB=AUB
UA=A and (A=A

i=1 i=1 i=1 i=1
Involution law: E =A

Idempotentlaw: AUA =4, ANA=A

Class of Sets: A group of sets will be termed as a class of sets. We shall define

some useful types of classes used in probability.

Field: A field F (or algebra) is a non — empty class of sets which is closed under
the formation of finite unions and under complementation. Thus,

i) A€F, BEF = AUBET and
i) A€eF = A€eF

o —Field: A o —field B (or o —algebra) is a non — empty class of sets that is
closed under the formation of countable union and complementation. Thus,

() A€B i=12.,=|JAcB
i=1

i) AEB =>A=B8



Fundamental Principle of Addition (Principle of inclusion- exclusion)

Let A1, A,, ... A, be m sets and the elements in each sets are different. Then the
number of ways of selecting an element from A; or 4, or ..A,, is given by

(Ua]=2n(a)-23n(an )35 n(ana na)-

i=! i=1 j=1 i=1 j=1 k=1
1< ] 1< <k

ek ()™ n[@Aj

where n(A) represents the number of elements in A.
Note:

1. n(A; UA,) =n(A,) +n(4,) —n(A; N 4,)
2. n(A; UA, UA3) =n(4,) +n(4,) + n(4;3) —n(4; N 4,) —n(4, N A43)

—Tl(A2 ﬂ A3) + n(Al ﬂ AZ ﬂ A3)
Example 1: Find the number of ways of selecting

(i) A diamond or heart
(ii)  Anace or aspade

from a pack of 52 cards

Solution: Let A; be the set of diamonds, A, be the set of hearts, A3 be the set of
aces and A, set of spades.

(i) Here (A;) = 13, n(4,) = 13 and 4;, A, are disjoint.
Hence n(4; N 4;) = 0and
n(4, UA,) =n(4;) +n(4,) —n(A;nA4,) =13 +13 -0 =26

(i) Heren(As) = 4andn(4,) = 13. Note that A; and A, are not disjoint and
n(A;NA,) = 1. Hencen(4;UA,) =4+13-1=16



Note: If A1, A,, ..., A, are pair-wise disjoint sets, then there will be no common
elements to these sets and hence

n(UA] =2.n(A)
i=1 i=1
Fundamental Principle of Multiplication (Product rule)

Let A4, A,,.., A,, be m sets and the elements in each set are distinct. Then the

number of ways of selecting first object from A, second object from 4,, ..., m"

object from A,, in succession is given by
n(A; X A, X ..xX A,;,) =n(4;).n(4,) ..n(4,,)

Example 2: A man has 8 different shirts and 6 different pants. In how many
different ways, he can be dressed?

Solution: Choosing a dress means selection of one shirt and one pant. The total
number of ways of choosing a dress is 8 X 6 = 48

Example 3: Two dice are thrown.

(i) How many different outcomes are there?
(i)  How many different outcomes with distinct values (no doubles)?

Solution: On each die, we may get the number 1 or 2 or3 or4 or 5 or 6.
One outcome means one number on first die and another number on second die.

(i) Number of different out comes = 6 X 6 = 36
(i)  Number of different out comes = 6 X 5 = 30



Permutations

A permutation is an arrangement or an ordered selection of objects. There is
importance to the order of objects in a permutation.

1) The number of permutations of n different objects taken r(< n) at a time is

np, = nn-1).. (n —(r— 1)) when repetition of objects is not allowed.

The number of permutations of n different objects taken (< n) at a time is
n” when repetition of objects is allowed any number of times.

2) The number of permutations of n different objects taken all at a time when
repetition of objects is not allowed is n!
3) If there are n objects, n, of type 1, n, of type 2,...,, n; of type k , where
n,; +n, + ns ... + n, = n, then the number of permutations of these n
objects taken all at a time is
n!
niny!ng!...n!
4) The number of permutations of n different objects taken r at a time without
repetitions in which

(i) k particular objects will always occur is n—kpr_k rpk

(ii) s particular objects will never occur is (n—s)P
’

(iii)  k particular objects will always occur and s particular objects will
never occuris (n-k-s)p  rp
r-k K

Combinations

A combination is an unordered selection or subset of the objects. There is no
importance to the order of the objects in a combination.

1) The number of combinations of n different objects taken (< n) at atime is

Np
denoted by Nc, and Nc, :—Ir when repetition of objects is not allowed.
r!



The number of combinations of n different objects taken (< n) at a time is
(n+ r—1)C when repetition of objects is allowed.
r

The number of combinations of n different objects taken r at a time without
repetitions in which

(i) k particular objects will always occur is (n—k)C
r-k

(i) s particular objects will never occuris (n—s)c-
r

(iii)  k particuarl objects will always occur and s particular objects will never

occuris (n- k—s)C
r-k

The number of combinations of n different objects taken any number (one or
more) at a time when repetitions are not allowed is
ng, +neg, ++ne, =2"-1

The total number of combinations of (n, + n, + :-- + n;) objects taken any
number at a time when n; objects are of type 1, n, are of type 2, ..., n are of
typek=mn; +1)(n, +1)..(n,, +1) —1

The total number of combinations of (n; + n, + -+ + n; + m) objects taken
any number at a time when n, objects are of type 1, n, are of type 2, ..., 1y
areoftypek=(n, + 1)(n, +1) ...(n, +1).2™ -1

Circular Permutations

An arrangement of objects arranged in a circle is known as a circular permutation.

1) The number of circular permutations of n different objects taken all at a time

is(n—1)!

2) The number of circular permutations of n different objects taken all at a time

when clockwise and anticlockwise arrangements are considered the same (as
(n-1)!

in Necklace, Garland) is



3) The number of circular permutations of n different objects taken r at a time
Np

is ng (r—1)!= Tr

4) The number of circular permutations of n different objects taken r at a time

when no distinction is made between clockwise and anticlockwise direction

Distribution or Occupancy Problems

The number of ways, r objects can be distributed among n different boxes,
depends upon the fact: how many objects are permitted to be in one box and
whether the objects are different or not. Problems involving the distribution of
objects among boxes are called distribution or occupancy problems.

The distribution of different objects corresponds to permutations and distribution
of identical objects corresponds to combinations.

Distribution of Different Objects:

1. The number of ways of distributing r different objects into n different boxes if
(i)  norestriction is placed on the number of objects permitted in a box is n'.
(i)  a particular box contains exactly k objects is ¢, . (n—1)"F,

(iii)  at most one object is permitted into a box is npr(n > 7).

2. The number of ways of distributing 7; objects to the it" boxfori=1,2,..,n
suchthatry + , +---+ 1, = ris given by
r!
n'nlnl.rn!

Distribution of Identical objects

1) The number of ways of distributing r identical objects into n different boxes if
(i) no restriction is placed on the number of objects permitted per box is

n+r-— 1)Cr (Bose — Einstein formula)



(if)

(iii)

A particular box contains exactly k objects is

(n-2)+(r-k)-1)g =

r—-k

(n—r—k—2)C

atmost one object is permitted per box is nz (r<n)
r

(Fermi — Dirac formula)

Example 4
S.No Objects Arrangement Problem Answer
1 5 boys and 4 girls Row No two girls together | 5! X 6p,
2 5 boys and 4 girls Circle No two girls together | 4! X 5p,
3 5 boys and 5 girls row No two girls together | 5! X 6p,
4 5 boys and 5 girls row Boys and girls 5! x 5!'x 2!
alternate
5 boys and 5 girls circle No two girls together | 4! X 5p. = 4! X 5!
5 boys and 5 girls circle Boys and girls 4! x 5!
alternate
7 5 + signs and 4 — signs row No two - s together 1X6¢,
8 5 + signs and 4 — signs circle No two - s together 1 X 5c4
9 5 + signs and 5 — signs row No two - s together 1X6¢,
10 5 + signs and 5 — signs row + and - alternate 1+1=2
11 5 + signs and 5 — signs circle No two - s together 1
12 5 + signs and 5 — signs circle + and - alternate 1




Example 5:

(i) Find the number of 4 -letter words that can be formed using the letters of
the word EQUATION.

(i)  How many of these words begin with E?

(iii)  How many end with N?

(iv) How many begin with E and end with N?

Solution: The word EQUATION has 8 distinct letters.

(i) Number of 4 letter words is 8p
4

(ii)  The first letter E is fixed (E — ——). The remaining three letters are to be
filled with 7 letters. Thus, the number of 4 — letter words begin with E
is 7
P
(iii)  — ——N.No of words ending with N is 7p
3

(iv) E — —N.No of words begin with E and end with N is 6p
2

Example 6: Find the number of 4 letter words that can be formed using the
letters of the word MIXTURE which

(i) contain the letter X
(ii)  do not contain the letter X

Solution: Take 4 blanks — — — —. We have to fill up 4 blanks using the 7
letters of the word.

(i) First we put X in one of the 4 blanks. This can be done in 4 ways. Now
we can fill the remaining 3 palces with the remaining 6 letters in 6,

ways. Thus, the number of 4 letter words containing the letter X are
4 X 6p, =4%x120 =480



(i)  Leaving the letter X, we fill the 4 blanks with the remaining 6 letters in
6p, ways. Thus, the number of 4 letter words that do not contain the
letter X is

6p, = 360

Example 7: Find all 4 —digit numbers that can be formed using the digits
1,2,3,4,5,6 when repetition is allowed.

Solution: The number of 4 —digit number with repetitions is 6*

Example 8: Find the number of ways of arranging the letters of the word
SPECIFIC. In how many of them

(i) the two Cs come together?
(ii)  thetwo Is do not come together?

Solution: The word SPECIFIC has 8 letters in which there are 2 I's and 2 C’s.
Hence, they can be arranged in

2121

ways

(i) Treat two C’s as one unit. Then we have 6 + 1 = 7 letters in which two

letters (I's) are alike.
7!
Thus, the no. of arrangement = o

(i)  Keeping the two I's aside, arrange the remaining 6 letters can be arragned
in Z—: ways. Among these 6 letters we find 7 gaps as shown below.
—S—-P—-E—-C—-F—-C-

p
The two I's can be arranged in these 7 gaps in 2—|2

p
I
Hence, the number of required arrangements is %x 2|2

Example 9: Find the number of ways of selecting 4 boys and 3 girls from a group
of 8 boys and 5 girls is



Solution: 8, X 5.,

Example 10: Find the number of ways of forming a committee of 4 members out
of 6 boys and 4 girls such that there is at least one girl in the committee.

Solution: 10;, — 6,

Derangements and Matches

If n objects numbered 1, 2,3, ..., n are distributed at random in n places also
numbered 1, 2, ..., n a match is said to occur. If an object occupies the place
corresponding to its number, the number of permutations in which no match
occurs is

1 1 1
Y D P I
Dy, n.{l TR 3!+....+( 1) n!}

This is also known as derangement.

The number of permutations of n objects in which exactly r matches occur is

LY G N D™7
nCr'Dn—T T {1 1! + 2! (n—-r)! }

1oy
3!



1.1. Algebra of Sets and Counting Methods

Exercise:

1. The letters of the word MISSISSIPPI are arranged. Find
a. All possible arrangements.
b. All arrangements in which 4S’s come together.
c. All arrangements in which 45’s do not come together.

d. All arrangements in which 4S’s and 41’s come together.

2. If Aand B stands in a line along with 10 other persons, then find the
number of ways in which there are three persons between A and B.

3. If Aand B stands in a circle along with 10 other persons, then find the
number of ways in which there are three persons between A and B.

4. The letters of the word FLOWER are taken 4 at a time and arranged in all
possible ways. Find the number of arrangements that
a. Begins with F and ends with R.
b. Contain the letter E.
5. Find the number of ways in which the letters of the word HOSTEL can be
arranged so that
a. The vowels may not be separated.
b. The vowels occupy even places.

6. All the letters of the word EAMCET are arranged in all possible ways. Find
the number of arrangements in which no two vowels are adjacent.

7. Find the number of arrangements that can be made by taking all the letters
of the word ALGEBRA.



8. Find the number of arrangements that can be made by taking all the letters
of the word MATHEMATICS such that
a. 2M'’s come together.
b. 2M’s do not come together.

9. There are 5 maths, 6 physics and 8 chemistry books. How many ways are
there to pick
a. Two books not both on the same subject.
b. Any two books.

10. How many ways are there to form a 3 letter words using the letters A, B, C,
D, E, F.

with repetition of letters.

a

b. without repetition of any letter.

c. without repetition that contain the letter E.
d

. with repetition that contain E.

11. Find the number of arrangements which can be made using all the letters
of the word LAUGH if the vowels are adjacent.

12.If all permutations of the letters of the word AGAIN are arranged as in
dictionary, find the 50" word.

13. Find the number of ways in which any four letters can be (i) arranged and
(i) selected from the word CORGOO

14. Find the total number of (i) permutations and (ii) combinations of 4 letters
that can be made out of the letters of the word EXAMINATION.



15. The digits 1,2,3,4 and 5 are given. Find

3 digit numbers without repetitions.

3 digit numbers with repetitions.

3 digit odd numbers without repetitions.
3 digit odd numbers with repetitions.

3 digit even numbers without repetitions.
3 digit even numbers with repetitions.

5 digit numbers without repetitions.

S® o Qo0 T oW

5 digit numbers with repetitions.

16.Find the number of 3 digit odd numbers that can be formed with digits
1,2,3,4, 5 when repetition of digits is
a. Not allowed
b. Allowed



1.2

Basic Concepts in Probability

Introduction to uncertainty

Every day we have been coming across statements like the ones mentioned
below:

Probably it will rain tonight.
It is quiet likely that there will be a good yield of paddy this year.
Probably | will get a first class in the examination.

P wNe

India might win the cricket series against Australia
and so on.

In all the above statements some element of uncertainty or chance is involved.
A numerical measure of uncertainty is provided by a very important branch of
statistics known as Theory of Probability. In the words of Prof. Ya-Lin-Chou:
Statistics is the science of decision making with calculated risks in the face of
uncertainty.

History of Probability

The history of probability suggests that its theory developed with the study of
games of chance, such as rolling of dice, drawing a card from a pack of cards, etc.
Two French gamblers had once decided that any one person who will first get a
‘particular point” will win the game. If the game is stopped before reaching that
point, the question is how to share the stake. This and similar other problems
were then posed by the great French mathematician Blaise Pascal, who after
consulting another great French mathematician Pierre de Fermat, gave the
solution of the problems and then laid down a strong foundation of probability.
Later on, another French mathematician, Laplace, improved the definition of
probability.



Coins, Dice and Playing Cards: The basic concepts in probability are better
explained using coins, dice and playing cards. The knowledge of these is very
much useful in solving problems in probability.

Coin: A coin is round in shape and it has two sides. One side is known as head (H)
and the other is known as tail (T). When a coin is tossed, the side on the top is
known as the result of the toss.

Die: A die is cube in shape in which length, breadth and height are equal. It has six
faces which have same area and numbered from 1 to 6. The plural of die is dice.
When a die is thrown, the number on the top face is the result of the throw.

Pack of Cards: A pack of cards 52 cards. It is divided into four suits called spades,
clubs, hearts and diamonds. Spades and clubs are black; hearts and diamonds are
red in colour. Each suit consists of 13 cards, of which nine cards are numbered
from 2 to 10, an ace, jack, queen and king. We shuffle the cards and then take a
card from the top which is the result of selecting a card.

Basic Concepts in Probability

The following basic concepts are very important in understanding the definitions
of the probability:

Experiment: The process of making an observation or measurement and
observation about a phenomenon is known as an experiment.

Examplel: Sitting in the balcony of the house and watching the movement of
clouds in the sky is an experiment.

Example2: For given values of pressure (P), measuring the corresponding values
of volume (V) of a gas and observing that P - VV = k(constant) is an experiment.
The experiments are of two types:



Deterministic experiment: If an experiment produces the same result when it is
conducted several times under identical conditions, then the experiment is known
as determinant experiment.

All the experiments in physical and engineering sciences are deterministic.

Random Experiment: If an experiment produces different results even though it is
conducted several times under identical conditions, then the experiment is known
as random experiment. All the experiments in social sciences are random.

Trial: Conducting a random experiment once is known as a trial.

Outcome: A result of a random experiment in a trial is known as an outcome.
Outcomes are denoted by lowercase letters a, b, c, d, e, ... .

Equally Likely Outcomes: Outcomes of a random experiment are said to be
equally likely if all have the same chance of occurrence. GettingaHand T ina
balanced coin are equally likely. The outcomes 1,2,3,4,5 and 6 are equally likely if
the die is a cube.

Sample space: The set of all possible outcomes of a random experiment is known
as a sample space and denoted by S.

Event: A subset of the sample space is known as an event.
The events are denoted by uppercase letters A, B, C etc.

Happening of an event: We say that an event happens (or occurs) if any one
outcome in it happens (or occurs).

Elementary Event: A singleton set consisting an outcome of a random experiment
is known as an elementary event.

Favorable outcomes: The outcomes in an event are known as favorable
outcomes or cases of that event.

Impossible Event: An event with no outcome in it is known as impossible event
and is denoted by ¢.



Certain or Sure Event: An event consisting of all possible outcomes of a random
experiment is known as certain or sure event and it is same as the sample space.

Exhaustive Events: The events in a sample space are said to be exhaustive if their
union is equal to the sample space. The events A4, 45, ..., A, in S are said to be

n
UAl- =S
i=1

Mutually Exclusive Events: Two or more events in the sample space are said to be

exhaustive if

mutually exclusive if the happening of one of them precludes the happening of
the others. Mathematically two events A and B in S are said to be mutually
exclusiveif AN B = ¢.

Example3: Consider a random experiment of tossing a coin. The possible
outcomes are H and T. Thus, the sample space is given by S = {H,T} and
n(S) = 2 where n(S) is the total number of outcomesin S.

Example 4: Consider a random experiment of tossing two coins (or two tosses of a
coin). The sample space is givenby S = {H,T} x {H,T} = {HH,HT,TH,TT} and
n(S) = 2% = 4.

Example 5: Consider a random experiment of tossing three coins (or three tosses
of a coin). The sample space is given by

S ={H T}x{H T} x {H,T} = {H, T} x {HH,HT, TH, TT}
= {HHH,HHT,HTH, HTT, THH, THT, TTH, TTT}

and n(S) = 23 =8.



Let us define some events in the sample space as below:
E;: Three heads
E,: Three tails
E3: Exactly one head
E,: Exactly two heads
Es: At least one head
E¢: At least two heads
Then these events are represented by the following subsets of S:
Ey, = {HHH};
E, ={TTT}
E; ={HTT,THT,TTH};
E, ={HHT,HTH,THH};

Es = {HHH,HHT, HTH, HTT, THH, THT, TTH} and
E¢ = {HHH,HHT, HTH, THH}.

Note that E; U E; U E3 U E4, = S and hence Ey, E; ,E3 andE, are exhaustive
events in S. Further, E; N E; = ¢, where i # j. Hence, E;, E; ,E5 and E, are

mutually exclusive eventsin S.

Note: In general, if a random experiment consists of tossing N coins (or N tosses
of a coin), then n(S) = 2V.

Example 6: Let us consider a random experiment of throwing a die. Since we can
obtain any one of the six faces 1,2,3,4,5 and 6, the sample space is given by
S =1{1,2,3,4,56}and n(S) = 6.

Now define E; = {1,3,5}, E, = {2,4,6} and E; = {3,6}. We say that E; happens
or occurs if we get the outcome 1,3 or 5. In otherwords, we say that E; happens



if we get an odd number. Similarly, we say that E, happens if we get an even
number and E3 happens if we get a multiple of 3.

Since E;, E, and E3 are subsets of S; E;, E; and E3 are events in S. Since

E; UE, =S, E; and E; are exhaustive events in S. Since E; U E3 = {1,3,5,6} # S,
E; and E3 are not exhaustive eventsin S. Since E; N E;, = ¢, E; and E; are
mutually exclusive events in S. Since E; N E3 = {3}, E; and E3 are not mutually
exclusive events in S. Similarly E, and E3 are not mutually exclusive eventsin S.

Example 7: In a random experiment of throwing two dice (or two throws of a die),
the sample space is given by

S ={1,2,3,4,5,6} x {1,2,3,4,5,6}
{(1,1),(1,2), ..., (1,6),
2,1),(2,2), ..., (2,6),
(3,1),(3,2), ..., (3,6)
4,1),(4,2), ..., (4,6)
5,1),(5,2), ..., (5,6)
(6,1),(6,2), ..., (6,6)}

where in the outcome (a, b) , a represents the number obtained on the first
die and b represents the number on the second die. Obviously (a,b) # (b, a)
unless a = b. The number of outcomes in S is given by S = 62 = 36.



Let us define the following events in S.

E;: Sum of points on two dice is 5

E5: Sum of points on two dice is 6

E3: Sum of points on two dice is even

E,: Sum of points on two dice is odd

E=: Sum of points on two dice is greater than 12

E¢: Sum of points on two dice is divisible by 3

E;: Sum is greater than or equal to 2 and is less than or equal to 12
Then the events E; to E; as subsets of S are given below.
E; ={(1,4),(2,3),(3,2),(41)}and n(E;) =4
E, ={(1,5),(2,4),(3,3),(4,2),(51)}and n(E,) =5

The sum of the points on the two dice is even if the points obtained on each die is
(i) even or (ii) odd. Thus

E; = ({2,4,6} x {2,4,6}) U ({1,3,5} x {1,3,5})
{(2,2),(2,4),(2,6),(4,2),(44), (4,6),(6,2),(6,4),(6,6),(1,1), (1,3), (1,5),
(3,1),(3,3),(3,5),(5,1),(5,3),(5,5)}
andn(E;) =(3x3)+(3%x3)=9+9 =18,
Similarly,
E, = ({2,4,6} x {1,3,5}) U ({1,3,5} X {2,4,6})
{(2,1),(2,3),(2)5),(41), (4,3),(4,5),(6,1),(6,3),(6,5), (1,2), (1,4), (1,6),
(3.2),(3,4),(3,6), (5,2),(5,4), (5,6)}
andn(Ey) = (3% 3)+ (3x3) = 18.



Further, Es = ¢, i.e., E5 is an impossible event and E; = §,i.e., E7 is a certain
event. Hence n(Es) = 0 and n(E;) = 36.

The sum of the points on the two dice is divisible by 3 if their sum is 3,6,9 or 12.
Thus

Es ={(1,2),(2,1),(1,5),(2,4),(3,3),(4,2),(5,1),(3,6), (4,5),(5,4), (6,3), (6,6)}
andn(Eg) = 12.

Note: In general, if the random experiment consists of throwing of N dice (or N
throws of a die), the number of outcomes in S is given by n(S) = 6".

Example 8: Let us consider the random experiment of tossing a coin and a die
together. Then the sample space is given by

S ={HT}x%{12345,6)
={(H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),(T,3),(T,4),(T,5), (T, 6)}
andn(S§) =2x6=12.

Note: In the above examples 3 to 8, if the coins and dice are unbiased, the
outcomes in the sample spaces are equally likely. Normally, the coins are
balanced and hence are unbiased. If a die is a cube, then all the surfaces have the
same area and also it is unbiased.

Example 9: Let us consider the random experiment of selecting two balls
simultaneously from and urn containing 4 balls of different colours red(R),
blue(B), yellow(Y) and white(W). Then the sample space is given by

S = {RB,RY,RW,BY,BW,YW}and n(S) = 4., = 6

Example 10: If the random experiment consists of selecting two balls one after
the other with replacement in Example 9, the sample space is given by

S={R,B,Y, WYX {R,B,Y,W} =
{RR,RB,RY,RW,BR,BB,BY,BW,YR,YB,YY,YW,WR,WB, WY, WW} and
n(S) =4 x 4 = 16.



Example 11: If the random experiment consists of selecting two balls one after
the other without replacement in Example7, the sample space is given by

S = {RB,RY,RW,BR,BY,BW,YR,YB,YW,WR,WB, WY} and
n(s) =4x3=12.

Examplel2: Consider a random experiment of tossing a coin until head appears.
Its sample space is given by

S={H,TH,TTH,TTTH, ...}

where TTH represents tail in first, tail in second and head in third tosses and so
on. Obviously, n(S) is infinite.

Examplel3: Consider a random experiment of tossing a coin repeatedly until head
or tail appears twice in succession. Thus the sample space is given by

S ={HH,TT,THH,HTT,HTHH,THTT, ...}

and n(S) is infinite.



1.2. Basic Concepts in Probability

Exercise:

1. Adieis tossed twice and the number of dots facing up is counted and noted in

the order of occurrence. Let us define

A
B
C

(i)

(ii)

(i)

(i)

: Total number of dots showing is even
: Both dice are even
: Number of dots in dice differ by 1

Does A imply B or does B imply B?
Find AN C.

A desk drawer contains five pens, three of which are dry.

The pens are selected at random one by one until a good pen found. The
sequence of test results is noted. What is the sample space.

Suppose that only the number and not the sequence, of pens tested in
part(i) is noted. Specify the sample space.

. Write the sample space corresponding to each of the following random

experiment.

(i)

(i)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

Select a ball from an urn containing balls numbered 1 to 50. Note the
number of the ball.

Select a ball from an urn containing balls numbered 1 to 4. Suppose that
balls 1 and 2 are black and balls 3 and 4 are white. Note the number and
colour of the ball you select.

Toss a coin three times and note the sequence of heads and tails.

Toss a coin four times and note the number of tails

Count the number of voice packets containing only silence produced
from a group of N speakers in a 10-mins period.

A block of information is transmitted repeatedly over a noisy channel
until an error free block arrives at the receiver. Count the number of
transmissions required.

Pick @ number at random between 0 and 1.

Measure the time between two message arrivals at a message centre.



(ix) Measure the lifetime of a given computer memory chip in a specified
environment.
(x)  Pick two numbers at random between 0 and 1.



1.3.

Definitions of Probability

The probability of a given event is an expression of likelihood or chance of
occurrence of an event. How the number is assigned would depend on the
interpretation of the term ‘probability’. There is no general agreement about its
interpretation. However, broadly speaking, there are four different schools of
thought on the concept of probability.

Mathematical (or classical or A priori) definition of probability

Let S be a sample space associated with a random experiment. Let A be an event
in S. We make the following assumptions on S:

(i) It is discrete and finite
(ii)  The outcomes in it are equally likely

Then the probability of happening (or occurrence) of the event A is defined by

Number of outcomesin A _ n(A)

P(A) =

Number of outcomes in S - n(s)
Note:

i) The probability of non-happening (or non-occurrence) of A is given by

Number of outcomesinA _ n(4d) _ n(S)-n(4) _ n(A)
Number of outcomes in S o n(s) o n(s) o n(s)

P(A) = =1-P(A)

Thatis P(A) =1 — P(4)

i) If A = ¢, then P(¢p) = 22 = 2

) E = 0. That is, probability of an impossible

event is zero.
iii) IfA =S, then P(S) = ng;

iv) ForanyeventAinS,0 < P(A) < 1.
v) The odds in favour of A4 are given by n(4) : n(4) = P(4) : P(4).
vi) The odds against of 4 are givenby n(4) : n(4) = P(4) : P(4).

1. That is, probability of a certain event is one.



a
a+b’

viii) If the odds against of A are c : d, then P(4) = ﬁ :

ix) n(A) and n(S) are counted by using methods of counting discussed in Module 1.1.

vii)If the odds in favour of A are a : b, then P(A) =

Limitations: The mathematical definition of probability breaks down in the
following cases:

(i) The outcomes in the sample space are not equally likely.
(ii)  The number of outcomes in the sample space is infinite.

Statistical (or Empirical or Relative Frequency or Von Mises) Definition of
Probability

If a random experiment is performed repeatedly under identical conditions, then
the limiting value of the ratio of the number of times the event occurs to the
number of trials, as the number of trials becomes indefinitely large, is called the
probability of happening of the event, it being assumed that the limit is finite and
unique.

Symbolically, if in N trials an event A happens a, times, then the probability of
the happening of A is given by
_ lim ay
P(A) = N — oo N . (1.3.1)

Note:

i) Since the probability is obtained objectively by repetitive empirical
observations, it is known as Empirical Probability.

ii) The empirical probability approaches the classical probability as the number of
trials becomes indefinitely large.

Limitations of Empirical Probability

(i) If an experiment is repeated a large number of times, the experimental
conditions may not remain identical.
(i)  Thelimitin (1.3.1) may not attain a unique value, however large N may be.



Subjective definition of probability: In this method, probabilities are assigned to
events according to the knowledge, experience and belief about the happening of
the events. The main limitation of this definition is, it varies from person to
person.

Axiomatic Definition of Probability: Let S be a sample space and let B be a
o-field associated with S. A probability function (or measure) P is a real valued
set function having domain B and which satisfies the following three axioms:

1. P(A) = 0, for every A € B (Non-negativity)
2. P(S) =1,i.e, Pis normed (Normality)
3. IfA4,A,, ..., A,, ... are mutually exclusive events in S, then

P(OA]= i P(A) (o - additive or countably additive)

Thus, the probability function is a normed measure on (the measurable space)
(S, B, P) is called a Probability space. This definition is useful in proving theorems
on probability.

Note: The elements of B are eventsin S.
Solved Examples using Mathematical Definition of Probability

In this section, we use mathematical definition of probability for computing
probabilities. Also we use methods of counting for counting the number of
outcomes in an event and sample space.

Example 1: A uniform die is thrown at random. Find the probability that the
number on it is (i) even (ii) odd (iii) even or multiple of 3 (iv) even and multiple
of 3 (v) greater than 4

Solution:

(i) The number of favourable cases to the event of getting an even number is
3, viz., 2,4,6.
3

. Required probability = P %



(ii)  The number of favourable cases to the event of getting an odd number is 3,

viz.,, 1, 3, 5.

= Required probability = % = %
(iii)  The number of favourable cases to the event of getting even or multiple of

3is4,viz., 2,3,4,6.
-~ Required probability = % = %
(iv)  The number of favourable cases to the event of getting even and multiple
of 3is 1, viz., 6.
~ Required probability = %
(v)  The number of favourable cases to the event of getting greater than 4 is 2,

viz., 5 and 6.

. Required probability = % = %

Example 2: Four cards are drawn at random from a pack of 52 cards. Find the
probability that

(i) They are a king, a queen, a jack and an ace.

(ii) Two are kings and two are aces.

(iii)  All are diamonds.

(iv) Two are red and two are black.

(v)  Thereis one card of each suit.

(vi) There are two cards of clubs and two cards of diamonds.

Solution: Four cards can be drawn from a well shuffled pack of 52 cards in *C,

ways, which gives the exhaustive number of cases.

(i) 1king can be drawn out of the 4 kings is ‘C, =4 ways. Similarly, 1 queen, 1 jack
and an ace can each be drawn in “C, =4 ways. Since any one of the ways of
drawing a king can be associated with any one of the ways of drawing a queen,
a jack and an ace, the favourable number of cases are “C, x *C, x “C, x “C,.

‘C,x'C,x'C,x‘C, 256

Hence, required probability = 20 =%c
4 4




4 4
C,x"C,
52
4

(iii) Since 4 cards can be drawn out of 13 cards (since there are 13 cards of

(ii) Required probability =

diamond in a pack of cards) in *C, ways,

13C
Required probability = #

4
(iv) Since there are 26 red cards (of diamonds and hearts) and 26 black cards (of
spades and clubs) in a pack of cards,
26 26
Required probability =%
4
(v) Since, in a pack of cards there are 13 cards of each suit,
13Cl > 13Cl > 13Cl > 13Cl
52C
4

Required probability =

13 13
(vi) Required probability =%
4

Example 3: What is the chance that a non-leap year should have fifty-three
Sundays?

Solution: A non-leap year consists of 365 days, i.e., 52 full weeks and one over-

day. A non-leap year will consist of 53 Sundays if this over-day is Sunday. This
over-day can be anyone of the possible outcomes:

(i) Sunday (ii) Monday (iii) Tuesday (iv) Wednesday (v) Thursday (vi) Friday (vii)
Saturday, i.e., 7 outcomes in all. Of these, the number of ways favourable to the
required event viz., the over-day being Sunday is 1.

. Required probability = %



Example 4: Find the probability that in 5 tossings, a perfect coin turns up head at
least 3 times in succession.

Solution: In 5 tossings of a coin, the sample space is:
S={H,T}x{H,T}x{H, T} x{H, T} x{H,T},(H : head ;T : tail)

~ Exhaustive number of cases = 25 = 32.

The favourable cases for getting at least three heads in succession are :

Starting with 1 toss: HHHTH, HHHTT, HHHHT, HHHHH

Starting with 2™ toss: THHHT, THHHH

Starting with 3 toss: TTHHH, HTHHH

Hence, the total number of favourable cases for getting at least 3 heads in
succession are 8.

Required probability _ Number of favourable cases _ i _ 1 — 0.25

Exhaustive number of cases 32 4

Example 5: A bag contains 20 tickets marked with numbers 1 to 20. One ticket is
drawn at random. Find the probability that it will be a multiple of (i)2 or 5, (ii)3 or 5

Solution: One ticket can be drawn out of 20 tickets in *C, = 20ways, which

determine the exhaustive number of cases.

(i) The number of cases favourable to getting the ticket number which is:
(a) a multiple of 2 are 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, i. e., 10 cases.
(b) a multiple of 5 are 5, 10, 15, 20 i.e., 4 cases

Of these, two cases viz., 10 and 20 are duplicated.

Hence the number of distinct cases favourable to getting a number which is a
multipleof 2or5are: 10 + 4 — 2 = 12.

- Required probability = % = g =0.6



(ii) The cases favourable to getting a multiple of 3are 3, 6,9, 12, 15, 18 i.e., 6
cases in all and getting a multiple of 5 are 5, 10, 15, 20 i.e., 4 cases in all. Of
these, one case viz., 15 is duplicated.

Hence, the number of distinct cases favourable to getting a multiple of 3 or 5 is
6+4—-1=09.

-~ Required probability = 210 = 0.45

Example 6: An urn contains 8 white and 3 red balls. If two balls are drawn at
random, find the probability that

(i) both are white, (ii) both are red, (iii) one is of each color.

Solution: Total number of balls in the urnis 8 + 3 = 11. Since 2 balls can be
drawn out of 11 balls in C, ways,

11x10
2

Exhaustive number of cases ="C, = 55

(i) If both the drawn balls are white, they must be selected out of the 8 white

balls and this can be done in °C, =8XT7 =28 ways.

-~ Probability that both the balls are white = g

(i) If both the drawn balls are red, they must be drawn out of the 3 red balls and
this can be done in °C, =3ways. Hence, the probability that both the drawn

3
balls are red = —.
55

(iii) The number of favourable cases for drawing one white ball and one red ball is
8Cl>< 3Cl =8x3=24

~ Probability that one ball is white and other is red = %



Example 7: The letters of the word ‘article’ are arranged at random. Find the
probability that the vowels may occupy the even places.

Solution: The word ‘article’ contains 7 distinct letters which can be arranged
among themselves in 7! ways. Hence exhaustive number of cases is 7!.

In the word ‘article’ there are 3 vowels, viz., a,i and e and these are to be placed
in, three even places, viz., 2”d, 4™ and 6™ place. This can be done in 3!, ways. For
each arrangement, the remaining 4 consonants can be arranged in 4! ways.
Hence, associating these two operations, the number of favourable cases for the
vowels to occupy even places is 3! X 4!,

=~ Required probability = % _ 7)(3;!)(5 _ %

Example 8: Twenty books are placed at random in a shelf. Find the probability
that a particular pair of books shall be:

(i) Always together (ii) Never together

Solution: Since 20 books can be arranged among themselves in 20! ways, the
exhaustive number of cases is 20!.

(i) Let us now regard that the two particular books are tagged together so that
we shall regard them as a single book. Thus, now we have (20 —1) = 19
books which can be arranged among themselves in 19! ways. But the two
books which are fastened together can be arranged among themselves in 2!
ways.

Hence, associating these two operations, the number of favourable cases for
getting a particular pair of books always together is 19! x 2!.
191x2! 2 1

200 20 10°
(ii) Total number of arrangement of 20 books among themselves is 20! and the

. Required probability is

total number of arrangements that a particular pair of books will always be
togetheris 19! 2!, [See part (i)]. Hence, the number of arrangements in which
a particular pair of books is never together is



201 —2x19!'=(20—2) x 19! =18 x 19!
18x19! _ 18 _ 9
200 20 10

~ Required probability =
Aliter: P [A particular pair of books shall never be together]
= 1 — P[A particular pair of books is always together]=1 — 1—10 ==,

Example 9: n persons are seated on n chairs at a round table. Find the
probability that two specified persons are sitting next to each other.

Solution: The n persons can be seated in n chairs at a round table in (n — 1)!
ways, which gives the exhaustive number of cases.

If two specified persons, say, A and B sit together, then regarding A and B fixed
together, we get (n — 1) persons in all, who can be seated at a round table in
(n — 2)! ways. Further, since A and B can interchange their positions in 2! ways,

total number of favourable cases of getting A and B together is (n — 2)! x 2.
(n-2)!Ix2! 2
(n-1)!  n-1

Hence, the required probability is:

Aliter: Let us suppose that of the n persons, two persons, say, A and B are to be
seated together at a round table. After one of these two persons, say A occupies
the chair, the other person B can occupy any one of the remaining (n — 1) chairs.
Out of these (n — 1) seats, the number of seats favourable to making B sit next

to A is 2 (since B can sit on either side of A). Hence the required probability is ﬁ

Example 10: In a village of 21 inhabitants, a person tells a rumour to a second
person, who in turn repeats it to a third person, etc. at each step the recipient of
the rumour is chosen at random from the 20 people available. Find the
probability that the rumour will be told 10 times without:

(i) returning to the originator ; (ii) being repeated to any person

Solution: Since any person can tell the rumour to any one of the remaining
21 — 1 = 20 people in 20 ways, the exhaustive number of cases that the rumour
will be told 10 times is 201°.



(i) Let us define the event :
E; : The rumour will be told 10 times without returning to the originator.

The originator can tell the rumour to any one of the remaining 20 persons in 20
ways, and each of the 10 — 1 = 9 recipients of the rumour can tell it to any of the
remaining 20 — 1 = 19 persons (without returning it to the originator) in 19
ways. Hence the favourable number of cases for E; are 20 x 19°. The required
probability is given by :
20 x 19°  /19\°
PUE) =35m0 = (%)

(i) Let us define the event :
E, : The rumour is told 10 times without being repeated to any person.

In this case the first person (narrator) can tell the rumour to any one of the
available 21 — 1 = 20 persons; the second person can tell the rumour to any one
of the remaining 20 — 1 = 19 persons; the third person can tell the rumour to
anyone of the remaining 20 — 2 = 18 persons; ...; the 10" person can tell the
rumour to any one of the remaining 20 — 9 = 11 persons.

Hence the favourable number of cases for E, are 20 X 19 X 18 X ... X 11.

20X19Xx18X%...x11

= Required probability = P(E;) = s

Example 11: If 10 men, among whom are 4 and B, stand in a row, what is the
probability that there will be exactly 3 men between 4 and B?

Solution: If 10 men stand in a row, then A can occupy any one of the 10 positions
and B can occupy any one of the remaining 9 positions. Hence, the exhaustive
number of cases for the positions of two men A and B are 10 X 9 = 90.

The cases favourable to the event that there are exactly 3 men between A and B
are given below:



(i)  Aisinthe 1% position and B is in the 5™ position.
(i)  Aisinthe 2" position and B is in the 6™ position.

(vi)  Aisinthe 6" position and B is in the 10" position.

Further, since A and B can interchange their positions, the total number of
favourable cases =2 X 6 = 12.

. . 12 2
~ Required probability = w12 0.1333

15

Examplel2: A five digit number is formed by the digits 0, 1, 2, 3, 4 (without
repetition). Find the probability that the number formed is divisible by 4.

Solution: The total number of ways in which the five digits 0, 1, 2, 3, 4 can be
arranged among themselves is 5!. Out of these, the number of arrangements
which begin with 0 (and therefore will give only 4-digited numbers) is 4!.

Hence the total number of five digited numbers that can be formed from digits O,
1,2,3,4is5!'— 4! =120 - 24 =96

The number formed will be divisible by 4 if the number formed by the two digits
on extreme right (i.e., the digits in the unit and tens places) is divisible by 4. Such
numbers are:

04, 12, 20, 24, 32and40

If the numbers end in 04, the remaining three digits viz., 1, 2 and 3 can be
arranged among themselves in 3! in each case.

If the numbers end with 12, the remaining three digits 0, 2, 3 can be arranged in
3! ways. Out of these we shall reject those numbers which start with O (i.e., have
0 as the first digit). There are (3 — 1)! = 2! such cases. Hence, the number of five
digited numbers ending with 12is: 3! =2!1=6 -2 =4



Similarly the number of 5 digited numbers ending with 24 and 32 each is 4. Hence
the total number of favourable casesis: 3 X 3! +3 x4 =18+ 12 = 30

Hence, required probability = % = —

Examplel3: There are four hotels in a certain town. If 3 men check into hotels in
a day, what is the probability that each checks into a different hotel?

Solution: Since each man can check into any one of the four hotels in “C, =4 ways,

the 3 men can check into 4 hotels in 4 X 4 X 4 = 64 ways, which gives the
exhaustive number of cases.

If three men are to check into different hotels, then first man can check into any
one of the 4 hotels in ‘C, =4 ways; the second man can check into any one of the

remaining 3 hotels in °C, =3 ways; and the third man can check into any one of
the remaining two hotels in *C, =2 ways. Hence, favourable number of cases for

each man checking into a different hotel is: *C,x°C,x °C, =4x3x2=24

~ Required probability = Z—: =3=10375

8_



P1:

In a single throw with two uniform dice find the probability of throwing
(i) Five, (ii) Eight

Solution:
Exhaustive number of cases in a single throw with two dice is 6% = 36.

(i) Sum of ‘5’ can be obtained on the two dice in the following mutually
exclusive ways:
(1,4),(2,3),(3,2),(4,1) i.e., 4 cases in all, where the first and second
number in the bracket ( ) refer to the numbers on the 1% and 2" dice

respectively.
. dao 4 1
-~ Required probability = vl

(ii)  The cases favourable to the event of getting sum of 8 on two dice are:
(2,6),(3,5),(4,4),(5,3),(6,2) i.e., 5 distinct cases in all.

~ Required probability = 35—6



P2:
If six dice are rolled, then find the probability that all show different faces
Solution:

In a random roll of six dice, the exhaustive number of cases
isn(S) = 6°.

Define the event E : All the six dice show different faces.

We can get any one of the six faces 1,2,3,4,5,6, on the first dice. For the
happening of E, the second die must show any one of the remaining 5 faces, the
third die must show any one of the remaining 4 faces, and so on, the 6™ die must
show the remaining last face.

Hence, by the product rule, the number of cases favourable to the happening of E
aren(E) =6x5x4x3x2x1=6.

n(E) _ 6!

.'.P(E):E_E



P3:

The letters of the word ‘failure’ are arranged at random. Find the probability
that the consonants may occupy only odd positions.

Solution:

There are 7 distinct letters in the word ‘failure’ and they can be arranged among
themselves in 7! ways, which gives the exhaustive number of cases.

In the word ‘failure’ there are 4 vowels viz., a,i,u and e, and 3 consonants viz.,
f,1, 7. These 3 consonants are to be placed in the 4 odd places viz., 1°Y 3rd, 5" and
7™ and this can be done in ‘C,ways. Further these 3 consonants can be arranged

among themselves in 3! ways and the remaining 4 vowels can be arranged among
themselves in 4! ways. Associating all these operations, total number of
favourable cases for the consonants to occupy only odd positions is “C,x31x4!.

‘C,x3Ix4l  4x31 4

= Required probability = T = 7xexE 3
H X0 X




P4:
Find the probability that in a random arrangement of the letters of the word

ASSASSINATION, the four S’s, come consecutively.

Solution:

The word ‘ASSASSINATION’ contains 13 letters in which A occurs 3 times, S 4
times, N 2 times and I 2 times, and T and O once each.

13!

31412121

Hence, the total number of permutations (exhaustive number of cases) is:

The four S’s can come consecutively if they occupy the 10 positions as given
below.

(i) First four positions,
(i)  Second to 5™ positions,
(iii)  Third to 6™ positions.

(x)  Last four positions i.e., 10" to 13" positions.

In each of the above 10 arrangements, the remaining nine letters viz.,
‘AAINATION’ of which 3 are A’s, 2 are N’s and 2 are I’s, and the rest all different

31212!

which can be arranged among themselves in ways.

10x9!
312121

Hence, total number of favourable cases is

10x9! | 13! _ 10X914! 104! 2

=~ Required probability = + = = =
312121 31412121 13! 13x12x11x10 143




P5:

In a random arrangement of the letters of the word ‘MATHEMATICS’, find the
probability that all the vowels come together.

Solution:

The total number of permutations of the letters of the word ‘MATHEMATICS’ are

11! _ _ _ ’ ' '
T2l because it contains 11 letters, of which 2 are A’s, 2 M’s, 2 T’s, and

remaining are all different.

The word MATHEMATICS contains 4 vowels viz., AEAI, (2 A’s being identical). To
obtain the total number of arrangements in which these 4 vowels come together,
we regard them as tied together, forming only one letter so that, the total
number of letters in MATHEMATICS may be taken as 11 — 3 = 8, out of which 2
are M’s, 2 are T’s and rest distinct and therefore, their number of arrangements is

. 8!
given by T2l

Further, the four vowels AEAI, two of which are identical and rest distinct can be

.4l
arranged among themselves in - Ways. Hence, the total number of arrangements

. .8l _ 4l
favourable to getting all vowels together is: 721 X3
glal | 11! 814l 4l

. Required probability = + =—= = —
212121 7 212120 11! 11x10x9 165



1.3. Definitions of Probability

Exercise:

1.

What is the probability that a leap year selected at random will contain
(a) 53 Tuesdays and (b) 53 Sundays or 53 Mondays?

. In a single throw of two dice, what is the probability of getting

(a) a total of 8 ; and (b) total different from 8 :

. Prove that in a single throw with a pair of dice, the probability of getting the

sum of 7 is equal to % and the probability of getting the sum of 10 is equal to %

In the play of two dice, the thrower loses if his first throw is 2,4, or 12. He wins
if his first throw is a 5 or 11. Find the ratio between his probability of losing
and probability of winning in the first throw.

Hint: Number of favourable cases for getting

(@)2,40r12is1+34+1=5; (b)50rllis4+2=6

. If a pair of dice is thrown, find the probability that the sum of the digits on

them is neither 7 nor 11.

Tickets are numbered from 1 to 100. They are well shuffled and a ticket is
drawn at random. What is the probability that the drawn ticket has :
(a) an even number? (b) a number 5 or a multiple of 5?
(c) a number which is greater than 75? (d) a number which is a square?

There are 17 balls, numbered from 1 to 17 in a bag. If a person selects one ball
at random, what is the probability that the number printed on the ball will be
an even number greater than 9?



8. Aninteger is chosen at random from the first 200 positive integers. What is the
probability that integer chosen is divisible by 6 or 8?

9. One ticket is drawn at random from a bag containing 30 tickets numbered
from 1 to 30. Find the probability that
(a) It is multiple of 5 or 7; (b) It is multiple of 3 0r 5

10.A number is chosen from each of the two sets :
A=1{1,2,3,45,6789} ; B={1,23,4,56,7,8,9}

If P, is the probability that the sum of the two numbers be 10 and P, the
probability that their sum be 8, find P; + P,.

11.A bag contains 7 white and 9 black balls. Two balls are drawn in succession at
random. What is the probability that one of them is white and the other is
black?

12.A bag contains eight balls, five being red and three white. If a man selects two
balls at random from the bag. What is the probability that he will get one ball
of each colour?

13.A bag contains 5 white and 3 black balls. Two balls are drawn at random one
after the other without replacement. Find the probability that balls drawn are
black.

14.A bag contains 4 white, 5 red and 6 green balls. Three balls are drawn at
random. What is the probability that a white, a red and a green ball are
drawn?



15.A bag contains 8 black, 3 red and 9 white balls. If 3 balls are drawn at random,
find the probability that
(a) all are black, (b) 2 are black and 1 is white, (c) 1is of each colour,
(d) the balls are drawn in the order black, red and white,  (e) None is red.

16.The Federal Match Company has forty female employees and sixty male
employees. If two employees are selected at random, what is the probability
that (i) both will be males, (ii) both will be females, (iii) there will be one of
each sex?

17.1f a single draw is made from a pack of 52 cards, what is the probability of
securing either an ace of spades or a jack of clubs.

18.Four cards are drawn from a full pack of cards. Find the probability that two
are spades and two are hearts?

19.What is the probability of getting 9 cards of the same suit in one hand at a
game of bridge?

20.The letters of the word Triangle are arranged at random. Find the probability
that the word so formed (a) starts with T, (b) ends with E,  (c) starts
with T and ends with E.

21.In a random arrangement of the letters of the word VIOLENT, find the chance
that the vowels |,0,E occupy odd positions only.

22.In a random arrangement of the letters of the word Allahabad, find the chance
that the vowels occupy the even places.



23.The letters of the word ARRANGE are arranged at random. Find the chance
that : (a) The two R’s come together (b) The two R’s does not come together
(c) The two R’s and the two A’s come together

24. (a) If the letters of the word REGUALTIONS be arrange at random, what is the
chance that there will be exactly 4 letters between the R and the E?

(b) What is the probability that four S’s come consecutively in the word

MISSISSIPPI?

25. A and B stand in a ring with 10 others persons. If the arrangement of the
persons is at random, find the chance that (a) there are exactly three persons
between A and B (b) A and B stand together

26.The first 12 letters of the English alphabet are written at random. What is the
probability that (a) there are 4 letters between A and B (b) A and B are written
down side by side.

27.Seven persons sit in a row at random. Find the chance that (a) three persons
A, B, Csit together in a particular order (b) A, B, C sit together in any order
(c) B and C occupy the end seats (iv) C always occupies the middle seat.

28.A six figure number is formed by the digits 4, 5, 6, 7, 8, 9 ; no digit being
repeated. Find the probability that the number formed is (a) divisible by 5
(b) not divisible by 5.

29.Five digited numbers are formed from the digits 1, 2, 3, 4, 5. Find the chance
that the number formed is greater than 2300.



Answers:

1 (@2  (b)=
2 (@3 ()3
3.
4.
5. 2=0.78

9

6. (a)0.5 (b) 0.2 (c)0.25  (d)0.10

(b) =

Yo)
—_
Q)
~
[SVI e

16

10. —
81

21

11. 70

°C,x°C, 15

12. S =22
2

13. >8

24
14. o1
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16. (a) 0.357,
1
17.—
26
Be, xBC 468
18— = 20825
4
19. 4x*C,x*C,/*C,
1 1
21 ‘C,x314! 4
' 7! 35
ixst 9 _ 1
22. T21 a2l 126
6t . 7 _2
23. (a) 21 2121 7

24. (a) % (b) %

25. (a) % (b) %

26.(a)é (b)%
27. (a)j—iz— (b)
28.(a)% (b)g

3143x4! _ 13
5!

29.

(€) o (d) =
(b) 0.157,
(c) =
(b) (1260 — 360) + 1260 =
5! 3! 1 5 %x2! 1 6!
=, == @

34
57

(c) 0.4848

5
7



1.4

Theorems in Probability

In this module, we shall prove some theorems which help us to evaluate the

probabilities of some complicated events in a rather simple way. In proving these

theorems, we shall follow the axiomatic approach based on the three axioms given

in axiomatic definition of probability in module 1.3 on definitions of probability.

In a problem on probability, we are required to evaluate probability of certain

statements. These statements can be expressed in terms of set notation and

whose probabilities can be evaluated using theorems in probability. Let A and B be

two events in S. Certain statements in set notation are given in the following table.

S. No. Statement Set notation
1. At least one of the events A or B occurs AUB
2. Both the events A and B occur ANB
3. Neither 4 nor B occurs ANB
4, Event A occurs and B does not occur ANB
5. Exactly one of the events A or B occurs (AnB)U(ANB)
= AAB
6. Not more than one of the events A or B (ANnB)U(ANB)
occurs U (AnB)
7. If event A occurs, so does B AcB
8. Events A and B are mutually exclusive ANB=¢
9. Complement of event A A
10. | Sample space S




Example 1: Let A, Band C are three events in S. Find expression for the events in
set notation.

(i) only A occurs (ii) both A and B, but not C, occur
(iii) all three events occur (iv) at least one occurs
(v) atleast two occur (vi) one and no more occurs
(Vii) two and no more occur (viii) none occurs
Solution:
() AnBnC (i) ANBNC
(i) AnBNC (ivyAUBUC

(v ANBNC)UuANBNC)UMANBNC)UANBNC(C)
(vl ANBNCO)U(ANBNC) U(ANBNC)
(viil ANBNC)UMANBNC)U(ANBNC)
(viil) ANBNC)=(AuUBUC)
Theorems on Probability
Theorem 1: Probability of the impossible event is zero, i.e., P(¢p) = 0.
Proof: We know that SU¢p =S =P (S) =P(SU ¢)
= P(S) = P(S) + P (¢) (Axiom 3)
= P(¢) =0

Theorem 2: Probability of the complementary event A of A is given by
P(A)=1-P(A).

Proof: Since A and A are mutually exclusive events in S,
AUA=S=>P(AUA) =P(S) = P(A) + P(4A) = 1 (Axioms 2 and 3)

= P(A) =1— P(A)



Corollary1: 0 < P(4) <1
Proof: We have P(A) =1 — P(A) < 1(~ P(4) >0, by Axiom 1)
Further, P(4) = 0 (by Axiom 1). Therefore, 0 < P(4) <1
Corollary 2: P(¢p) =0
Proof: Since = S ,P(¢p) = P(S) =1 —P(S) =1—1 = 0 (by Axiom 2)
= P(¢) = 0
Theorem 3: For any two events 4 and B, we have
(i) P(ANB)=P(B)—P(ANB) (i) P(AN B) = P(A) — P(AN B)

Proof:

(i) From the Venn diagram, we have,
B=(ANnB)U(ANnB),
where (A N B) and (4 N B) are mutually exclusive events. Hence by
Axiom 3,
P(B)=P(ANB) +P(ANB)
—P (AnB)=P(B)—P(ANB)

(ii)  Similarly, we have,
A=(AnNnB)U(AnB),
where (A N B) and (4 N B) are mutually exclusive events. Hence by
Axiom 3
P(A)=P(ANnB)+P(ANB)



= P(ANB) = P(A) - P(AN B)

Theorem 4:If BC A, then

) P(ANB)=P(A) - P(B) (i) P(B) < P(A)
Proof:
A S5
ANB
() If Bc A, then B and A N B are mutually exclusive events and

A=BU(ANB)
= P(4A) = P(B) + P(A N B) (Axiom 3)
= P(ANB) =P(A) — P(B)
(i)  Wehave P(A N B) > 0 (Axiom 1). Hence P(A) — P(B) = 0 = P(B) <

P(4).
Thus, B c A = P(B) < P(4).

Theorem 5: Addition Theorem of Probability for Two Events:
Let A and B be any two events in S. Then

P(AUuB) =P(A) + P(B)— P(ANnB)
Proof: From Venn diagram, we have
AUB=AU(ANB)

where A and A N B are mutually exclusive events in S.




~ P(AUB) = P(A) + P(A N B) (Axiom 3)

= P(A) + P(B) — P(A n B) (From Theorem 3)
Thus, P(AU B) = P(A) + P(B) — P(An B).
Note:

1. If A and B are mutually exclusive events then A N B = ¢ and hence
P(ANnB) = P(¢) = 0. Thus, if A and B are mutually exclusive events, then
P(AUB) =P(A) + P(B).

2. The addition theorem of probability for three events is given by

P(AUBUC) =
P(4) + P(B) + P(C) —P(ANB)—P(ANC)—P(BNC)+P(ANBNC)

This can be proved first by taking A U B as one event and C as second event and
repeated application of Theorem 5

P(AUBUC)= ((AuB)UC) =P(AUB)+P(C)—PA(AUuB)N ()
=P(AUB)+P()—PA(AnC)u(BNO))
= P(A)+ P(B)—P(ANB)+P(C)—P(ANC)—PBNC)+PAANBNC(C
= P(A)+ P(B)+P(C)—P(ANB)—P(ANnC)—P(BNC)+PANBNC(

3. Addition Theorem of Probability for n-Events

Let A4,A4;,..,A , beneventsin$. Then

(UnJ=3p)-S Seia apd3

Mo

=

SP(A, A cAk)-...+(-1)"'1P(ﬁAij

k=1

=



Example 2: If two dice are thrown, what is the probability that the sum is
(i) greater than 8, (ii) neither 7 nor 11 (iii) an even number on the first die or a
total of 8?

Solution:

(i) If two dice are thrown, then n(S) = 62 = 36. Let T be the event getting the
sum of the numbers greater than 8 on the two dice. Then
T=AUBUCUD ,where A, B, C and D repectively the events of getting the
sum of 9,10,11 and 12. Note that 4, B, C and D are pair wise mutually
exclusive events. Therefore
P(T) =P(A)+P(B)+ P(C)+ P(D)
Note that A = { 6,6, (4,5), (5,4), (6,3)} and P(4) = —
B = {(4,6),(55),(64)} and P(B) = —
C= {(56),(65)} andAO) = —
D = {(6,6)}and A(D) = —

4 3 2 1 10 5
P =gt et et 5" %1
(ii) Let A denote the event of getting the sum of 7 and B denote the event of

getting the sum of 11.Then
A = {(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)} and P(4) =

6
36
B = ((56),(65)} andP(B) =~
= Required probability = P (neither 7 nor 11)
=P(ANB)=1-P(AUB)

=1—[P(A) + P(B)] (~+ A and B are mutually exclusive events)

6 2 8 2 7
=1-|=+=|=1-——==1-=2
36 36 36 9 9

(iii) Let A be the event of getting an even number on the first die and B be the
event of getting the sum of 8. Therefore,

A={246}x{1,2345,6}=>n(4) =3x6=18,
B =1{(2,6),(3,5),(44),(53),(6,2)} = n(B) = 5,



AnB =1{(26),044),(6,2)}=>n(AnB) =3 and
P(AUB) = P(4) + P(B) — P(AN B) =;—§+3i6—3i6=§_‘6’=g

Example 3: A card is drawn from a pack of 52 cards. Find the probability of
getting a king or a heart or a red card.

Solution: Let us define the following events:
A : The card drawn is a king
B : The card drawn is a heart
C: The card drawn is a red card
Then, A, B and C are not mutually exclusive.

n(4) =4,n(B) =13,n(C) =26,n(AnB)=1,n(ANnC) =2,
nBNnC)=13,n(ANnBNC)=1.

P(AUBUCC)
=PA)+PB)+P(C)—P(ANB)—P(ANC)—PBNC)+P(ANBNC)

4 13 26 1 2 13 1 28 7
_52+52+52 52 52 52+52_52_13

Compound event: The simultaneous occurrence of two or more events is termed
as compound event.

Compound probability: The probability of a compound event is known as
compound probability.

Conditional probability: The probability of an event A occuring when it is known
that some event B has occurred, is called a conditional probability of the event A4,
given that B has occurred and denoted by P(4| B.

Definition: The conditional probability of the event A4, given that B has occurred,
denoted by P(A|B), is defined by



P(ANB)
P(B)

P(A|B) = if P(B) >0

If P(B) = 0, P(A|B) is not defined.

Example 4: Consider a family with two children. Assume that each child is likely
to be a boy as it is to be a girl. What is the conditional probability that both
children are boys, given that (i) the older child is a boy (ii) at least one of the
child is a boy?

Solution: We have the sample space S = {(b, b), (b, 9),(gg ),(gg )}.Define the
events:

A : Older child is a boy

B : Younger child is a boy

Therefore, 4 = {(b, b), (b, @)}, P(4) =25 =2 =2 B = {(b,b), (gh )}
Then AN B :bothareboys, ANB ={(b,b)}and P(ANB) = n(A(r:) i
A U B : At least one is a boy
1 1 1 3
and P(AUB) = P(A) + P(B) —P(ANB) =~ +-—- ="
1
. _P@nB) 3 _1
(i) PA(AnB)|A) === = =
1
.. __ P[(AnB)N(AUB)] _ P(AnB) __ 2 _ 1
(i) P((A nBlj(4u B)) N P(AUB) ~ P(AUB) : 3

Independent events: Two events A and B are said to be independent if the
happening or non-happening of A is not affected by the happening or non-
happening of B. Thus, A and B are independent if and only if the conditional
probability of the event A given that B has happened is equal to the probability of
A. That is,

P(A|B) =P(A)ifP(B) >0



Similarly P(B|A) = P(B) if P(A) > 0
By the definition of conditional probability, we have

P(A|B) = P(ANB)
P(B)
Thus, A and B are independent events, if and only if
P(AnB) =P(A|B)- FB) =P(A)-P(B)
In general, A4, 4,, ..., A, are independent events, if and only if

P(A,NA,N..0A,) =P(Ay) P(A,) - ...- P(4,)

Pair wise Independent Events: A set of events A4, 4, ..., A, are said to be pairwise
independent if every pair of different events are independent.

Thatis, (A; N 4;) = P(A4;) - A(A;)foralliandj, i #}j

Mutual Independent Events: A set of events A4, 4,, ..., A,, are said to be mutually

independent, if P(Ai1 NA4;,N..N Aik) = P(Ail) -P(Aiz) Cat P(Aik) for every
subset { A A, ., Ay g of {A, A,, ..., AL}

Note: Pair wise independence does not imply mutual independence.
Theorem 6: Multiplication Theorem for Two events

Let 4 and B be any two events, then

P(A).P(B|A) ifP(A)>0
P(A~B)=,P(B).P(A|B) ifP(B)>0
P(A).P(B) if A and Bareindependent

The proof follows from definition of conditional probability.



Note: Multiplication Theorem for n-Events A, ,A4,,45, ... , 4

P(A1).P(A2|A1).P(A3|(A1 GAZ))...P(Anl(A1 A, c.. <:An_1))

P(A; A, .. A,)=
(A 2 n) {P(A1).P(Az).P(A3)...P(An),ifA1,A2,...,Anareindependent

Theorem 7: If A; and A, are independent events, then 4; and 4, are also
independent.

Proof: (See P3)

Theorem 8: If A; and A, are independent events, then 4; and 4, are also
independent.

Proof: (See P4)

Example 5: A fair dice is thrown twice. Let 4, B and C denote the following
events:

A : First toss is odd; B : Second toss is even; G Sum of numbers is 7

(i) Find P(4), P(B) and P(C).
(i) Show that A, B and C are pair wise independent
(iii) Show that A, B and C are not independent

Solution:

() The number of outcomes in the sample space S is given by n(S) = 6% = 36.
We have,

A=1{13,5}x{1,2,3,4,56}andn(4) =3 x6 =18

B ={1,2,3,4,5,6} X {2,4,6} andn(B) =6 x3 =18

C={(1,6),(2,5),(34),(4,3),(52),(6,1)} andn(C) =6
181

6
_36_5 and P(C)_3_6_

Therefore, P(A4) = ;—i ==,P(B)

N |-



(i) AnB=1{(1,2),(1,4),(1,6),(3,2),(3,4),(3,6),(5,2),(5,4),(56)}

.-.n(AnB)=9andP(AnB)=3i6=§

But P(4) - P(B) ==X

N |-
N |-

Thus, P(ANB) = P(A) - P(B) = A and B are independent.

Next consider A N C = {(1,6), (3,4), (5,2)}

-'-n(AﬂC)=3andP(AnC)=3i6=£_

But P(B) - P(C) ==X =

N R
Nl

Thus, P(BNC) = P(B) - P(C) = B and C are independent

(iii) ConsiderAnBnC= {(1,6),(3,4),(52)}

~n(ANBNC)=3and PANBNC) =—=—

1 1 1 1
But P(A) - P(B) - P(C) =>-~-==—

Thus, PLANBNC)+ P(A)-P(B)-P(C)
= A, B and C are not independent.

Theorem 9: If A; and A, are independent events, then
P(A;UA;) =1 - P(4y) - P(A3)

Proof: Consider RHS =1 — P(4,) - P(4,)
=1-[(1-RAD) - (1-RAY)]
=1— (1-MA,) —P(A4,) + P(4,) - P(4))
=1—1+P(A) +P(4;,) — P(4,) - P(4,)
= P(A;) + P(Ay) — P(A; N 4;)

= P(A1 UA,)



Thus, P(A; UA4,) =1—P(A,)-P(4,).
Generalization: If A4, 4,, ..., A,, are n independent events, then
P(A;UA,U..UA,)=1-P(,)-P(A,)..-P(4,)

Example 6: A problem in probability is given to three students 4, B and C whose
chances of solving it are % ,% and % respectively. Find the probability that the

problem will be solved if they all try independently.

Solution: Let E;, E, and E5 denote the events that the problem is solved by A, B
and C respectively. Then, we have

P(E) == P(E) =2

P(Ey) =>= P(E;) =

P(Ey) == P(By) =+

The problem is solved if atleast one of them is able to solve it.

Thus,P(EluEzuAg)=1—P(E_1)-P(E_2)-P(E_3)=1—§x§x§=1—

ulN
u|w



P1:

If one card is selected at random from a pack of 52 cards, find the probability
that it is (i) a diamond or a spade (ii) an ace or a spade.

Solution:

(i)

Let us denote the event of getting a diamond by A and a Spade by B. Then

there are no common cards to diamonds and spades and hence ANB =¢.

13 1

Thus, A and B are mutually exclusive events. Further, P(4) = - =3 and

(B) = ;—23 = i . Hence, by addition theorem, we have

1

P (a diamond or a spade) = P(AUB) = P(A) +P (B) = i+i= >

(ii) Let us denote the event of getting an ace by A and a Spade by B. Then there

is one card common for aces and spades and hence A N B #¢ . Thus, A and

. 4 13
B are not mutually exclusive events. Further, KA) = > P(B) = > and

P(ANB) = é Hence, by addition theorem, we have
P (an ace oraspade) = P(AU B)

= P(4) +P(B) —P(ANB)

4 13 1 16 _ 4

52 52 5 52 13"



P2:

Three newspapers A, B and C are published in a certain city. It is estimated from
a survey that of the adult population: 20% read A4, 16% read B, 14% read C, 8%
read both 4 and B, 5% read both 4 and C, 4% read both B and C, 2% read all
three. Find what percentage read at least one of the papers?

Solution:

Let E, F and G denote the events that the adult reads newspapers A, B and C
respectively. Then we are given:

P(E) =0. 20 ,#)=0.16,P(G) =0.14,P(ENF) =0.08, P(ENnG) = 0.05,
P(F NnG) =0.04and P(ENF NG) = 0.02. Thus,

P(EUF UG)
=PE)¥ (F)+P(G)—-P(ENF)—P(ENG)—P(FNG)+P(ENF NG

=0.2+0.16 + 0.14 — 0.08 — 0.05 - 0.04 + 0.02 = 0.3



P3:

Theorem: If A; and A, are independent events, then A; and 4, are also
independent.

Proof: Given that A; and A, are independent events.
P(A;NA ) =P (A)) —P (4, N A,) (By Theorem 3(ii))
= P(A,) — P(A,) - KA,) (~ A; and A, are independent)
= P(A)(1 - P(4y))
= P(Ay) - P(42)
=P (A1 N 4;) = P(A;) - P(4;)

Thus, A; and A, are independent.



P4:

Theorem: If A; and A, are independent events, then A; and 4, are also
independent.

Proof: Given that A; and A, are independent events.
Consider P(A; NA,) =P (A, UA,) = 1—P (A; UA4,)
=1-(P(A) +P(4;) —P(A; N 4,))
=1-P(A) —P(4,) + P(4; N Ay)
=1—P(A;) — P(A4,) + P(4;) - KA,) (~ A&, are independent)
= P(4y) — P(4)(1 - P(4)))
= P(4y) — P(42) - P(Ay)
=P(A)(1-P(4y))
= P(4,) - P(4;)
=P (A1 N Az) = P(4;) - P(4;)

Thus, A, and 4, are also independent.



1.4. Theorems in Probability

Exercises:

1. Acardis drawn from a well shuffled pack of 52 cards. Find the probability that
it is either a diamond or a king.

2. If P(A) = 0.4,P(B) = 0.7 and P (at least one of A and B)= 0.8, find P(only
one of A and B).

3. Let A and B be the two possible outcomes of an experiment and suppose
P(A) =04,P(AUB) =0.7and P(B) = p.

(i) For what choice of P are A and B mutually exclusive?
(ii)  For what choice of P are A and B independent?

4. An urn contains four tickets marked with numbers 112, 121, 211 and 222 and
one ticket is drawn at random. Let 4;(i = 1,2,3 be the event that i" digit of
the number of the ticket drawn is 1. Are A4, A,, A3 (i) pairwise independent
(ii) independent?

5. An engineer applies for a job in two firms X and Y. He estimates that the
probability of his being selected in firm X is 0.7 and being rejected at Y is 0.5
and the probability of at least one of his applications being rejected is 0.6.
What is the probability that he will be selected in one of the firms?

6. Probability that a man will be alive 25 years hence is 0.3 and the probability
that his wife will be alive 25 years hence is 0.4. Find the probability that 25
years hence
(i) both will be alive
(i)  onethe man will be alive
(iii)  only the woman will be alive
(iv)  none will be alive
(v)  atleast one of them will be alive

7. The probability that a contractor will get a plumbing contract is % and the
. . .5 -
probability that he will not get an electric contract is 5" If the probability of

getting at least one contract is g , What is the probability that he will get both

the contracts?



8. A problem in probability is given to two students X and Y. The odds in favour
of X solving the problem are 6 to 9 and against Y solving the problem are 12 to
10. If both X and Y attempt, find the probability of the problem being solved.

9. A piece of equipment will function only when all the three components A4, B
and C are working. The probability of A failing during one year is 0.15, that of
B failing is 0.05 and that of C failing is 0.10. What is the probability that the
equipment will fail before the end of the year?

10.Find the probability of throwing 6 at least once in six throws with a single die.

11.The odds that A speaks the truth are 3 : 2 and the odds that B speaks the truth
are 5 : 3. In what percentage of cases are they likely to contradict each other
on an identical point?

12.Three groups of children contain respectively 3 girls and 1 boy; 2 girls and 2
boys; 1 girl and 3 boys. One child is selected at random from each group. Find
the probability that the selected consist of 1 girl and 2 boys.

13.1f P(A) = 5 ,P(B) ==and P(A U B) = -, then find
()  P(ANnB)
(i) P(AnB)

14.1f A, B and C are mutually exclusive and exhaustive event such that P(4) =
~P(B) and P(B) = %P(C), find P(A), P(B) and P(C).

15.1f P(A) = 0.3,P(B) = 0.2 and P(C) = 0.1 and A, B, C are independent

events, find the probability of occurrence of atleast one of the three events
A,B and C.

Answers:

4
13

0.5

(i)p =03 (ii)) p =05

(i) yes (ii) no

0.8

(i) 0.12 (ii) 0.18 (iii) 0.28 (iv) 0.42 (v) 0.58
14

45

N o bk wnN P



37
8. —
55

9. 0.27325

10. 1—(2)6
11. i—z

32
13. ()0.1 (i) 0.85



1.5

Bayes‘Theorem and Its Applications

One of the important applications of the conditional probability is in the
computation of unknown probabilities on the basis of the information supplied by
the experiment or past records. For example, suppose an event has occurred
through one of the various mutually exclusive events or reasons. Then the
conditional probability that it has occurred due to a particular event or reason is
called it as inverse or posteriori probability. These probabilities are computed by
Bayes’ theorem, named so after the British mathematician Thomas Bayes who
propounded it in 1763. The revision of old (given) probabilities in the list of the
additional information supplied by the experiment or past records is of extreme
help in arriving at valid decisions in the face of uncertainty.

Bayes’ Theorem (Rule for the Inverse Probability)

Let Ey, E, ..., E,, be n be mutually exclusive and exhaustive events in the sample
space S with P(E;) # 0 fori = 1,2,...,n. Let A be an arbitrary event which is a

subset of LnJ E, such that P(A) > 0. Then

P(Ei).P(A|Ei) :P(Ei).P(A|Ei) '
Zn:P A|E) P(Ei) fori=1,2,..,n

P(E|A)=

Proof: Since AanJEi , we have A=A“(UEiJ=U(A“ E ).

i=1 i=1 i=1

Since (ANE;) c E;(i =1,2,...,n) are mutually exclusive events, we have by
addition theorem of probability

P(O ANE, j

i=1



n

=P(A)=> P(E).P(AIE) (By multiplication theorem of probability)

i=1

Also we have

P(ANE,) = P(E;|A).P(4)

P(AﬂEi)
=P(E|A)= nP(E‘)'P(AIEi) fori=1,2,..,n

> P(E)P(AIE)

which is the Bayes’ rule.

Note:

1.

The probabilities P(E;), P(E,), ..., P(E,) are known as the ‘a priori
probabilities’, because they exist before we gain any information from the
experiment itself.

The probabilities P(A| E;) i = 1,2, ...n are called ‘likelihoods’ because they
indicate how likely the event A under consideration is to occur, given each and
every a priori probability.

. The probabilities P(E;|A),i = 1,2,..,n are called ‘posteriori probabilities’

because they are determined after the results of the experiment are known.

P(A)= ;P(Ei).P(AI E;) is known as total probability.

. Bayes’ theorem is extensively used by business, management and engineering

executives in arriving at valid decisions in the face of uncertainty.

Example 1: In a bolt factory machines A, B, C manufacutre respectively
25%, 35% and 40% of the total. Of their output 5,4, 2 percent are known to
be defective bolts. A bolt is drawn at random from the product and is found to

be defective. What are the probabilities that it was manufactured by

(i) Machine A.
(ii) MachineBor(C



Solution: Let E, E, and E; denote respectively the events that the bolt selected
at random is manufactured by the machines A, B and C respectively and let E
denote the event that it is defective. Then we have:

E; E; E, E; Total
P(E;) 0.25 0.35 0.40 1
P(E|E;) 0.05 0.04 0.02

P(ENE) = P(E).P(E|E;) 0.0125 0.0140 0.0080 P(E) = 0.0345

3
P(E) = z P(E;).P(E|E;) = 0.0345

=1

(i) Hence, the probability that a defective bolt chosen at random is
manufactured by factory A is given by Bayes’ rule as:

P(E)P(E|E;) _ 0.0125

P(E4|E) = Y P(E)P(E|E;})  0.0345 =0.36
(ii)  Similarly,
0.0140 28 0.0080 16
P(E,|E) = 50345 — a0 = 0.41; P(E5|E) = 50345 — a0 = 0.23

Hence, the probability that a defective bolt chosen at random is manufactured by
machine B or C is:

P(E,|E) + P(E3|E) = 0.41 + 0.23 = 0.64

(OR Required probability is equalto 1 — P(E;{|E) =1 —0.36 = 0.64)



Aliter: TREE DIAGRAM

Events Probability
{E ENE 0.25x 0.05 = 0.0125
0.35x 0.04 = 0.0140
0.40 x 0.02 = 0.0080
qu 0_07' E E,nE
Es Total 0.0345
From the above diagram the probability that a defective bolt is manufactured by
factory A is
0.0125
P(E,|E) = 50315 = 0.36
. _0.0140 __ _0.0080
Similarly, P(E,|E) = onas = 0.41 and P(Es|E) = omas = 0.23

Hence, the probability that a defective bolt chosen at random is manufactured by
machine B or C is:

P(E,|E) + P(E5|E) = 0.41+0.23 = 0.64
(OR Required probability is equalto 1 — P(E;{|E) =1 —0.36 = 0.64)

Remark: Since P(E5) is greatest, on the basis of ‘a priori’ probabilities alone, we
are likely to conclude that a defective bolt drawn at random from the product is
manufactured by machine C. After using the additional information we obtained
the posterior probabilities which give P (E,|E) as maximum. Thus, we shall now
say that it is probable that the defective bolt has been manufactured by

machine B, a result which is different from the earlier conclusion. However, latter
conclusion is a much valid conclusion as it is based on the entire information at
our disposal. Thus, Bayes’s rule provides a very powerful tool in improving the
quality of probability and this helps the management executives in arriving at



valid decisions in the face of uncertainty. Thus, the additional information reduces
the importance of the prior probabilities. The only requirement for the use of
Bayesian rule is that all the hypotheses under consideration must be valid and
that none is assigned ‘a prior’ probability 0 or 1.

Example 2: In a railway reservation office, two clerks are engaged in checking
reservation forms. On an average, the first clerk checks 55% of the forms,
while the second does the remaining. The first clerk has an error rate of 0.03
and second has an error rate of 0. 02, 4 reservation form is selected at random
from the total number of forms checked during a day, and is found to have an
error. Find the probability that it was checked (i) by the first (ii) by the second
clerk.

Solution: Let us define the following events:
E;:The selected form is checked by clerk 1.
E,: The selected form is checked by clerk 2.
E:The selected form has an error.
Then we are given:
P(E;) =55% =0.55; P(E,) =45% =045 ;
P(E|E;) = 0.03 ; P(E|E;) =0.02

Required to find P(E;|E) and P(E,|E). By Bayes’ Rule the probability that the
form containing the error was checked by clerk 1, is given by;

P(E,) P(E4|E) _ 0.55%0.03
P(E,) P(E|E;)+P(E,)P(E|E,)  0.55X0.03+0.45%0.02

P(E,|E) =

_ 0.0165 _0.0165
"~ 0.0165+0.0090  0.0255

= 0.647

Similarly, the probability that the form containing the error was checked by clerk
2, is given by

P(E,) P(E|E3) _ 0.45%0.02 _0.0090

P(E;|E) = P(E;,)P(E|E;)+P(E;)P(E|E;)  0.55%0.03+0.45x0.02  0.0255

= 0.353




(OR  P(E,|E) =1—P(E,|E) = 1—0.647 = 0.353)

Example 3: The results of an investigating by an expert on a fire accident in a
skyscraper are summarized below:

(i) Prob. (there could have been short circuit) = 0.8

(ii)  Prob. (LPG cylinder explosion) = 0. 2

(iii) Chance of fire accident is 30% given a short circuit and 95% given an LPG
explosion.

Based on these, what do you think is the most probable cause of fire?
Solution: Let us define the following events:
E;: Short circuit ; E,: LPG explosion ; E: Fire accident
Then, we are given:
P(E;)=08; P(E,) =0.2;
P(E|E;) =030 ; P(E|E,) =0.95

By Bayes’ Rule:

_ P(E,).P(E|E;) . 0.80%0.30 _ 0240  _ 24
P(E1|E) = P(E,)P(E|E;)+P(E,)P(E|E,) ~ 0.8X0.30+0.2X0.95  0.240+0.190 43
_ P(E,)P(E|E;) __ 0190 2
P(E:|E) = P(E,)P(E|E;)+P(E,)P(E|E,) ~ 0.430 43
24 19
(R P(BlE)=1-P(E|E)=1-2=1)

Since P(E{|E) > P(E,|E), short circuit is the most probable cause of fire.



Example 4: The contents of urns I, II and 111 are respectively as follows:
1 white, 2 black and 3 red balls,
2 white, 1 black and 1 red balls, and
4 white, 5 black and 3 red balls.

One urnis chosen at random and two balls drawn. They happen to be white and
red. What is the probability that they came from urns I,11,111?

Solution:

Let E,, E, and E; denote the events of choosing 1%, 2" and 3™ urn respectively
and let E be the event that the two balls drawn from the selected urn are white

and red. Then we have:

E, E, E,
P(E;) 1 1 1
3 3 3
P(E|E,) 1x3 1 2x1 1 4%x3 2
6c, 5 4¢, 3 12,, 11
1 1 1 1 1 1 1 2 2
P(ENE) =P(E)XP(E|E) | —x-=_— Sxo=2 Sl
( ) = P(E) x P(EIE) 375 15 373 9 3711 33

We have:

1 1 2 _ 33+55430 _ 118
LPEIPEIE) =+t o= =

Hence by Bayes’s rule, the probability that the two white and red balls drawn are
from 1*" urn is:

1
_ PEDPEIE) _ 35 _ 33
PCEAIE) = S s opieien — 25 s

wu




Similarly, we have

P(EDP(EIE) _ 5 _ 55

P(E,|E) = SP(EQP(EIE) 2 118

2
_ 33 _ 30 —1_23%_5 _ 30
and P(E3|E) - % - 118 (Or P(E3|E) 1 118 118 118)

ul



P1:

A company has two plants to manufacture scooters. Plant | manufactures 80
percent of the scooters and plant Il manufactures 20 percent. At plant |, 85 out
of 100 scooters are rated standard quality or better. At plant I, only 65 out of
100 scooters are rated standard quality or better.

(i) What is the probability that scooter selected at random came from plant,
I if it is known that the scooter is of standard quality?

(ii) What is the probability that the scooter came from plant li, if it is known
that the scooter is of standard quality?

Solution:
Let us define the following events:
E;: Scooter is manufactured by plant |
E,: Scooter is manufactured by plant Il
E: Scooter is rated as standard quality.
Then we are given:
P(E;) = 0.80, P(E,) = 0.20; P(E|E;) = 0.85 P(E|E;) = 0.65

(i) Required probability is: (By Bayes’ Rule)

P(E,)P(E|E;)

P(E|E) = P(E,)P(E|E1)+P(E,) P(E|E,)
- 0.80><?)..8805>_<(§)..2805x0.65 - 0.62f§.13 - g:Zi = 0.84
(ii)  Required probability is given by:
P(E,)P(E|E,) _ 0.20x0.65 013

= 0.16

P(Ez|E) = P(E,)P(E|E))+P(E,)P(E|E;)  0.80x0.85+0.20%x0.65  0.81

(OR required probability is equal tol — 0.84 = 0.16)



Aliter: TREE DIAGRAM

Events Probability
%" E EnE, 0.80x 0.85 =0.68
Q.
ENE, 0.20x 0.65=0.13
& E k
Total 0.81

3

()  P(ELIE)=72=084 ; (i) P(E,|E) =22 =0.16

0.1
1 081



P2:

In a class of 75 students, 15 were considered to be very intelligent, 45 as
medium and the rest of them are below average. The probability that a very
intelligent student fails in a viva — voice examination is 0. 005; the medium
student failing has a probability 0. 05 ; and the corresponding probability for a
below average student is 0. 15. If a student is known to have passed the

viva — voice examination, what is the probability that he is below average?

Solution:
Let us define the following events

E;: The student of the class is very intelligent

E5: The student is medium

E5: The student is below average

A: The student passes in the viva- voice examination.
Then, we are given:
P(E,) = ;—i =02 ; P(E)= ‘;—i =06 ; P(E)= % =0.2
P(A|E;) =1-0.005=0.995 ;P(A|E;) =1-0.05=0.95
P(A|E;) =1—0.15=0.85
Required to find P(E5|A).

If a student is known to have passed the viva — examination, the probability that
he is below average, is given by Bayes’ rule as follows.

P(E3) P(A|E3)
P(E,) P(A|E{)+P(E;) P(A|E)+P(E3) P(A|E3)

P(E3|A) =

_ 0.2X0.850
 0.2X0.995+0.6X0.950+0.2X0.850

. 0.170 _0.170
"~ 0.199+0.570+0.170  0.939

= 0.181



P3:

An urn contains four balls. Two balls are drawn at random and are found to be
white. What is probability that all the balls are white?

Solution:

Since two balls are drawn and they are found to be white, the urn must contain at
least two white balls. Let us define the following events:

E; (i = 2, 3,4): The events that the urn contain i white balls.
E: The event that two white balls are drawn.

Since the events, E,, E; and E, are equally likely, we have:
1
P(E;) = P(E3) = P(Ey) = 3

P(E|E,) = Probability of drawing to white balls, given that the urn contains

. . 2¢ 1
2 white balls is —2 = =
4c,

Similarly, we have:

PEIE) = 2=2=7 and P(E|E)=2=1
2 2

Required to find P(E,4|E).
By Bayes’ rule, we get:

P(E4)P(E|E4)

P(E4|E) = P(E,)P(E|E;)+P(E3)P(E|E3)+P(E,)P(E|E,)

1 1 1
=X1 = = 3
— 3 — 3 =3 =2=-06
— 1.1 1_1 1 - 1 1.1~ 10 — - .
SXA=X=+H=X1 S e = 5
A 187673 18



P4:

A speaks the truth 4 out of 5 times. A die is tossed. He reports that there is a
six. What is the chance that actually there was six.

Solution:
Let us define the following events:
E;: ASpeaks truth ; E,:Atellsalie ; E: Arepresents a six.

Form the given data, we have
4 1
P(E1)=g ’ P(Ez)=g
1 5
P(EIE)) =7 , P(E|Ex) =7

By Baye’s theorem, the required probability that actually there was six is P(E; /E)
and

[ =

4
P(E,)P(E|E,) 5

P(E,/E) = P(E\)P(E|E,) + P(E,)P(E|E;) %

4
9

U'll»—\o‘

1 15
6756



1.5. Bayes’ Theorem and Its Applications

Exercise

1. In 2004 there will be three candidates for the position of principal, in the
college, Dr. Singhal, Mr. Mehra and Dr. Chatterji, whose chances of getting
appointment are in the proportion 4 : 2 : 3 respectvely. The probability that
Dr. singhal if selected, will abolish co — education in the college is 0.3. The
probability of Mr. Mehra and Dr. Chatterji doing the same are respectively 0.5
and 0.8. What is the probability that co — education will be abolished from the
college in 20047

2. (a) Suppose that one of three men, a politician, a businessman, and an
educationist, will be appointed as the vice — chancellor of a university. The
respective probabilities of their appointments are 0.50,0.30,0.20. The
probability that research activities will be promoted by these people if they are
appointed are 0.30,0.70 and 0.80 respectively. What is the probability that
research will be promoted by the new vice — chancellor?

(b) A manufacturing firm purchases a certain component for its manufacturing
process from three sub — contractors A, B and C. These supply 60 percent, 30
percent and 10 percent of the firm’s requirements, respective suppliers are
defective items. On a particular day, a normal shipment arrives from each of
the three suppliers and the contents get mixed. If a component is chosen at
random from the day’s shipment, what is the probability that it is defective?

3. Assume that a factory has two machines. Past records show that machine 1
produces 30% of the items of output and machine 2 were produces 70% of
the items. Further, 5% of the items produced by machine 1 were defective
and only 1% produced by machine 2 defective. If a defective item is drawn at
random, what is the probability that it was produced by
(i) machine 1, (ii) machine 2 ?



4.

In a bolt factory machines A, B and C manufacture respectively 20%, 30% and
50% of the total of its output. Of them 5,4 and 2 percent respectively are
defective bolts. A bolt is drawn at random from the product and it found to be
defective. What is the probability that it was manufactured by machine B?

. A factory produces a certain type of outputs by three types of machines. The

respective daily production figures are:

Machine : 3,000 Units ; Machine I : 2,500 Units ; Machine I1] : 4,500 Units
Past experience shows that 1 percent of the output produced by Machine I is
defective. The corresponding fraction of defectives for the other two machines
are 1.2 percent and 2 percent respectively. An item is drawn at random from
the day’s production run and is found to be defective, what is probability that
it comes from the output of

(a) Machine 1, (ii) Machine 11, (iii) Machine I11?

Suppose that a product is produced in three factories A, B and C. It is known
that factory A produces twice as many items as factory B, ad that factories B
and C produces the same number of products. Assume that it is known that 2
oercent of the items produced by each of the factories A and B are defective
while 4 percent of those manufactured by factory C are defective. All the
items produced in three factories are stocked, and an item of product is
selected at random. What is the probability that this item is defective?



7. A company has two plants to manufacture scooters. Plant I manufacutes 70%
of the scooters and Plant II manufactures 30%. At Plant I, 80% of the
scooters produced are of standard quality and at Plant 11, 90% of the scooters
produced are of standard quality. A scooter is picked at random and found to
be of standard quality. What is the chance that it has come from Plant I1?

8. Suppose there is a chance for a newly constructed building to collapse,
whether the design is faulty or not. The chance that the design in faulty is
10%. The chance that the building collapses in 95%. If the design is faulty and
otherwise it is 45%. It is seen that the building collapsed. What is the
probability that it is due to faulty design.

Answers:

E

45

a. 0.52 b. 0.035

. (i) 0.682, (i) 0.318.

3

() =0375

oo

1 1
a.- b. - C.
5 5

. 0.07
0.03253

0.19

® N v
Ul | w



Unit-2
Probability distributions

2.1

Random Variable

While performing a random experiment we are mainly concerned with the
assignment and computation of probabilities of events. In many experiments we
are interested in some function of the outcomes of the experiment as opposed to
the outcome itself. For instance, in tossing two dice we are interested in the sum
of faces of the dice and are not really concerned about the actual outcome. That
is, we may be interested in knowing that the sum is seven and not be concerned
over whether actual outcome was (1,6) or (2,5) or (3,4) or (4,3) or (5,2) or
(6,1). These quantities of interest or more formally these real valued function
defined on the sample space are known as random variables.

Random variable (r. v): Let S be the sample space associated with a random
experiment. Let R be the set of real numbers. If X:S — R, i.e., X is areal valued
function defined on the sample space, then X is known as a random variable. In
other words, random variable is a function which takes real values which are
determined by the outcomes in the sample space.

The random variables are denoted by capital letters X, Y, Z ... etc.

Notation: Leta,b € R. The set of all w in S such that X(w) = a is denoted by
X = a.Thatis, X = a denotes the event {w € S|X(w) = a}. Similarly X < a
denotes the event {w € S|X(w) < a}and a < X < b denotes the event

{w € S|X(w) € (a,b]}.



Let us consider a random experiment of three tosses of a coin. Then the sample
space S consits of 23 = 8 points as given below.

S={HT}x{HT}x{H,T}
= {HH,HT,TH,TT} X {H,T}
= {HHH,HTH, THH,TTH,HHT, HTT, THT, TTT}

For each outcome w in S define X (w) as the number of heads in the outcome w.
Then X may take any one of the values 0,1, 2 or 3. For each outcome in S, we
have one value of X. Thus,

X(HHH) =3,

X(HTH) = X(THH) = X(HHT) =2

X(TTH) = X(HTT) = X(THT) = 1 and

X(TTT) =0
This shows that X is a random variable.
Notethat X =0,X = 1,X = 2 and X = 3 respectively denote the events
{TTT},{TTH,HTT, THT}{HTH,THH,HHT} and {HHH}

Discrete Random Variable (d. r. v): If the random variable assumes only a finite or
countably infinite set of values, it is known as discrete random variable.

For example, the number of students attending the class, the number of
defectives in a lot consisting of manufactured items and the number of accidents
taking place on a busy road, etc., are all discrete random variables. In the above
example X isa d.r.v.

Continuous Random Variable (c. r. v): If a random variable can assume
uncountable set of values, it is said to a continuous random variable.

For example, the age, height or weight of the students in a class is all continuous
random variables. In case of continuous random variable, we usually talk of the
value in a particular interval and not at a point. Generally, discrete random



variable represents count data while continuous random variable represent
measured data.

The probabilistic behavior of a d.r.v.X at each real point is described by a function
called probability mass function and it is defined below:

Probability Mass Function (p.m.f): Let X be a discrete random variable with
distinct values x4, X5, ..., X5, ... .The function p : R = R defined as

_P(X:xl)zpl ifx=Xi
pe =1 if X% x,0= 1,2,

is called the probability mass function of r.v.X, if (i) p(x) = 0 Vx € R and
(i) > p(x)=1

xeR
Probability Distribution: The set of all possible ordered pairs

(x,p(x)),i = 1,2,...,m, ... is called the probability distribution of the r.v.X.

In particular, if X takes the values x4, x,, x3, ..., X, then the probability of X is
usually represented in a tabular form as given below:

Probability Distribution of r. v. x

X X1 Xy X3 .. Xn
p(x) |p1 D2 pP3s -  DPn

Note: The concept of probability distribution is analogous to that of frequency
distribution. Just as frequency distribution tells us how the total frequency is
distributed among different values (or classes) of the variable, similarly a
probability distribution tells us how total probability 1 is distributed among the
various values which the r. v. can take.

Example 1: Obtain the probability distribution of X, the number of heads in
three tosses of a coin (or a simultaneous toss of three coins).

Solution:



The sample space S consists of 23 = 8 sample points, as give below:

S ={H,T}x {H,T} x {H, T} = {HH, HT, TH, TT} X {H, T}

= {HHH,HTH,THH,TTH, HHT, HTT, THT, TTT}

Obviously, X is a random variable which can take the values 0, 1, 2 or 3.

The probability distribution of X is computed as given below.

No. of heads X=a No. of favourable | p(x) = P(X = a)
a {w € S|X(w) = a} | cases
0 {TTT} 1 1
8
1 {TTH,HTT,THT} 3 3
8
2 {HTH,THH,HHT} 3 3
8
3 {HHH} 1 1
8
Hence, the probability distribution of X is given by:
X 0 1 2 3
p(x) : 1 3 3 1
8 8 8 8

Probability Density Function (p. d. f): Let X be a continuous random variable
defined on the sample space S. Let f(x) be a real valued function defined on R

b

such that, for any real numbers a and b(a < b), P(a < X < b) =J' f (x)dx.

a

If the function f(x) satisfies (i) f(x) = 0 Vx € R and (ii) T f(x)dx=1 then

—00

f(x) is known as probability density function (p.d.f) of X




Note:

1. IfXisac.r.v, then P(X = a) = 0 where a is some real number.
2. Unlike discrete probability distribution, a continuous probability distribution
can’t be presented in a tabular form.

Cumulative Distribution Function (c. d. f): The cumulative distribution function
of a r.v. X is defined by

> p(t) if Xisad.rv.withpm.f p(x)

t<x

Fx)=PX <x)=={
[ f(t)dtif Xisacrv.withpd.f f(x)

Note: If X is a continuous random variable, then %F(x) = f(x)

Properties of c.d.f.

Ifa <b,P(a<X <b)=F(b)—F(a)
O0<F(x)<landF(x) <F(y)ifx<y
F(—©) =0and F(o) =1

Discontinuities of F(x) are atmost countable.

il S

Note: The c.d.f. is used to find the cumulative probabilities in a probability
distribution.

Example 2:

(i) Find the constant k such that

_(kx* , 0<x<3
f) _{ 0 , otherwise

is a p.d.f.

(ii) ComputeP(1<x<2)
(iii)  Find the c.d.f and use it to compute P(1 < x < 2)



Solution:

(i) f(x)isap.d.fif
1 f(x)dx=1

3

3
3
—k[x2dx=k| X | =1 k=1
0 3 9
0
1
0 , otherwise

(ii)

(iii)  We have,
F(x)=P(X <x)= | f(u)du

If x < 0,then F(x) =0.1f0 < x < 3, then

3
_ 1 _1f 24 X
F(x)—_iof(u)du—g(j)u du—27
If x = 3, then
3 X 13 2 X 1
F(x)=[f(u)du+[f(u)du==[u“du+[du=<x9+0=1
0 3 9% 3 9
Thus, required c.d.fis
o , x <0
X3
F(x) =< — <
(x) 7 0<x<3
1, x =3
Hence P(1<x<2)=P(x<2)—P(x<1)
=F(2)-F(1)

A S 1 _ 7

T 27 27 27 27 12



Example 3: A die is tossed twice. Getting an odd number is termed as a success.
Find the probability distribution and c.d.f of the number of successes.

Solution: Since the cases favorable to getting an odd number in a throw of a die
arel,3,5, i.e., 3 in all.

Probability of success(S) = Z = %; Probability of failure (F) = 1 —% = %

If X dentoes the number of successes in two throws of a die, then X is a random
variable which takes the values 0,1,2.

P(X = 0) = P[F in 1* throw and F in 2" throw]

= P(FF) = P(F) X P(F) =S x> =+
P(X =1)=P(SandF) + P(F and S)

= P(S)P(F) + P(F)P(S)
P(X =2)=P(SandS) = P(S)P(S) =5 x5 =

Hence the probability distribution of X is given by :

X 0 1 2
px) | 1 1 1
4 2 4
The c.d.f is given by
0 if x<O0
% if 0<x<l
F(X)= 3
= if 1<x<?2
1 I X <
1 if x>2




Example 4: Two cards are drawn

(a) successively with replacement
(b) simultaneously (successively without replacement),

from a well shuffled deck of 52 cards. Find the probability distribution of the
number of aces.

Solution: Let X denote the number of aces obtained in a draw of two cards.
Obviously, X is a random variable which can take the values 0, 1 or 2.

(a) Probability of drawing an ace is % = %
= Probability of drawing a non-ace is1 — % = g )

Since the cards are drawn with replacement, all the draws are independent.

P(X = 2) = P(Ace and Ace) = P(Ace) X P(Ace) = 1—13 X % =

P(X = 1) = P(Ace and Non-ace) + P(Non-ace and Ace)

= P(Ace) X P(Non-ace) + P(Non-ace) X P(Ace)

1 12 12 1 24
==X ot X =
13 13 13 13 169

P(X = 0) = P(Non-ace and Non-ace)

= P(Non-ace) X P(Non-ace) = 1—2 X 1—2 = % :

Hence, the probability distribution of X is given by:

X: 0 1 2
p(x): 144 24 1
169 169 169

(b) If cards are drawn without replacement, then exhaustive number of cases of

drawing 2 cards out of 52 cards is 52C2.



. P(X = 0) = P(No ace) = P(Both cards are non-aces)

_®C, 48x47 188
¥C, 52x51 221

P(X = 1) = P(one ace) = P(one ace and one non-ace)

_'Cx®C, _ 4x48x2 32
“C, 52x51 221

‘C, 4x3 1
“C, 52x51 221

P(X = 2) = P(both aces) =

Hence, the probability distribution of X is given by :

x =+ 0 1 2
p(x): 188 32 1
221 221 221

Example 5: If X is a continuous random variable with p.d.f
kx , 0<x<1
k ,1<x<?2
—k(x-3) ,2<x<3
0 ,elsewhere

f(X)=<

(i) Determine k.
(ii) Compute P(x <1.5)

Solution:

(i)  Since f(x) is the p.d.f, so we have



(i)

Of f (x)dx=1

—00

1 2 3
= [ f (x)dx+ [ f (x)dx+ [ f (x)dx
0 1 2

=1

1 2 3
= [kxdx+ [kdx+[—k(x—=3)dx=1
0 1 2

2 2

1 3
X 2 X

:>5+2k—k—k[(g—9j—(2—6)}

15 1 15
P(x<15)= | f(x)dx=£f(x)dx+_£of(x)dx

2

1
15
=kxdx+jkdx=kl£1 +k[XE° =k
1
0

o—F

2

=1

{1+1
272

=

1
2



P1:

Two dice are rolled at random. Obtain the probability distribution of the sum of
the numbers on them.

Solution:

When two dice are rolled, the sample space S consists of 62 = 36, sample points
as shown.

S={(1,1),(1,2),...,(1,6),2,1),(2,2), .. (2,6),(3,1),(3,2), .., (3,6)
(4,1),(4,2), ..., (4,6),(5,1), (5,2), ..., (5,6), (6,1),(6,2), ..., (6,6)}

Let X denote the sum of the numbers on the two dice. Then X is a random
variable which can take the values 2, 3,4, ..., 12 with the probability distribution
given by:



Sum of Favourable sample points No. of p(x)
numbers (x) favourable
cases
2 1,1 1 1
36
3 (1,2), (2.1) 2 2
36
4 (1,3),(3,1),(2,2) 3 i
36
5 (1,4),(4,1),(2,3),(3,2) 4 i
36
6 (1,5),(5,1),(2,4),(4,2),(3,3) 5 i
36
7 (1,6),(6,1),(2,5),(5,2),(3,4), (4,3) 6 i
36
8 (2,6),(6,2),(3,5),(5,3),(4,4) 5 i
36
9 (3,6),(6,3),(4,5),(5,4) 4 4
36
10| (46),(64),(55) 3 3
36
11 (5,6), (6,5) 2 2
36
12 (6,6) 1 1
36
Hence, the probability distribution of X is given by:
X 2 3 4 5 6 7 8 9 10 11 12
p(x) 1 2 3 4 5 6 5 4 3 2 1
36 36 36 36 36 36 36 36 36 36 36




P2:

Four bad apples are mixed accidentally with 20 good apples. Obtain the
probability distribution of the number of bad apples in a draw of 2 apples at
random.

Solution:

Let X denote the number of bad apples drawn. Then X is a random variable which

can take the values 0, 1 or 2. There are 4 + 20 = 24 apples, in all and the
exhaustive number of cases of drawing 2 apples is 24C2.
“C, 20x19 95
P(X = O) = 2 = X =

“C, 24x23 138

4 20
v Cx7C 2x4x20 40
P =1)= “C,  24x23 138

4Cz _ 4x3 3
“C, 24x23 138°

P(X=2) =

Hence, the probability distribution of X is given by :

X : 0 1 2
p(x) : 95 40 3
138 138 138




P3:

The diameter of a telephone cable, say, x is assumed to be continuous random
variable with p.d.f. f(x) = kx(1 —x),0 <x < 1.

i. Find k for which the above is a p.d.f.
ii. Determine b such that P(x < b) = P(x > b).

Solution:

i. f(x) =kx(1—x),0<x < 1isthe p.d.f. of a continuous random

1 1
variable x if [ f(x)dx=1. Thatis k[x(1-x)dx=1
0 0

(i) Given P(x < b) = P(x > b).That s,

- :3b2 - 2b3} - [1—3b2 + 2b3}
= 4b3-6b2+1=0
= (20-1)(2b% ~2b-1)=0

1+3
2

_1
:>b—§,b—

Hence, b = %is the only value lying in [0,1] and satisfying P(x < b) = P(x > b)



P4:

The time one has to spend in point of a bank counter is observed to be a
random variable x with the p.d.f.

(0 . x<0
S(x+1) , 0=x<1
g(x—%j : 13x<g
f(x)= g[g— )  Sex<2
%(4—x) ., 2<x<3
% . 3<x<6

0 , X<6

Let A, B be the events defined as
A : One waits between 0 and 2 minutes inclusive

B : One waits between 1 and 3 minutes inclusive

i. Show that P(B|A) =

WIN

ii. ShowthatP(ANB) =

Solution:

[l
©| -
>
N
+
>
+
(e
N‘XN
|
N X
| I—
+
ol
1
o1
|
I\J‘XN
L 1
N

Ol




21,1131
66 6 6 2
1
ThusP(B|A)=P§:£f)=%=§
2

i. P(AnB)=P(AUB)=1-P(AUB)
1

=1-[P(A)+P(B)-P(ANB)] =1 _§=§
Alternatively, A N B means the waiting time more than 3 minutes.

So,

P(AB)=P(x>3)= [ f (x)dx=] f (x)dx+] f (x)dx
3 3 3
16 1 3 1



2.1. Random Variables

Exercise

1. State, with reasons, if the following probability distributions are admissible or

not.
(i)
X: 0 1 2
p(x): 0.3 0.2 0.5
(ii)
X: -1 0 2
p(x): 0.4 0.4 0.3
(iii)
X: 0 1 2 3
p(x): 0.2 0.3 0.3 0.1
(iv)
X: -2 -1 0 1 2
p(x): 0.3 0.4 ~0.2 0.2 0.3

2. Two dice are thrown simultaneously and getting a number less than 3 on a die
is termed as a success. Obtain the probability distribution of the number of
success.

3. Obtain the probability distribution of the number of sixes in two tosses of a
die.
4. Obtain the probability distribution of number of heads of two tosses of a coin.

5. Three cards are drawn at random successively, with replacement, from a well
shuffled pack of cards, getting ‘a card of diamonds’ is termed as a success.
Obtain probability distribution of the number of successes.

6. Two cards are drawn without replacement, form a well shuffled pack of cards.
Obtain the probability distribution of the number of face cards (Jack, Queen,
King and Ace).



7. Five defective mangoes are accidently mixed with twenty good ones and by
looking at them it is not possible to difference between them. Four mangoes
are drawn at random from the lot. Find the probability distribution of x, the
number of defective mangoes.

8. Two bad eggs are mixed accidentally with 10 good ones and three are drawn
at random from the lot. Obtain the probability distribution of the number of
bad eggs drawn.

9. An urn contains 6 red and 4 white balls. Three balls are known at random.

Obtain the probability distribution of the number of white balls drawn.

10.Suppose that the life in hours of a certain part of radio tube is a continuous
random variable x with p.d. f given by

£(x) = {%, when x = 100
0, otherwise

(i) What is the probability that all of three such tubes in a given radio set will
have to be replaced during the first 150 hours of operation?

(ii)  What is the probability that none of three of the original tubes will have to
be replaced during that first 150 hours of operation?

(iii)  What is the probability that a tube will last less than 200 hours if it is
known that the tube still functioning after 150 hours of service.

(iv)  What is the maximum number of tubes that many be inserted into a set so
that there is a probability of 0.5 that after 150 hours of services all of them
are still functioning?



Answers:

(i)

(ii)
(iii)
(iv)

Yes

No, since ) p(x) > 1
No, since ) p(x) < 1
No, since p(0) = —0.2 which is not possible.

x 0 1 2
p(x) : 4 4 4
9 9 9
X 0 1 2
p(x) : | 2 10 L
36 36 36
X 0 1 2
p(x): | 2 z 1
4 4 4
X: 0 1 2 3
p(x): 27 27 2 1
64 64 64 64
X: 0 1 2
p(x)- & _ 105 36C1X16C1 _ 2 ﬁ _ ﬂ
52¢, 221 52¢, 221 52¢c, 221




X: 0 1 2 3 4
p(x): | 20c, _ 969 5¢, X 20c, S¢, X 20, 5c4 X 20¢, 5, _ 1
25¢, 2530 25¢, 25, 25¢, 25¢, 2530
_ 1140 380 _ 40
"~ 2530 = 5e3) ~ 2530
X 0 1 2 3
pG) | W12 ZoXlg 5 Zoxig i g
12¢, 22 12, 22 12¢, 22
X 0 1 2 3
p(x): S 15 9 1
30 30 30 30

(ii)
(iii)
(iv)

_ AR WINW]| R

.7 (= 2 approximately)




2.4

Discrete Probability Distributions

Modules 2.1 and 2.2 deal with general properties of random variables. Random
variables with special probability distributions are encountered in different fields
of science and engineering. Some specific discrete probability distributions are
discussed in this module and some specific continuous probability distributions
are discussed in the next module 2.5.

Discrete Uniform Distribution: A r.v.X is said to have a discrete uniform
distribution over the range [1, n], if its p.m.f. is given by

1
p(x)=PX=x)={, * *~ 1,2,..,n
0 , otherwise

Notation: X~ U(n) ,read as X follows discrete uniform distribution with
parameter n.

Note: If all possible values of a r.v. are equally likely, then this distribution is used.

Example 1: If an unbiased coin is tossed once and X is equal to number of heads,
then X = 0,1 and

PX=0)=P(X=1)= %and X~U(2).

Example 2: If an unbiased die is thrown once and X is equal to number on the die,
thenx = 1,2,3,4,5,6 and P(X = i) = %fori =1,2,3,4,5,6 and X~U(6).

Mean and Variance: We have E(X) =12i :nT+1
N

and E(Xz):%gig _ (n+l)((32n+1)

Thus V(X )= E(X?)~(E(X))’ =—(n+12§”_1)



Bernoulli Experiment: A random experiment whose outcomes are of two types,
success (S) and failure (F), occurring with probabilities p and g(= 1 — p)
respectively, is called a Bernoulli experiment.

Conducting a Bernoulli experiment once is known as Bernoulli trial. Note that p
and g are same in each trial and outcomes of different trials are independent.

Bernoulli distribution: In a Bernoulli experiment, if a r.v.X is defined such that it
takes value 1 with probability p when S occurs and 0 with probability g when F
occurs, then we say that X follows Bernoulli distribution and its p.m.f. is given by

_ N _(p*¢*™ , x=01
=P(X = x) =
() ( 2 { 0 , otherwise

Examples:

1) Tossing of a coin (results a head or tail)
2) Performance of a student in an examination (results pass or failure)
3) Sex of an unborn child (results female or male)

Mean and Variance:

Mean=u=EX)=0Xqg+1xp=p

and E(X?) =0%xq+12xp=p

~ Variance = % = E(X?) — (E(X))Z =p-p®>=p(l—p) =pq

Binomial Distribution: Suppose we conduct n independent Bernoulli trials and we
define

X = number of successes in n trials.
Then X is a discrete random variable and it takes the values 0,1,2,...,n.

Derivation of P(X = x): Note that X = x means that there are x successes and
(n — x) failures in n trials in a specified order (say) SSFSFFFS ... FSF.



Since outcomes of different trials are independent, by Multiplication Theorem, we
have

P(SSFSFFFS ...FSF) = P(S) - P(S) - P(F) - P(S) - P(F) - P(F) - P(F) - P(S) -
.P(F)-P(S) - P(F)

=pprarqqqpr--qprq
=pp P qq . q=pqt

(x ti;nes) (n—x fimes)

. .. m -
But x successes in n trials can occur in (x) orders and the probability for each of

these orders is same, viz., p*q™*. Hence by addition theorem of probability

p(x) =P(X =x) = (Z) P g™

Definition: A r.v. X is said to follow a binomial distribution with parameters n and
p if its p.m.f. is given by

n [—
p(x) =P(X =x) ={(x)pan *, x=012.,n0<p<lqg=1-p

0 , otherwise

Notation: X~B(n,p). Read as X follows binomial distribution with parameters n
and p.

Real life examples:

1) Number of heads in n tosses of a coin
2) Number of boys in a family of n children
3) Number of times hitting a target in n attempts

Note:

1.

i p(x) = i (Z) P g =(q+p)" =1



2. The c.d.f. of X is given by

x
n

Fx) =P(X <x) = z (k) p*q™* ,x=0,1,2,..,n
k=0

Example 1: Four fair coins are tossed. If the outcomes are assumed to be
independent, then find the p.m.f. and c.d.f. of the number of heads obtained.

Solution: Let X be the no. of heads in tossing 4 coins.

Then X~B (4, %) where p = P(head) = %

HE'e
- () = ()E) rr= 01234

Thusp(x) = P(X = x)

ey = () ()= 4
=)=
@ =(5)(%) =5
p® =(5) (%) =5
@ =(,) (%) =%
The p.m.f p(x) and c.d.f F(x) are given in the following table.
X 0 1 2 3 4
p(x) 1 4 6 4 1
16 16 16 16 16
F(x) 1 5 11 15 1
16 16 16 16




Example 2: A and B play a game in which their chances of winning are in the
ratio 3 : 2. Find A’s chance of winning at least three games out of the five
games played.

Solution:

Define X = No. of games A winning out of 5.

Here p = P(A winning) = %and n=>5and X~B (5,2). Thus,

p(x) =PX=x) = (956) (S)x (%)S_x forx =0,1,...,5.

Required to find:
P (A winning at least 3 out of 5 games) = P(X = 3)

—P(X=3)+P(X=4)+P(X=5)

-0+
=2[10x4+5x3x2+1x9]

_ 27%(40+30+9)
- 3125

= 0.68

Example 3: The probability of a man hitting a target is % .

(i) If he fires 7 times, what is the probability of his hitting the target at
least twice?
(ii) How many times must he fire so that the probability of his hitting the

. 2
target at least once is greater than 3 ?

Solution: Let X be the no. of times a man hitting the target in 7 fires. Here

p = P(man hitting the target) = iand n ="7.Then X~B (7, i) and
p(x) = (7) G)x (Z)Fx forx =0,1,2,...,7.

X



(i)  P(at least two hits) =P(X=>2)=1—-[P(X=0)+P(X =1)]
=1-[p(0) +p(1)]
= O+ D))= =o0ss
(ii)  Find n such that P(X > 1) >
=1-PX=0)> g
= -1+P(X=0)<—=
= P(X = 0) <§

n\ /1\% /3\"* 1
= (o)) ) <3
N\ 1
=(3) <3
= n[log3 —log4] <log1—log3
= nflog4 —log 3] > log3
=>n> _log3 _ 3.8 ,since n cannot be fractional, the
log4—log3

required number of shots is 4.

Mean of Binomial Distribution:

n n
p=E0 =Y xp@ =) x(})pra"
x=0 x=0
n
— E 71_'1 X n X _— ZE: n'_l x 1 -X
_zx(x)(x—l np x—l

x=1
=np(q +p)"~" =np
= uU=np
Variance of Binomial Distribution:

= V(X) = npq (See P, for proof)



Example 4: One hundred balls are tossed into 50 boxes. What is the expected
number of balls in the tenth box.

Solution: If we think of the balls tossed as Bernoulli trials in which a success is
defined as getting a ball in the tenth box, then p = 5—10. If X denotes the number of
balls that go into the tenth box.

Then X~B (100, %) and E(X) = np = 100 X = = 2.

. . et et 4
Example 5: The mean and variance of binomial distribution are 4 and 3

respectively. Find P(X > 1).
Solution: Here X~B(n,p). Butnp = 4 and np(1 —p) = g.

Hence4(1—p)=§=>1—p=§=>p=§andn=%=4>< = 6.

N W

Thus, X~B (6,§) and hence P(X > 1) = 1 — P(X = 0)

(66 -1-6)

Poisson Distribution:

e~y

x!

If n - oo and p — 0 such that 1 = np fixed, then (;l) p*(1—p)"™* —
which is the p.m.f. of Poisson distribution (See P,). Thus the p.m.f. of Poisson

distribution is obtained as the limit of p.m.f. of binomial distribution.

Definition: A r.v.X is said to follow a Poisson distribution with parameter A if its
p.m.f. is given by

e~ Ax
p(x)=PX=x)={" » *=0L2.51>0
0 ) otherwise

Notation: Read X~P(A) as: X follows poisson distribution with parameter A.



Real life examples

1) Number of defectives in a packet of 100 blades.

2) Number of telephone calls received at a particular telephone exchange in
some unit of time.

3) Number of print mistakes in a page of a book.

4) The number of fragments received by a surface area ‘A’ from a fragment atom
bomb.

5) The emission of radio active (alpha) particles.

6) Number of air accidents in some unit of time.

Note :
-1 71X X i
1. 2 P(X)=2] =e’) —=elel=lvet=) =
x=0 x=0 X! x=0 X! i=0 I'
2. The c.d.f. of X is given by
PRI
F(x) = P(X < x) =z =

k=0

Example 6: Messages arrive at a switchboard in a Poisson manner at an average
rate of six per hour. Find the probability for each of the following events:

a) Exactly two messages arrive within one hour.
b) No message arrives within one hour.
c) At least three messages arrive within one hour.

Solution: Let X be the r.v. that denotes the number of messages arriving at the
switchboard within a one-hour interval. Then X~P(6) and its p.m.f is given by

e forx = 0,12, ...
x!

P(X = x) = p(x) =



e~
a) P(X=2) =% _ 32—6e_6 = 18e~°.

—660
b) P(X =0) = -6,

P(XZS)—1—{P(X=O)+P(X=1)+P(X=2)}
—6,0 —6,1 —6,2
=1—{e & ¢ 6}=1—e—6{1+6+18}=1—25e—6
0! 1! 2!

=e

Example 7: In a book of 520 pages, 390 typo-graphical errors occur. Assuming
Poisson law for the number of errors per page, find the probability that a
random sample of 5 pages will contain no error.

Solution:

A = Average number of typo-graphical errors/page= % = 0.75

Let X = Number of errors per page

075 X
Then X~P(0.75) and p(x) = P(X = x) = 607#
P(No error)= P(X = 0) = p(0) = e 07>

P(A random sample of 5 pages contain no error)= [p(0)]®> = [e7%7°]°> = 737>

Mean of Poisson Distribution : The mean of poisson distribution is given by

oo oo

,u=E(X):pr(x)=er/ux i _1)' le tet =)

x=0 x=1

>u=A

Variance of Poisson Distribution:

[00] (o]

E(X?) = z X2P(x) = Z[x(x — 1)+ x]p(x)

x=0 x=0



[0/0] [0 0]
-A1x

=Zx(x—1)'p(X)+§:xp(x):zx(x_l)ex!/l )

x=2 x=2

* Ax—z
=e—Wz + A= e Zeh 4 )
. (x = 2)!
x=

=EX>)=22+21
The variance of Poisson distribution is given by
V(X) = EX?) - (EX)) =22+1-22=1
=VX)=41
Note that for Poisson distribution, mean and variance are equal.

Example 8: If X and Y are independent Poisson variates such that
P(X=1)=P(X=2)and P(Y = 2) = P(Y = 3), find the variance of X — 2Y.

Solution: Let X~P (A1) and Y~P(u). Then

e

PX=x)=

Ayx
~ forx = 0,1,2,...; A > 0 and

X

e

P(Y=y)= M!”yfory =0,12,..; u>0.

y

e~

AAZ
=12 -21=0

SinceP(X=1)=P(X =2); e * = .

=>AA1-2)=0=1=0,2=1=2(~ 1= 0isnotadmissible)

- 2 - 3
Since P(Y = 2) = P(Y = 3), then 2 Z“ =2 Z“ = u3-3u2=0

= u*(u-3)=0=u=03=u=3.

VX =2Y)=12V(X)+ (-2)?V({Y)=2A+4u=2+4%x3=2+12=14



Negative Binomial (or Pascal) Distribution:

Let X denote the number of failures before the ™ success in a sequence of
Bernoulli trials. Then the number of trials required is X + 7.

Derivation of P(X = x):

In x + 7 trials, the last trial must be a success whose probability is p. In the

remaining (x + r — 1) trials, we must have (r — 1) successes whose probability is
(x +r—1

1 )pr_lq" (Using binomial distribution).

Thus, by multiplication theorem, we have

p(x)=P(X=x)=(x:izl)pr_qu'pz(xj:izl)prqx

Definition: A random variable X is said to follow a Negative binomial
distribution(NBD) with parameters r and p if its p.m.f is given by
x+r—1

roX _
P(X)=P(X=x)={( r—1 )P q* , x=012,..
0 , otherwise

Notation: X~NB(r,p).
Note:
L (P =CT) (FO=62))

_ (etr-1)(x+r-2)..(r+1r

x!

o r D) (=r=1)..(-r—x+2)(-r—x+1) _ X -r
= (1) =07()

Thus, the p.m.f. of NBD can be written as

p(x) = {(_xr) p'(—-q)* , x=012,..
0

, otherwise



Further, it is the (x + 1) term in the expansion of p” (1 — q)~", a binomial
expansion with negative index. Therefore, the distribution is known as negative
binomial distribution.

. Y p(x)=p i(_r](—q)x =p'(1-q) =pp =1
x=0 x=0\ X
Mean of NBD: The mean of NBD is given by
p=E@ =) xp) =Y xp@ = x(T)p 0
x=0 x=1 x=1
=) x() (7Y o = neneo 2. (7Y o

= (-N(Qp (1 - )~

r
— rqprp—(r+1) — ?q

Variance of NBD: g2 = ;—Z (See P5 for proof)

3. Notice that % = p < 1 and this implies that mean is smaller than variance in

NBD.
4. If Y = Number of trials required to get r™ success, then Y = X + r and

P(Yz)’)=P(X+T=y)=P(X=y—r)=(¥:i)p7‘qy—r

fory :T',T'+ 1,...and E(y) — E(X) +7r= %'{' 1 and V(Y) = V(X) :;—Z

Real life examples

1) Number of tails before the third head.
2) Number of girls before the second son.
3) Number of non-defectives before the third defective.



Example 9: Find the probability that there are two daughters before the second
son in a family when probability of a son is 0.5.

Solution: Let X = the number of daughters before second son
menP0r =2 = (*327 )6 () = (T HET

and P(X = 2) = (3) (1)4 =3

1/ \2 16

Example 10: An item is produced in large numbers. The machine is known to
produce 5% defectives. A quality control inspector is examining the items by
taking them at random. What is the probability that at least 4 items are to be
examined in order to get 2 defectives?

Solution: Let Y = No. of items to be examined in order to get 2 defectives. Here

p =(defective)= 1(5)—0 = 0.05.

Then P(Y = y) = (} _ 1) (0.05)*(0.95)”

= P(Y =y) = (y — 1)(0.05)?(0.95)V2

We want to find

3
PY=>4)=1—- ) PY=y)=1—{P(Y =2) 4+ P(Y =3)}
y=2

=1 —{(0.05)? + 2(0.05)%(0.95)} = 0.9928
Geometric distribution:

Let X denotes the number of failures before the first success in a sequence of
Bernoulli trials. Then the required number of trials is X + 1.

Geometric distribution is a particular case of negative binomial distribution
withr = 1.



Definition: A random variable X is said to follow a Geometric distribution (GD)
with parameter p if its p.m.f. is given by

_ L _(p-q* for x=0,1,2,..
p(x) =P =)= { 0, otherwise
Notation: X~GD(r)

Mean and variance of GD

,u=%and02 =;—2(taker= 1in pu and 2 of NBD)

Note: Let Y = Number of trials required to get first success, thenY = X + 1 and

pq” ! for y=123,..

P(Y=J’)=P(X+1=y):P(X=y_1)={ 0, otherwise

Further, E(Y) = E(X) + 1 = %and V(Y) =V(X) = :—2

Real life examples

1) Number of tails before the third head
2) Number of girls before the second son
3) Number of non-defectives before the first defective

Example 11: find the probability that there are two daughters before the first
son in a family where probability of a sonis 0.5.

Solution: Let X = Number of daughters before the first son.

ThenP(X =x) = (l) . (l)x = (1)x+1 forx =0,1,2, ...

2 2 2

and P(X =2) = (1)2+1 = (1)3 _1

2 2 8

Hyper geometric Distribution:

Consider an urn with N balls, M of which are white and N — M are red. Suppose
we draw a sample of n balls at random with replacement. Let X denote the



number of white balls in the sample. Then X~B(n,p) where p = %which

remains same for all trials and outcomes of different trials are independent. The

p.m.fof X is givenby P(X = x) = (Z) (%)x (1 — %)n_x fori =1,2,..,n.

If the sample is selected without replacement, p is not same for all trials and
outcomes of different trials are not independent and hence binomial distribution
cannot be applied.

Derivation of P(X = x): The number of all possible samples without

replacement = (];\c])

The number of samples in which there are x white balls and

(n — x) red balls = (’)‘64) (’;’l:])‘:’)
Thus p(x) = P(X = x) = (1\);1)(1),/1:1)\6/1)

N

()

Definition: A random variable X is said to follow the hyper geometric distribution
if its p.m.f is given by

p(x) = P(X = x) = (17\{) ’ N ,
0 ) otherwise

Example 12: A bag contains 4 white balls and 3 green balls. Three balls are
drawn. What is the probability that 2 are white.

Solution:N =4+3 =7, M =4n=23

X = Number of white balls and

P(X — 2) — (g)(i) _ 4X3x3x6 _ 18

(g) T 2Xx7x6X5 35




|
|
|

< zZ2 S Z- 2

"

=1 if m|n n, M):

=1if min(n,M)=M

Mean and variance of Hyper geometric distribution:

The mean is given by u = % and variance is given by 2 =

min(n, M) = n (For proof, see P,).

N2(N-1)

NM(N-M)(N-n) i€



P1:

If X~B(n,p), then show that V(X) = npq.

Proof: We already derived that E(X)=>_xp(x)=np.
E(X?)= pr Z[xx 1)+x | p(x)

= 3 x(x=1) p(x)+ X x p(x)

X=2 x=0

:gx(x—l)@(j p*q"™ +np
-
—n(n-1)p Z[ jpx -

=n(n-1)p*(q+p)" +np

= E(X?)=n(n-1) p*+np and hence

V(X)= E(Xz)—(E(X))2 =n(n-1)p*+np-n’p? =npg



P2:

lim lim (n) X n—x _ € *A%

If)»=np,thenn_>Oop_)0 x =

Proof:

(==

() a-r

nn-1)(n-2)..(n—x+1) (%)x (1 . A)n

)




P3:

For negative binomial distribution, show that V(X) = ;—‘ZI .

Proof:

—-r «
We already derived that p(X) =( Xj p’ (—Q)




Thus,V(X)zE(XZ)—(E(X)) :r(r+1)_2+”__“1
Y p p
r’g®> rq® nq r°g’
= +—+—=
p>2  p> p p’
=%(Q+p)

=V (X)



P4:
For hyper geometric distribution, show that mean and variance are given by
u=EX) = % and

NM(N-M)(N-n)

o’ =V(X) = NEN-D)

when min(n, M) = n.

Proof:

We have p(x) =

.



nM
= UuU=—

N
Now,E(XZ):XZ:(;x2 p(x Z[x x—1)+x|p(x) (x-1) px+2xp
o[ J(nN—xMJ
= : o
-
Zn:x(x—l)('\)/('j(M 1)[M ZJ[S_XMJW
"
o)
M (M)
MM (N2
G
:>E(X )_n(n )M (M -1) nMm



(on simplification)
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2.4. Discrete Probability Distributions

Exercise

1. Ten coins are tossed simultaneously. Find the probability of getting at least
seven heads.

2. A multiple choice test consists of 8 questions with 3 answers to each question
(of which only one is correct). A student answers each question by rolling a
balanced die and checking the first answer if he gets 1 or 2, the second answer
if he gets 3 or 4 and the third answer if he gets 5 or 6. To get a distinction, the
student must secure at least 75% correct answers. If there is no negative
marking, what is the probability that the student secures a distinction?

3. In a precision bombing attack there is a 50% chance that any one bomb will
strike the target. Two direct hits are required to destroy the target completely.
How many bombs must be dropped to give a 99% chance or better of
completely destroying the target?

4. A manufacturer of pins knows that 5% of his product is defective. If he sells
pins in boxes of 100 and guarantees that not more than 10 pins will be
defective, what is the probability that a box fails to meet the guaranteed
quality?

5. Aninsurance company insures 4,000 people against loss of both eyes in a car
accident. Based on previous data, the rates were computed on the assumption
that on the average 10 persons in 1,00,000 will have car accident each year
that result in this type of injury. What is the probability that more than 3 of the
insured will collect on their policy in a given year?



. A manufacturer, who produces medicine bottles, finds that 0.1% of the bottles
are defective. The bottles are packed in boxes containing 500 bottles. A drug
manufacturer buys 100 boxes from the product of bottles. Find how many
boxes will contain (i) no defective, and (ii) at least two defectives.

. Six coins are tossed 6,400 times. Using Poisson distribution, find the
approximate probability of getting six heads two times.

. Find the probability that a person tossing 3 coins will get either all heads or all
tails, for the second time on the fifth toss.

. If the probability is 0.4 that a child exposed to a certain contagious disease will
catch it, what is the probability that the tenth child exposed to the disease will
be third to catch it.

10. If the probabilities of having a male or female child are both 0.5, find the

probability that
a) a family’s fourth child is their first son
b) a family’s seventh child is their second daughter
c) a family’s tenth child is their fourth or fifth son



Answers:

176

© 1024

129
729%9

9. (3) (0.4)3(0.6)7

10. a) (0.5)* b) 6(0.5)7

¢) 210(0.5)1°



2.5

Continuous Probability Distributions

The continuous probability distributions are used in a number of applications in
engineering. For example in error analysis, given a set of data or probability distribution,
it is possible to estimate the probability that a measurement (temperature, pressure,
flow rate) will fall within a desire range, and hence determine how reliable an
instrument or piece of equipment is. Also, one can calibrate an instrument

(ex. Temperature sensor) from the manufacturer on a regular basis and use a probability
distribution to see of the variance in the instruments’ measurements increases or
decreases over time.

Uniform Distribution

A continuous random variable (c. r. v.) X is said to have a uniform distribution over the
interval [a, b] if its p. d. f. is given by

1
fe)=1{p—q’ a<x<bh
0o , otherwise

Notation: X ~ U(a, b). Read as X follows uniform distribution with parameters a and b.
It is used to model events that are equally likely to occur at any time within a given time
interval. The plot of p. d. f. is given below:

=1 e
B e - -
v
-




The cumulative distribution function (c. d. f.) of X is given by

o , x<a
xX—a
Fx)=pX <x)= g a<x<bh
1, x=b
The mean of X is given by
o0 b b X
,LL=E(X)=I xf(x)dx:j xf(x)dx=| —— dx
—o0 a a b-a
- .2 1b 22 _
_ X ] :b a :(ba)(b+a):b+a:>‘u:b+_a
[2(b-a)l 2(b—a) 2(b—a) 2 2
@ OO b b X2
Now, E (X?) = X2 f(x)dx:j x2 f (x)dx=| —— dx
J_» a g b—a
_ [ x3 ]b __ b3-a® _ (b—a)(b*+ab+a?) _ b*+ab+a?
- Be-ol, " 30-0) 3(b—a) 3
2 2
— E(Xz) _ b +agb+a

Thus, the variance of X is given by ¢? = E(X?) — (E(X))2

__ b?+ab+a®  b*+2ab+a?

o 3 4

__ b?-2ab+a?
o 12

2 _ (b—a)z
12

=10



Example 1: The time that a professor takes to grade a paper is uniformly distributed
between 5 minutes and 10 minutes. Find the mean and variance of the time the
professor takes to grade a paper.

Solution: Let X denotes the time the professor takes to grade a paper. Then
X~ U(5,10).

10+5

pu=EX) =25 _ 75andg? = y(x) = 208 _ 28

12

5
— (minutes) 2

Normal Distribution

The normal distribution was first discovered by De — Movire and Laplace as the limiting
form of Binomial distribution. Through a historical error it was credited to Gauss who
first made reference to it as the distribution of errors in Astromy. Gauss used the normal
curve to describe theory of accidental errors of measurements involved in the
calculation of orbits of heavenly bodies.

Definition: A c. r. v. X is said to have a normal distribution with parameters y and ¢? if
its p. d. f. is given by

f&x) =

o

{__(u)}_oo<x<oo,—oo<u<oo,a>0

The c. d. f. of X is given by

Fix)=PX<x)= jj f(t)dtzmlzﬁj-_X exp{_%(t?ujz}dt

Notation: X~N (i, 62). Read as X follows normal distribution with parameters u

and o2.
Note:

1. The graph of f(x) is famous bell — shaped curve and is symmetric about the line
X = u. The top of the bell is directly above u. For large values of g, the curve tends



to flatten out and for small values of g, it has a sharp peak. The curve of f(x) is
given below.

xX=u

Normalprobability curve

2. Whenever the random variable is continuous and the probabilities of it are increasing
and then decreasing, in such cases we can think of using normal distribution.

Real life examples:

1) The heights of students.

2) The weights of students.

3) The diameters of bolts manufactured.

4) The lives of electrical bulbs manufactured.

o0
3. Note that J' f(x)dx=1

—0o0

Standard Normal distribution

X_
If X~N(u,02) thenZ = Tﬂ is known as standard normal distribution with mean

E(Z) = 0, with variance V(Z) = 1 and we write Z~N (0, 1).Its p. d. f. is given by

1 1
g(2) = .exp (—Ezz), —00 < z < 00



and its c. d. f. is given by

d(z)=P(Z<2z)= J‘_X g(t)dt: \/]é_n"f exp{_%tz}dt

Area Property of Normal Distribution

£ X~N(u,02), then P(u< X <x) = | f(x)dx=—t_[ xu) d
If X~ ,0%), then <X<xq)= X)ax = expy—| —— X
H H ! .L ( ) GVZR.L g ( o j

LetZ=%.ThenX—u=0Z.

fX =u,thenZ =0.If X =x,,thenZ =%=Zl (say).

SP(u<X<x)=P(0<Z< zl):_[ozlg(z)dz :% Ozlexp{—%zz}dz

1 —lz
where g(z) = —e 2

o 2is the p. d. f. of standard normal variate. The definite integral

Z
_[0 g (Z) dz is known as normal probability integral and gives the area under standard

normal curve between the ordinates at z = 0 and z = z,. These areas have been
tabulated for different values of z; at intervals of 0.01 in the table given at the end of
the module.

In particular, the probability that the random variable X lies in the interval
(u—o,u+ o) isgiven by

Pu—o<X<u+o)=P(-1<Z<1)
1
:I_lg(z)dz

1
= 2.[0 g (Z) dz (by symmetry)

=2 x0.3413 (from table)



= P(u—o0c<X<u+o)=0.6826

Similarly, P(u —20 < X <u+20)=P(-2<7Z<2)
=2XP(0<Z<2)=2x0.4772(see table)

= Pu—20<X<u+20)=09544

andP(u—30c<X<u+30)=P(-3<Z7Z<3)

=2xP(0<Z<3)

= 2 X 0.49865 (see table)
= P(u—-3c<X<u+30)=0.9973

Thus, the probability that a normal variate X lies outside the range u £ 30 is given by
P(lx —u>30|)=P(Z| >3)=1-P(|Z] £3)
=1-P(-3<7Z<3)=1-0.9973 =0.0027

Thus, in all probability, we should expect a normal variate to lie within the range
u £ 30, though theoretically, it may range from —oo to oo.

The probabilities computed above are exhibited in the following figure.

/ 0.6826
—_—

&
<

__/ 0.9544 > \_,

> X
u-36 u-2c u—c U mHteo u+2c u+3c
1
0

-3 -2 -1

|
1 2 3

€ 0.9973

-
>



Note: The Gamma function defined below is used to evaluate mean and variance of the

normal distribution.
r'(n)= _[0 e *x"dX forn > 0

Im+1)=nTlT(n)

['(n+ 1) = n!, Where nis a positive integer.

()=
Mean of Normal distribution
- 1 e A
E(X)_j_wxf (x)dx_(7 2”J-_ooxe dx

Letz=%.Thenx=,u+az,dx=adzand
1 [ee] 7322
E(X)=—= +oz)e ? dz
(X)=g=]_ (uro2)
e 2 dz+-2 (" ze 2 dz=pux1+0

Ny J2r 3=

Note that the integral in first term is 1 since total probability is one and the integral in
the second term in zero since the integral is an odd function.

Therefore, Mean = E(X) = u

Variance of Normal distribution
VX) = E(X - E(X))" = E(X — ) (< E(X) = )
l(x—y

[ = (e

—00




Let%= z.Thenx — u = 0z,dx = odz and

1,
—-=z
2 dz

0'2 o 5 _EZZ 2(72 © 5

V(X)zij' z°e 2 dz:i_[ z°e
27 - 2790

(Since the integrand is an even function)

1 2 _ _ _at
Letzz =t :z—manddZ—\/Z_t.Then

2 3
2 ) —1
— LI e 't2 dt

2
_20- © —t dt
VOO -k e

2
= % r G) (Gamma function)
_20 1 (N _o —_ 2
_\/E'z'r(z)_\/ﬁ'ﬁ_a
= V(X) = o?

Note: Standard deviation = \/V(X) = Vo? = o

Example 2: If X is normally distributed with mean 12 and standard deviation , then

(a) Find the probabilities of the following :

(i) X=>20
(i) X < 20 and
(iii) 0 < X < 12

(b) FindxwhenP(X > x) =0.24
(c) Findx; andx, whenP(x; <X <x3)=0.5and P(X > x,) = 0.25

Solution:
(a)itisgiventhaty =12ando =4i.e., X~N(12,16)

. _ X-12 _ X-12 20—-12
(i) Let Z =22 then P(X 2 20) = P (2 > 222
—P(Z22)=05-P0<Z<2)

=0.5-0.4772 (from table)
= 0.0228



Z=10 £L=2

(ii) P(X <20)=1—P(X >20)=1-0.0228 = 0.9722
_ 0—-12 X—-12 12—-12
(i) POsx<12)=P( 220
=P(-3<2<0)
=P(0<Z<3) (by symmetry)
= 0.4986 (from table)
(b) P(X > x) = 0.24
=P(E2>52)=024= P(Z>2) =024, where z ="

N :'\"1 iEiiac s

]

X=u
=10
= P(0<Z<z)=0.5-024—0.26

~. From normal tables, corresponding to probability 0.26, value of
z = 0.71(approximately)



Hence 0.71 = z =%=> x=071x4+12=14.84

(c) Wearegiventhat P(x; < X <x,) =0.5and (X > x,) = 0.25

=P (x1—12 <2 < x2—12) =0.5and P (X—12 > x2—12) = 0.25
4 4 4 4 4

x,—12 x,—12

= P(z, <Z<2z,)=05and P(Z > z,) = 0.25, where z; = and z, =

0.25

]
-

H g

X=x; X=nu A=
Z=z, £=10 Z

i
&4
*

By symmetry of normal curve, z; = —z,. Find z, such that P(0 < Z < z,) = 0.25
Corresponding to probability 0.25 from the normal table, we have z, = 0.67
approximately. Thus

x2_12

=0.67 = x, =12+ 4x0.67 = 14.68

x2_12 _

similarly, 2 = —z, = %2 = —0.67 = x, =12 -4 X 0.67 = 9.32




Example 3: The local authorities in a certain city install 10, 000 electric lamps in the
streets of the city. If these lamps have an average life of 1,000 burning hours with a
standard deviation of 200 hours, assuming normality, what number of lamps might
be expected to fail

(i) in the first 800 and 1200 burning hours?
(ii) between 800 and 1200 burning hours?

After what period of burning hours would you expect that

(a) 10% of the lamps would fail?
(b) 10% of the lamps would be still burning?

Solution:

Let X denote the life of a bulb in burning hours. Here u = 1000, ¢ = 200 and
X~N(1000,40000)

. . _ X-1000 800—-1000
(i) Find P(X < 800) = P( iy — )
= P(Z < 1), where Z = =2 ~N(0,1)

=P(Z>1)=05-P(0<Z<1)
= 0.5-0.3413 = 0.1587
= Out of 10,000 bulbs, number of bulbs which fail in the first 800 hours is

10,000 x 0.1587 = 1,587.

800—1000 _ X—1000 _ 1200—1000
< < )

(ii) Find P(800 < X < 1200) = P( — _ .

=P(-1<Z<1)=2P00<Z<1)

= 2x0.3413 = 0.6826



Z==-1 £L=10 £=1

Hence, the expected number of bulbs with life between 800 and 1200 hours of burning
life is 10,000 X 0.6826 = 6,826.

(a) Let 10% of the bulbs fail after x; hours of burning life. Then we have to find x; such
that

P(X < x;)=0.10=> P (X‘zt‘;"o "1;(1)300) =0.10
= P(Z < —z;) = 0.10, where z; = — (xi;:)m)

= P(0<Z<2z)=05-0.10=0.40

From table corresponding to probability 0.40, we have

x1—1000

z1=1.28=>—( )=1.28
= x, = 1000 — 1.28 X 200 = 1000 — 256 = 744.

0.40

X=x, X=pu
= Z=10 Z=z

Thus, after 744 hours of burning life, 10% of the bulbs will fail.

(b) Let 10% of the bulbs be still burning after x, hours of burning life. Then we have

P(X > x,) =0.10 = P (X‘1°°° 2200 = 0.10




x,—1000
200

= P(Z > z,) = 0.10 ,where z, =

From normal tables, z, = 1.28 and hence

x,—1000
200

= 1.28 = x, =1000+ 1.28 X 200 = 1000 + 256 = 1256

Hence, after 1,256 hours of burning life, 10% of the bulbs will be still burning.

De Moivre-Laplace Theorem (Normal Approximation to Binomial Distribution)

. . n _
Let X~B(n,p). Then its p.m.f. is given by p(x) = (x) p*q"*forx =0,1,2,...,n. The
mean and variance of X are given by u = np and 62 = npq respectively. Now,

k (N
P(k, <X <k,)= Z(x] p*q"* for some non-negative integers k, and k, such that

x=k,
n
k, < k5. Since the binomial coefficient (x) grows quite rapidly with n, it is very difficult

to compute P(k; < X < k,) for large n. In this context, normal approximation to

binomial distribution is extremely useful.
X—u X—np

let Z = =

o Vnpq

distribution can be approximated by the standard normal distribution. Thus,

. If n is large with neither p nor g close to zero, the binomial

: : k. —np k,—np 1 7, 32
lim P(k, <X <k,)= lim P| 2——=<Z <2 = e?dz
(k ) [\/npq \/nqu «/27rLl

where z, = K =P and 7, = K =P

Jnpg © Jnpg




This is a very good approximation when both np and npq are greater than 5.

Example 4: A coin is tossed 10 times. Find the probability of getting between 4 and 7
heads inclusive using the (a) binomial distribution and (b) the normal approximation
to the binomial distribution.

Solution:

(a) Let X denote the number of heads in 10 tosses. Then X~B (10,%) andu=np =5
and 02 = npq = 2.5 and

ssn-Soon- 3012 (3T

10) (10) (10) (10
4 )5 "6 )77 ) 792
= = =0.7734
1024 1024

(b) The discrete binomial probability distribution is approximated to continuous normal
probability distribution. The integers 4,5,6,7 lie in the interval  (3.5to 7.5). Thus,

3.5-5 7.5-5
P(4<X<7)=P(35<X<75)=P| —F/—<Z<—F—
( ) ( ) (x/25 «/2.5]

~P(-0.95<Z <1.58)=P(-0.95<Z <0)+P(0<Z <1.58)
~P(0<Z<0.95)+P(0<Z <158)
—0.3289+0.4429 = 0.7718

0.3289 0.4429




Exponential distribution: A c.r.v. X is said to follow exponential distribution with
parameter A if its p.m.f. is given by

£(x) = {Ae(;’“‘ , x>0

, x<0

The c.d.f. is given by

—at X
F(x)=P Io t)dt= ijo g = ﬂ[e—} —1 ¢
= F(x)=1-¢*
Notation: X~E (1). Read as X follows exponential distribution with parameter A.

Real life examples of exponential distribution

1. The time taken to serve a customer at a petrol pump, railway booking counter or any
other service facility.

2. The period of time for which an electronic component operates without any
breakdown.

3. The time between two successive arrivals at any service facility.

Mean and Variance of exponential distribution
For r>1 E(Xr):jgoxr f (x)dx:/ljgoxre‘“dx
Let Ax = t. Then t varies between 0 to «o and dx = % . Then

(X )=y [L) et 8L e

=E(X")= %?i) —r(usmg Gamma function)

(r+1] 1Olt

Thus, mean = u = E(X)——and E(X) %=%
-2 _1_1
FERY

Hence 02 = V(X) = E(X?) — (E(X)) =%



1 1
Therefore, 4 = —and g% = TR

Example 5: Assume that the length of phone calls made at a particular telephone
booth is exponentially distributed with a mean of 3 minutes. If you arrive at the
telephone booth just as Ramu was about to make a call, find the following:

a. The probability that you will wait more than 5 minutes before Ramu is done with

the call.
b. The probability that Ramu’s call will last between 2 minutes and 6 minutes.

Solution: Let X be a r.v. that denotes the length of calls made at the telephone booth.

Since the mean length of calls % = 3, the p.d.f. is given by

X

1 x
fG) =5e7

o0

a. P(X >5):j;f(x)dx:%j;e;dx:[e 3}5 —e?

6
6 1.6 -2 _X 2 B
b. P[2£X§6]=j2f(x)dx=§j2e3dx:[—e3L=e3—e2

Memory lessness property of exponential distribution

The exponential distribution is used extensively in reliability engineering to model the
lifetimes of systems. Suppose the life X of an equipment is exponentially distributed

with a mean of% . Assume that the equipment has not failed by time t. We want to find

the probability that X < t + s given that X > t for some nonnegative additional time s.

Thus,

P(Xss+t,X>t) _ P(t<Xss+t) _ F(s+t)—-F(t)
P(Xx>t)  P(X>t)  1-F(b)

PX<s+tlX>t) =

(1_e—l(s+t))_(1_e—lt) e—lt_e—l(5‘+t)

— = =1—e?=F(s)=PX <5s)

e—At e—At

SPX<s+t|X>t)=PX<s)



This indicates that the process only remembers the present and not the past.

Example 6: In example 5, Ramu, who is using the phone at the telephone booth, had
already talked for 2 minutes before you arrived. According to the memory lessness
property of the exponential distribution, the mean time until Ramu is done with the
call is still 3 minutes. The random variable forgets the length of time the call had lasted
before you arrived.

Relationship between exponential and Poisson distributions

Let A denote the mean number of arrivals per unit of time, say per second. Then the
mean number of arrivals in t seconds is At.

Let X denote the number of arrivals during an interval of t seconds.
Let Y denote the time between two successive arrivals.

. e—lt(lt)x
If X~P(At) ie,p(x) =P(X =x) = Tforx =0,1,2,...; t=>0,then

Y~E(A)i.e., f(x) = le .



Standard Normal Distribution Table

0

4

Z | .00 .01 | .02 .03 .04 .05 .06 .07 .08 .09
0.0 {.0000 .0040 |.0080 |.0120 |.0160 |.0199 |.0239 |.0279 |.0319 | .0359
0.1].0398 0438 |.04/8 |.0517 |.0557 |.059 |.0636 |.0675 |.07/14 | .0753
0.2 |.0793 0832 |.0871 |.0910 |.0948 |.0987 |.1026 |.1064 |.1103 | .1141
0.3 ].1179 J217 11255 |.1293 |.1331 [.1368 |.1406 |.1443 |.1480 | .1517
0.4 |.1554 1591 |.11628 |.1664 |.1700 |.1736 |.1772 |.1808 |.1844 | .1879
0.5 ].1915 1950 111985 1.2019 |.2054 |.2088 |.2123 |.2157 |.2190 | .2224
0.6 |.2257 2291 2324 |.2357 |.2389 |.2422 |.2454 |.2486 |.2517 | .2549
0.7 |.2580 2611 2642 |.2673 |.2704 (2734 2764 |.2794 |.2823 | .2852
0.8 |.2881 2910 |.2939 |.2967 |.2995 |.3023 |3051 |.3078 |.3106 | .3133
0.9 |.3159 3186 3212|3238 |.3264 |[.3289 (3315 |.3340 |.3365 | .3389
1.0 |.3413 3438 |.3461 3485 |.3508 [.3531 |.3554 |.3577 |.3599 | 3621
1.1 (.3643 3665 3686 |.3708 |.3729 (3749 |3770 |.3790 |.3810 | .3830
1.2 |.3849 3869 |.3888 |.3907 [.3925 (3944 (3962 |.3980 |[.3997 | 4015
1.3 |.4032 A049 4066 |.4082 4099 |[4115 |4131 |A4A147 (4162 | 4177
1.4 14192 A207 (4222 4236 |4251 (4265 (4279 |4292 (4306 | 4319
1.5 14332 A345 14357 4370 4382 14394 14406 4418 4429 | A44]
1.6 |.4452 AA63 | 4474 14484 14495 (4505 (4515 (4525 [4535 | 4545
1.7 | 4554 A564 |A573 4582 4591 (4599 4608 |4616 [4625 | 4633
1.8 |.4641 A649 4656 |4664 4671 |4678 |4686 |.4693 (4699 | 4706
1.9 4713 A719 |4726 (4732 |A738 |4744 |4750 |A4A756 (4761 | 4767
2.0 14772 A778 |A783 4788 4793 |4798 |A4A803 |.4808 [.4812 | 4817
2.1|.4821 A826 |4A830 |4834 |4838 |4842 |A846 |4850 |4854 | 4857
2.2 |.4861 A864 4868 |.4871 |4875 (4878 |.A4A881 |.4884 (4887 | 4890
2.3 |.4893 A896 4898 4901 [4904 |4906 (4909 |4911 |4913 | 4916
2.4 14918 4920 (4922 4925 |4927 |4929 (4931 |4932 |4934 | 4936
2.5 14938 A940 14941 14943 14945 (4946 14948 14949 (4951 | 4952




2.6 |.4953 A955 4956 4957 |4959 (4960 (4961 |4962 [4963 | 4964
2.7 |.4965 4966 4967 |4968 [4969 (4970 (4971 (4972 4973 | 4974
2.8 |.4974 A975 4976 4977 4977 |4978 4979 |4979 |4980 | 4981
2.9 |.4981 4982 4982 4983 |4984 |4984 4985 |.4985 |.4986 | 4986
3.0 |.4987 A987 14987 4988 4988 [4989 14989 14989 (4990 | 4990
3.1|.4990 4991 4991 4991 [4992 (4992 4992 |4992 [4993 | 4993
3.2 |.4993 4993 |.4994 4994 4994 (4994 4994 (4995 4995 | 4995
3.3 |.4995 A995 4995 499 [4996 [4996 |.499% |.499% |.499% | 4997
3.4 |.4997 A997 4997 4997 |4997 |4997 (4997 |4997 |4997 | 4998
3.5 4998 A998 14998 14998 4998 4998 4998 [.4998 4998 | 4998




P1:

The weights in pounds of parcels arriving at a package delivery company’s
warehouse can be modeled by an N(5, 16) normal random variable X.

a) What is the probability that a randomly selected parcel weighs between 1
and 10 pounds?

b) What is the probability that a randomly selected parcel weighs more than
9 pounds?

Solution:

Since X~N(5,16), we have u = 5 and 62 = 16.

a) P(1 <X<10)=P(1%5<Z<%‘5)=P(—1<Z<1.25)

=P(-1<Z<0)+P(0<Z<1.25)

=P(0<Z<1)+P(0<Z<1.25)
= 0.3413 + 0.3943 = 0.7356 (Use table)

b) P(X>9)=P(Z>?)=P(z> 1)
=05-P(0<Z<1)
= 0.5 — 0.3413
= 0.1587 (Use table)



P2:

The marks obtained by a number of students for a certain subject are assumed
to be approximately normally distributed with mean value 65 and with a
standard deviation of 5. If 3 students are selected at random from this set, what
is the probability that exactly 2 of them will have marks over 70?

Solution:

Let X denotes marks obtained by a student in a certain subject. Then
X~N(65,25) and

70—65
5

p(x)=P(X>70)=P(Z> )=P(z>1)
=05-P0<Z<1)

= 0.5 —-0.3413 (Use table)
= 0.1587

Let Y denote the number of students who got more than 70 marks in a sample of
3 students.

Then Y~B(3,p) and P(Y = 2) = (;) (0.1587)2(0.8413)



P3:

The time taken by a person while speaking over a telephone is exponentially
distributed with mean 4 minutes.

i) Find the probability that he speaks for more than 6 minutes but less
than 7 minutes.

i) Out of 6 calls that he makes, what is the probability that exactly 2 calls
take him more than 3 minutes each.

iiij How many calls out of 100 are expected to take more than 3 minutes
each?

Solution:

Let X be the time taken (in minutes) per call. We are given that X is exponentially
distributed with mean 4 minutes.

1 x
ORI
0 , otherwise
7
. i s 7
() Pe<X<7)=2(les=2|% | —e4_e3(=0.04936
476 4 1
-l
(i) p(x>3)=[ e =5 S | =e(<04724)
45

Let Y denote the number of calls each with more than 3 minutes out of 6 calls.
Then
Y~B(6,P) where P = 0.4724
“P(Y =2)= (g) (0.4764)2(0.5276)* = 0.2594

(iii) Expected number of calls out of 100 that will be longer than 3 minutes each
=100 %X P(X > 3)
=100 X 0.4724 = 47.24 = 47(approximately)



P4:

The mileage (in thousands of miles) which car owners get with a certain kind of
tyres is a random variable having probability density function

1

f(x) =410

_x
10 , x>0

e
0 , otherwise
Find the probability that one of these tyres will last

i) at most 5,000 miles.
i) anywhere from 8,000 to 12,000 miles.

Solution:

Let X represents the mileage in thousands of miles

5 1

) PX<5)=F(G)=l—-ew=1—ez=1-0.6065=0.3935

i) P(B<X<12)=F(12)—F(8) =e %8 —¢~12=0.148



2.5. Continuous Probability Distributions

Exercise:

1)

2)

3)

4)

5)

X is a normal variate with mean 30 and standard deviation 5. Find the
probabilities that
(i) 26 < X <40 (ii))X =45 (iii)|X —30]| >5

There are 600 engineering students in the B.Tech. classes of a university and
the probability for any student to need a copy of a particular book from the
university library on any day is 0.05. How many copies of the book should be
kept in the university library so that the probability may be greater than 0.90
that none of the students needing a copy from the library has to come back
disappointed? (use normal approximation to the binomial distribution)

In a distribution exactly normal, 10.03% of the items are under 25kg weight
and 89.97% of the items are under 70kg weight. What are the mean and
standard deviatioin of the distribution?

In an examination it is laid down that a student passes if he secures 30 percent
or more marks. He is placed in the first, second or third division according as
he secures 60% or more marks, between 45% and 60% marks and marks
between 30% and 45% respectively. He gets distinction in case he secures
80% or more marks. It is noticed from the result that 10% of the students
failed in the examination, where as 5% of them obtained distinction. Calculate
the percentage of students placed in the examination. (Assume normal
distribution to marks)

A sample of 100 items is taken at random from a batch known to contain 40%
defectives. What is the probability that the sample contains (i) at least

44 defectives and (ii) exactly 44 defectives? (use normal approximation to the
binomial distribution)



6) If X is uniformaly distributed with mean 1 and variance 3 ,find P(X < 0).

7) Subway trains on a certain line run every half hour between mid-night and six
in the morning. What is the probability that a man entering the station at a
random time during this period will have to wait at least twenty minutes?

8) Suppose the life time of an electric component has exponential distribution
with a mean life of 500 hrs.
(i) Find the probability that it will give additional 600 hrs life given that the
component has been working for the last 300hrs.
(ii)  Find the probability that it will work for more than 600hrs.

9) The life(in hours) of electronic tubes manufactured by a certain process is
known to have p.d.f.

1 1
fa) =m0 o X =400
0 , Otherwise

Find the probability of one such tube lasting for
(i) at least 800hrs.

(ii)  at most 1200hrs.

(iii)  anywhere between 500 and 800hrs.



Answers:

1) (i) 0.7653 (i) 0.00135 (iii) 0.3174
2) 37

3) u=475and o =17.578

4) 34%

5) (i) 0.2376 (ii) 0.0584

6) -

7)

W | =

8) (i)e™s (ii)es

9) (i)e™?! (ii) e™? (iii)e_%—e‘l



2.2

Bivariate random variable

In the real life situations more than one variable effects the outcome of a random
experiment. For example, consider an electronic system consisting of two
components. Suppose the system will fail if both the components fail. The
probability distribution of the life of the system depends jointly on the probability
distributions of lives of the components. Knowing the probability distributions of
lives of the components will not provide us the enough information. What we
need is the probability distribution of the simultaneous behavior of lives of the
components. A pair of random variables is known as a bivariate random variable.
The individual random variables in the pair may be related.

Bivariate random variable: let S be the sample space associated with a
random experiment. Let R be the real line. If (X,Y):S — R X R,
i.e.,(X,Y)(w) = (X(a)), Y(w)) Y w €S, then the pair (X,Y) is known as a
bivariate random variable.

Note:

1. If X and Y are both discrete random variables, then (X,Y) is a bivariate
discrete random variable.

2. If X and Y are both continuous random variables, then (X,Y) is a bivariate
continuous random variable.

Joint probability mass function: Let (X,Y) be a bivariate discrete random
variable, which takes the values (xi,yj) fori =1,2,3,...,mandj =123, .., n.
Let

p(xl-,yj) = P(X =x;,Y = yj) Viandj

m n
Then p(xi,yj) >0Viandjand > > p(xi ,yj):l. The function p(x, y) is

=1 =1
known as joint probability mass function (j.p.m.f) of (X,Y).



Marginal probability mass functions: Let (X,Y) be a bivariate discrete random
variable with joint probability mass function given by (x,y) . The marginal
probability mass function of X and Y are given by

n
p1(x;) =3 p(Xi ,yj) fori =1,2,3,...,mand
=

m .
p2(¥)) =i§1p(xi yj)fori=123,..,n
respectively.
Note: X and Y are independent if and only if p(x;, ;) = py(x)p2 (%) ¥ (i, ))

Conditional probability mass functions: Let (X,Y) be a bivariate discrete random
variable with joint probability mass function given by p(x, y). The conditional
probability mass function of X given y = y; andthe conditional probability mass

function of Y given x = x; are given by

p(xy; .

paz2(xil y;) = p(Ty,-]))fo” =1,2,3,...,m and
p(x1y;) .

Pz|1(J’j| X;) = p(Txi;) j=123,..,n

respectively.

Example 1: A fair coin is tossed three times. Let X be a random variable that
takes the value 0 if the first toss is a tail and the value 1 if the first toss is a head
and Y be a random variable that defines the total number of heads in the three
tosses. Then

i Determine the joint, marginal and conditional mass functions of X
andY.
ii. Are X and Y independent?



Solution:

i. The sample space and values of X and Y are given in the following table:

Out comes in sample space | Value of X Value of Y
HHH 1 3
HHT 1 2
HTH 1 2
HTT 1 1
THH 0 2
THT 0 1
TTH 0 1
TTT 0 0

Here X takes the values 0 and 1 and Y takes the values 0,1,2 and 3. Then the
j-p.m.f of (x,y) is computed as below:

p(0,0) = P(X = 0,Y = 0) =R({TTT}) = -

p(0,1) = P(X =0,Y =1) = P({THT,TTH}) =~ =,

p(0,2) = P(X = 0,Y = 2) = P({THH}) = -

p(0,3) =P(X =0,¥ =3) =0
p(1,0)=P(X =1,Y=0)=0

p(1,1) =P(X =1,Y = 1) = P({HTT}) =§

p(1,2) =P(X =1,Y =2) = P(( HTH,HHT}) = g =

e

p(1,3) = P(X = 1,Y = 3) = P({HHH}) =~

The m.p.m.f of X is given by

1 2 1 1
p1(0) = p(0,0) + p(0,1) +p(0,2) + p(0,3) =+~ +-+0 =" and



1 2 1
p(D=pAL0)+ pA1D+p(A2)+p(13)=0+g+g+g
The m.p.m.f of Y is given by
1 1
p2(0) = p(0,0) +p(L0) = £ +0 = 2
1 0,1)+p(1,1 2 1 _3
p2(D)=p(0 D) +pAQD =g+g=g
2 0,2) +p(1,2 ! 2 >
p2(2) =p(0.2) +p(12) =g+g=3
1 1
p.(3) =p(03)+p(13)=0+-=2
8 8
The conditional p.m.f of X given Y is computed below:
1
_p0) 5 _ p(10) _ 0 _
b1)2 (0]0) = 220 % =1, P1)2 (110) = 7,(0) % =0
p(0,1) s 2 p(1,1) !
_pPOL _ s _ 2 —_pPLY _ s _ 2
b1)2 O0lD) = (D) % =3 P1)2 1D = o) % .
1 2
_p0O2) 3 _1 _pr(2) 3 _2
pu 012) =255 =1 =5, pi (112) =550 = 1 =3
1
_p@©3) 0 _ p(13) _ 5 _
P12 (0[3) = 223 % =0, P12 (1[3) = 2. (3) % =1
The conditional p.m.f. of Y given X is computed as below:
POO) _ 5 _ 1 p(01)  + 1
_ P00 5 __1 — 4 _1
P O10) =580 = =3 P (110) =200 =% =
1
_p02) 5 _1 p(03) _ 0 _
P2j1 (2]0) = 2 (0) % = b2j1 (3l0) = P (0) % =0
1
_p10) _ o0 _ p(L1) _ 5 _1
P21 O0lD) = P % =0, P2)1 1y = (D) % =



1,3
=3 papp (311) =222 =

(12)
2|1) ="E
P2|1( |1) (D)

pi(1)

SR

N|>-x|.(>|>—x
N |-

NlHlOOlH

i. Here p(0,0) =% ,p1(0) =% and p,(0) =%
Since p(0,0) # p;(0)p,(0), X and Y are not independent .

Example 2 : The j.p.m.f. of (X,Y) is given by

K(2x+Yy) for x=1,2,y=12
0 otherwise

p(X,y)={

where k is a constant

a. Find the value of k.
b. Find marginal and conditional p.m.fs.
c. Are X andY independent.

Solution:

2 2
a. Since p(x,y)isaj.p.m.f, > > p(Xy)=

x=1y=1
2 2 2. 2
> > p(xy)=k¥ 3 (2x+y)=k(3+4+5+6)=18k =1.
x=1ly=1 x=1ly=L

Thus k = —
18
b. The m.p.m.f. of X is given by

2
pl(x)zyizlp(x,y) 1y2_ ZX+y——8[(2x+1) (2x+2)]= 4123

Thus, p;(x) = %forx =1,2.

The m.p.m.f of Y is given by



2 1 2y+6  y+3
P,(¥)= ap( ):18)(; 2x+y =75 (2+Y)+(4+Y)]= {; —y;

Thus, p,(y) = 3%3 fory=1,2

The c.p.m.f. of X givenY is given by

1
p(x,y) _1_8(2x+)’) _2x+y

P12 (x]y) = = =
p2(¥) %8(237 +6) 2v+6

Thus, py2 (x]y) = Xy forx =1,2

The c.p.m.f. of Y given X is given by

1
p(x,y) _1_8(2x +y) _2x+y

p2|1(y|x) = =7 =
p1(x) E(4x+3) 4x + 3
Thus, po;1 (V1x) = =1,2
c. Note that p;(x).p,(y) = ik .y+3 * p(x,y) .

Thus, X and Y are not mdependent.

Joint probability density function: Let (X,Y) be a bivariate continuous random
variable. Let

bd
Plasx<bc<y<d)=[[f(xy)dxdy

ac



for some real numbers a, b, ¢,d such thata < b and ¢ < d. Then

i. f(x,y) =0V(x,y) and
i ][ f(xy)xdy=1

—00 —00

and the function f(x, y) is known as the joint probability density function of the
bivariate continuous random variable (X, Y).

Marginal probability density function: Let (X,Y) be a bivariate continuous
random variable with j.p.d.f. f(x, y). The marginal probability density functions of
X and Y are given by

0 (0.0]

fl(x)=_I f(x,y)dy and fz(y)=_f f(xy)dx

respectively.
Note: X and Y are independent if and onlyif f(x,¥) = f1(x). f,(y)

Conditional probability density functions: Let (X,Y) be a bivariate continuous
random variable with j.p.d.f. f(x,y). Let f;(x) and f,(y) be the m.p.d.fs of X and
Y respectively.The conditional probability density function of X given Y and the
conditional probability density function of Y given Xare given by

_ fxy)
f1|2 (xly) = o) and

f,y)
f1(x)

f2|1 ylx) =

respectively.

Cumulative distribution function: The cumulative distribution of a bivariate
random variable (X, Y) is defined by

F(x,y)=P(X <x,Y <y)and



Y, p(t,s) if (X,Y)isa d.rv with j.pm.f.p(X,y)
<X Sy
F(XY)=1 % o
[ | f(t,s)dtdsif (X,Y)isa crv withj.pd.f.f(x,y)

—00 —00
Properties of cumulative distribution function

1. 0<F(x,y)<1

2. F(0,00) =1,F(—00,—) =0

3. Pla<X<bY<d)=F(b,d)—F(ad) and
P(X<bc<Y<d)=F(b,d)—F(b,c)

4, P@a<X<b,c<Y <d)=F(b,d)—F(a,d)—F(b,c) + F(a,c)

Marginal cumulative distribution function: Let (X,Y) be a bivariate random
variable with c.d.f. F(x, y).The marginal cumulative distribution functions of X
and Y are given by F;(x) = F(x,) and F,( y) = F(oo,y) respectively.

Note:

If (X,Y) is a bivariate continuous random variable with c.d.f. F(x, y), then its
j.p.d.f. is given by

0%F(x,y)
fy) = Tay

Example 3: The j.p.d.f. of (X, Y).is given by

f (X y): e_(X+y) for 0<x<o0,0< y <oo
0 otherwise

a. Find marginal p.d.fsof Xand Y.
b. Are X and Y independent?

Solution:

a. The m.p.d.f of X is given by
o0 Q0 [00)
()= ] Foyy=[e X Ydy—e X [eVdy—eX.1=¢X
0 0 0



_ e Xfor x>0
0 otherwise

The m.p.d.f. of Y is given by

fa(y) :Ojo f(x,y)dx= Ofe_(Xer)dx = e_yofe_xdx —e Y 1=¢7Y
0 0 0

_Je7Yfory=0
0 otherwise

b. Since fi(x). L,(y) = e *.e7Y = e~**¥) = f(x,y), X and Y are independent.

Example 4: The j.p.d.f. of (X,Y) is given by

f(X’y):{xe_X(erl) 0<X<0,0<y<a0

0 otherwise

a. Determine the marginal and conditional p.d.fs
b. Are X and Y independent.

Solution: The m.p.d.f of X is given by

° © = © —Xy Y=*
f1(x)= (f) F(xy)dy= (I) e XY gy = yex (j) e Ydy =xe X {e__x} —e %
y=0

= fy(x)=e7% for 0<x <o
The m.p.d.f. of Y is given by

—X(y+) Xy "

1 2 —Xy+)
y+1 +y+1£e d
0

Xe
dx = X

fz(y):ogf(x,y)dx:ogxe

(using integration by parts)



1
(y+1

for 0<y<ow

:>f2(y): )2

The conditional p.d.f of X given Y is given by

f(x’ y) B X. e—x.(y+1)

L0 1
(y + 1)2

fiz(xly) = = x(y + 1)2e~*0+D

= fi(xly) =x(y + 1)2e >0+ for 0 < x < oo
The conditional p.d.f of Y given X is given by

Fry) _ x.er O
i) e

= f2|1(x|Y) =x.e Yfor0<x <o

=x.e %Y

f2|1(x|J’) =

1
(y+1)?

Note that f; (x). f,(y) = e™*. # f(x,y). Hence, X and Y are not

independent .



Example 5: The j.p.d.f of (X, Y) is given by f(x,y) = kx3y for
O0<x<2 0<y<1.

a. Findk
b. Findthe m.p.d.fsof XandY
c. Are X andY independent.

Solution:
2
00

0 0

21 21 2 (1
a. We have ”f(x,y)dxdy:jjkx3ydxdy:ij3(jyddex:ij3%dx
00 0

21
Now ] FOy)xdy=1=2k=1=k :%
" 00

The j.p.d.f of (X,Y) is given by
f(x,y)z%x3y for0<x<2 0<y<l1

The m.p.d.f of X is given by

N

e == Doy 33| 48
0 0

0
= filx) = for0 <x <2

The m.p.d.f. of Y is given by

2 1 24 1 [y 2
L) = f(xy)dx=Zy[x7dx=Zy| = | =2y
5 27} 2Y| 2

= fL(y) =2yfor0 <y <1.



b. Notethat f; (x)f,(y) = x;.Zy = %’ = f(x,¥),V(x,y)

Since fi(x)f,(y) = f(x,y),V(x,y) X and Y are independent.



P1:

The c.d.f. of bivariate discrete random variable (x, y) is given by

1
— f =1l y=1
3 or x=1y
> for x=1,y=2
F(X,y)=18 '
1 oy
7 for x=2,y=1
1 for x=2,y=2
Find a) j.p.m.f. of (x,y) b) m.p.m.f. of x c) m.p.m.f. of y

Solution:

The j.p.m.f. is obtained from the relationship F(X,y)= >"> p(t,s). Thus

t<Xs<y
F(1,1) =< =p(1,1)
5 5 1 1
F(1,2) =p(1,1) +p(1,2) = S = p(1,2) = S—o=2
1 1 1
F21) =p(L1) +p1)=t=p2 1) =1-1=1

F(22)=p1,1D)+p(12)+p21)+p(22)=1=p(22) = i

Thus, the j.p.m.f is given by

for x=1y=1
for x=1y=2

for x=2,y=1

Nl ©OF N Ol

for x=2,y=2



The m.p.m.f of X is given by

p(11)+ p(1,2):§ for x=1

P, (X)= 3
p(2.1)+ p(2,2):§ for x=2

The m.p.m.f of Y is given by

p(1.1)+ p(2,1):% for y=1
pz(Y): 3
p(1.2)+ p(2,2)=z for y=2



P2:

The j.p.m.f. of (X,Y) is given in the following table:

XX 1 2 3 4 Total
1 4 3 2 1 10
36 36 36 36 36
2 1 3 3 2 9
36 36 36 36 36
3 5 1 1 1 3
36 36 36 36 36
4 1 2 1 5 9
36 36 36 36 36
Total E i l i 1
36 36 36 36

Find a) The m.p.m.fs of x and y
b) Conditional p.m.f. of x giveny =1
c) Conditional p.m.f. of y givenx = 2
Solution:

a) The marginal p.m.f of x is given by

p1(x) = Z p(x,y)
y

4
“pi(D)= Y p(Ly) =p(L1) +p(1,2) +p(13) +p(14)
y=1
_ 43,2 .1 _10
36 36 36 36 36
Similarly,

4
9
P@) =) p2y) =5
y=1

4
8
p1(3) = zlp(&y) =3¢ and
y:




b)

4
9
p1(4) = z p(4,y) = 36
y=1

Thus, the m.p.m.f. of x is given in the following table:

X 1 2 3 4
pl(x) 10 9 8 9
36 36 36 36

Similarly, we can obtain the m.p.d.f. of y as given in the following table:

y 1 2 3 4
36 36 36 36

The conditional p.m.f. of x given y = 1 is given by

(1) = 2% for x = 1,2,3,4.

p2(1)

_p@y _
P1|2(1|1) = )

Similarly, we can find

1 5
P1|2(2|1) -1 ,p1|2(3|1) — N and P1|3(4|1) =
Hence, the conditional p.m.f. of x given y = 1 is given in the following table:

glells

1

1
1

X 1 2 3 4
p12(x|1) 4 1 S5 1
11 11 11 11

Similarly, we can obtain the conditional p.m.f. of y given x = 2 as given in the

following table:

y

p2|1(}’|2)

O | =

W =N

W =W

NJENIES




P3:
If X and Y are two random variables having j.p.d.f.

1
fx,y) = 5(6—x—y), 0<x<2 2<y<4

0 , otherwise

Find () P(X < 1nY < 3) (ii) P(X + Y < 3) and (iii) P(X < 1|Y < 3).

Solution:

. 13 113 3

(1)) P(X <1nY <3)=[] f(x,y)dxdy == [[(6—Xx—Yy)dxdy =
00 802 8

i) P(X+Y <3)=1{"1"(6 dxdy = >

(i) P(X+Y < )_g(j) g( —X—y)dx y_z

_P(x<1ny<3)

(ili) P(X <1]Y <3)= P(y<3)

123 5
But P(Y <3)=§(j)£(6—x—y)dxdy=§

Hence P(X <1]Y <3)=8 =3

00| Ulloo| W



P4:
The j.p.d.f. of (X,Y) is given by

F(X,y)= 2,0<x<1,0<y<x
77710, otherwise

a) Find marginal and conditional p.d.fs of x and y.
b) Check for independence of x and y.

Solution:
a) The m.p.d.f. of X is given by
fl(x):Zj)( f (x,y)dy:ZZdy:ZX
= f(x)=2x,0<x<1

The m.p.d.f. of Y is given by

fZ(Y)=if(x,y)dx=i2dx:2(1_y)

= f2(y):2(1—y),0< y<1l

The conditional p.d.f of X given Y is given by

) 2 1
f1|2(x|}’) = a " =

)  20-y) 1-y
The conditional p.d.f of Y given X is given by

, 2
f2|1(J’|x) = AP =

y<x<1

1
=—=—,0<x<1
f1(x) 2xX X x

b) Since fi(x) - L(y) =2x-2(1—y) =4x(1 —y) # f(x,y), X and Y are not
independent.



2.3

Mathematical Expectation

The term expectation is used for the process of averaging when a random variable
is involved. It is the number used to locate the centre of the probability
distribution (p.m.f or p.d.f) of a random variable. A probability distribution is
described by certain satisfied measures which are computed using mathematical
expectation (or expectation)

Let X be a random variable defined on a sample space S. Let g(.) be a function of
X such that g(X) is a random variable. Then the expected value of g(X) is
defined by

> a(x)p(x) if Xisad.rvwith pm.f. p(x)
X

E(g(X))=1 Y T ey
[ g(x) f(x)dx if X isacrvwithpd.f. f(x)

provided these values exist.
Mean and moments:

i. Let g(X) = X.Then, by formula (1), expected value of X is defined by
>xp(x)if X isad.rvwith pm.f. p(x)
X

[xf(x)dx if X isacrvwithpd.f. f(x)
—00

Then E(X) is called the mean of the random variable X and it is denoted by .

ii. Let g(X) = (X — A)" where A is an arbitrary constant and r is a non negative
integer. Then the formula (1) gives
Z(X—A)r p(x) if Xisad.rvwithpm.f. p(x)
' X
E(X-A) =pr =15 r
[ (x=A) f(x)dx if Xisacrvwithpd.f. f(x)

—00



The quantity E(X — A) is called the " moment about 4 and it is denoted by ...
If A = 0, then u, are known as Raw Moments.

iii. Letg(X) = (X — E(X))T = (X — w)".Then the formula (1) gives

Z(X—p)r p(x) if Xisad.rvwithpm.f. p(x)
X

E(X-p) =pr={ o ;
[ (x=p) f(x)dx if Xisacrvwithpd.f. f(x)

—00

The function E(X — p)" is called the r" central moment of X and it is denoted
by

iv. Ifr =2,thenu, = d? = E(X — n)? and it is known as the variance of the
random variable X and it is denoted by V/(X) or 2.

v. Mean (u) and variance (02) are important statistical measures of a
probability distribution.

Example 1: Let X be a d.r.v with the p.m.f. given below:

x _3 6 9
p(x) 1 1 1
6 2 3

Find E(X)and E(X?).
Solution:

E(X)—z 3t EX ot IXe e —s4343 =
=2, %P 6 2 3° 2 7

X
E(XZ)—Z 25 (x) = 9 X = + 36 X = + 81 X = = =
=2, 0P =9%g 2 3”2

X



Example 2: Find the expectation of the number on a die when thrown.

Solution: Let X be the random variable representing the number on a die when
thrown. Then X can take any one of the values 1,2,3,4,5,6 each with equal

probability %. Hence

E(X)—z —1><1+2><1+3><1+4><1+5><1+6><1
=2, Xp) =1xg 6 6 6 6 6

X

=Z(1+2+3+4+5+6) =

[N

6.7
)

7
— ET)()=='§

Example 3: Two unbiased dice are thrown. Find the expected values of the sum
of numbers of points on them.

Solution: Define X is the sum of the numbers obtained on the two dice and
X =2,3,4,...,12 and its probability distributionis given by

X

2 3 4 5 6 7 8 9
p(x)| 1 2 3 4 5 6 5 4 3 2 1
36 | 36 | 36 136 | 36 | 36 | 36 | 36 | 36 | 36 | 36

1 2 3 4 5
l;()() —-:§:JX}9(X) & 2 X:§2§'+ 3 X:§2§'+ 4 X:§;§'+ 5 X:§;§'+ 6 X:§;§'+

T X+ IX 410X+ 11X Z+12 X~
36 36 36 36 36 36

252

1
=§EQ+6+12+ﬂ%Hm+42+M%H%+80+2Z+ﬂ):§g=7

= EX) =7

Example 4: In four tosses of a coin, let X be the number of heads. Find the mean
and variance of X.




Solution: The sample space S consists of 2* = 16 outcomes and the following
table gives the outcomes and the value of X for each outcome is

S.No Out come X

1 TTTT 0

2 TTTH 1

3 TTHT 1

4 TTHH 2

5 THTT 1

6 THTH 2

7 THHT 2

8 THHH 3

9 HTTT 1

10 HTTH 2

11 HTHT 2

12 HTHH 3

13 HHTT 2

14 HHTH 3

15 HHHT 3

16 HHHH 4

1 4 6 4 1
The p.m.f of X is given in the following table:

X 0 1 2 3 4
p(x) 1 4 6 4 1
16 16 16 16 16

E(X)—Z —0><1+1><4+2><6+3><4+4><1
= 2 xpe) =0x% 16 16 16 6

X

_1! 0+4+12+12+4 —32—2
_16( )_16_

= EX) =2

VOO = B =2)* = ) (x = 2)% p(x)




1 4 6 4 1
=0-22x—+(1-2P°x—+2-2)"x—+B-22x—+(4-2)%*x—
( ) 16+( ) 16+( ) 16+( ) 16+( ) T

1 4 6 4 1 1 16
=4><—+1><—+0><—+1x—+4x——1—6(4+4+4+4)=—=1

16 16 16 16 16 16

=VX) =1
Example 5: Find the mean and variance of the random variable X, whose p.d.fis
given by

1

=, O<x<?2

f(x)=42

0, otherwise

Solution:

2
2
E(X) =%x.f (x)dx_l%x.dx_l{x—] =1-0=1
0 20 2

= Mean of the random variable X'is 1.

Variance = E(X — 1)? =

2

2 2 3
12 140 2 L (x-1)T ) 1 o2 1
g)(x 1) .f(x)dx_icj)(x 1) .dx_E 3 L_ixg_é

= Variance of the random variable X is %
Example 6: Find the mean of the random variable X whose p.d.f. is given by

—X
f(x): e, x>0 |
0 , otherwise



Solution:

0 12 X X o0 X _xT®
E(X) =[xf(x)dx==[xe *dx=|—xe + (e "dx=0+|—e =0+1=1
[ (xpx = [ xe X[ xe X e | =]

=FEX)=1
Theorems on Mathematical Expectation:

The following theorems are proved by assuming that the random variables are
continuous. If the random variables are discrete, the proof remains the same
except replacing integration by summation.

Theorem 1: If X is a random variable and a and b are constants then
E(aX + b) = aE(X) + b.

Proof: Let X be a c.r.v with p.d.f. f(x). Then

E(aX +b) =

T (ax+b) f (x).dx:aof X f(x) dx+bojo f(x).dx=aE(X)+b [ Of f (x).dx:lJ

Corollary 1: If b = 0, then E(aX) = aE(X)

Corollary2:If X =1and b = 0,then E(a) = a

Theorem 2: Addition Theorem of mathematical expectation.

If X and Y are random variables, then E(X + Y) = E(X) + E(Y) provided all the
expectations exist.

Proof: Let X and Y be continuous random variables with j.p.d.f.f (x, y) and
m.p.d.fs be f; (x) and f,(y) respectively. Then by definition,

EQX) = | x fy(x)dx and E(Y) = [ y.f(y)dy

—00 —00

Now, E(X +Y) = T of(x+ y) f(x,y).dx.dy

—00 —00



o0 o0

=[] xf(x,y)dxdy+ojo Ojoyf(X,Y)dXdy

—00 —00 —00 —00

7 xﬁ f(x,y)dy}dx+ i y[of f(X,y) dX}dy

—00 —00 —00 —00

:_T X fl(x)dx+_of y fp(y)dy=E(X)+E(Y)

“EX+Y)=EX)+E®)

Generalization: If X, X,, X5 ... X,, are random variables, then
EX{+X,+X3+-+X,) =EX,) + EX;) + E(X3) ... + E(X,,) provided all
the expectations exist.

Theorem 3: Multiplication Theorem of mathematical Expectations
If X and Y are independent random variables, then E(XY) = E(X) E(Y).
Proof: Let X and Y be continuous random variables with j.p.d.f.f (x, y) and

m.p.d.fs be f; (x) and f,(y) respectively. Then by definition,

E(X) = | xfi(x)dx.and E(Y) = [ y f,(y)dy

Now, E(X.Y) = | <[ (xy) F(x,y)dxdy

~ T T (x,y) fr(X) fo(y) dxdy (- X and Y are independent)

—00 —00

:@x fl(x)de(zy fz(y)dy]= E(X)E(Y)

Generalization: If X4, X5, X5 ... X;, are independent random variables, then
E(X1X,X3...X,) = E(X1)E(X2)E(X3) ... E(X},) .



Theorem 4: Mathematical expectation of a linear combination of random
variables.

Let X4, X5, X3 ... X,, be any n random variables and a4 ,a,, a3, ....a,, be anyn
constants. Then

E(a1X1 + a,X, + a3X3 + -+ a,X,) = a1E(X{) + a,E(X;) + azE(X3) + -+ a,E(X;,)
provided all the expectations exist.
The proof follows using Theorem 1 and generalization of Theorem 2.
Theorem 5: V(X) = E(X2) — (E(X))"
Proof: V(X) = E[X — E(X)]?
—F [XZ — 2XE(X) + (E(X))Z]
= E(X?) - 2E(X EQ0) + E(E(X))°
= E(X*) —2E(X)E(X) + (E(X))2 ~E(X) isa constantand E(E(X)) = E(X)
= V(X) = EX?) - 2(EC))° +(EX))
= V() = EX?) - (EX))
Note: The formula is simple to use instead of E(X — E(X))Z.

Theorem 6: If X is a random variable, and a and b are constants, then
V(ax + b) = a> V(X).

Proof:LletY = aX + b. ThenE(Y) = E(aX + b) = aE(X) + b and
Y — E(Y) = a(X — E(X))
S E(Y-E®))" = a?E(X - E(X))’

= V(Y) = a’V(X) = V(aX + b) = a?V(X)



Corollary 1: If a = 0, then V(b) = 0 i. e., variance of a constant is zero.
Corollary 2: If b = 0, then V(aX) = a?V(X)

Covariance: If X and Y are two random variables, then the covariance between
them is defined by

Cov(X,Y) = E[(X — E(X))(Y — E(Y))]

= E[XY — XE(Y) — YE(X) + E(X)E(Y)]
=E(XY)—-E ((XE(Y)) — E(YE(X)) +E(E(X)E(Y))
= E(XY) — E(X)E(Y) — E(Y)E(X) + E(X)E(Y)

= E(XY) — E(X)E(Y)

Note:

1. If X andY are independent, then Cov(X,Y) =0
2. Cov(aX,bY) = abCov(X,Y) where a and b are constants.
3. Cov(X +a,Y +b) =Cov(X,Y).

Theorem 7: Variance of a linear combination of random variables.

Let X4, X5, X3, ..., X,, be any n random variables and a4, a,,as, ...,a, are n
constants, then

v (z": aiXi> = z": a’V(X;) + 2 z": z": a;a;Cov(X; X;)

i=1 i=1 i=1 j=1

Proof:

n n n
Let U :_zlaixi , then E (U) =_zlaiE(xi)and U—EU) =_zlai (X-E(Xj))



= (U-EW)" =

élai (Xi-E(x}))" +2§1J§1 a2 (Xi ~E(Xi)( X -E(Xj)
i<j

= E(U-EW)" =

Zale(X -E(X )) +2§JZ_:1 8ja [(Xi_E(Xi))(XJ'_E(XJ'))}

:v(ga-x-] V(U)= zazv( )+2zz
=N = i=1j=1
i<j

aiaj COV(Xi ,Xj)

Note:

1. If X4, X,, X3, ..., X,, are independent, thenV[ZaI J Za,ZV( i)
| a4 =1

2. fa; =a,=1and a3z =--.=a,, = 0, then
V(Xl + Xz) = V(Xl) + V(Xz) + ZCOU(Xl,Xz)

3. fa; =1,a, =—1andaz =--.=a, =0, then
V(X1 — X2) =V(X1) + V(Xz) — 2Cov(X4,X3)
4. If X1 and X, are independent, then V(X + X,) = V(X;) + V(X3,)

Example 7: The j.p.d.f. of X and Y is given by

2—-Xx-Yy ,0<x<10<y<l
f(x,y)= _
(x.Y) {O , otherwise

Find

i m.p.d.fsof XandY
ii. c.p.dfsof XandY
iii. VX)andV(Y)



iv. Covariance between X andY

Solutions:

i i ; 2T 1 3
L ROO=F(xy)dy =](2-x=y)dy = 2y =Xy =5 | =2-X—5=5—X
0 0 0

2
0 . otherwise

3
——x ,0<xx<1
fl(X):{

3
Similarly fz(y):{ﬁ_y O<y<1

0 . otherwise

i fipGdy) =T =5 0<xy <1

L 2
_fxy) _ 2-x-y
and fon O1) = 550 = 50 <&y <1
1 (3 5
ii.  E(X) =(£xf1(x)dx:(j)x(§—dex:E and

t 1,03 1
E(X?) = [x2£ (x)dXx=[X?| = —x |dx ==
(X°) gxl(x)xgx(zxjx4
Thus V(X) =E(X?) — (E(X)) =2 -2 =1L

4 144 144

Similarly V(Y) = %

11 1
iv. EXY)=[[xyf(x,y)dxdy=] W(Z—x—y)dxdy:% (verify!)
00 0

o—

1 5 5 1
“ Cov(X,Y) = EXY) —EX)E(Y) = 2~ 505 = 7=



P1:

Let X be ad.r.v. with p.m.f given by

% . Xx=0
p(¥)=13
=, X=2
3 )
Find the mean and variance of X.
Solution:
1 2
Here p(0) = 3 andp(2) = 3
Then
E(X)—z COxitp2xoot

X

and

1 2 8
E(X?) = 2 =02 x=4+22x—=—
(X4) Exp(x) ><3 ><3 3

X

8 16 8
SV =EX) = (EX) =5- 5 =5

. 4 . . 8
Thus, mean is equal to 3 and variance is equal to 5



P2:

Find the mean and variance of the random variable, whose p.d.f. is given by

—AX
f (X) _ A€ , X > 0 -
0 .otherwise

Solution:

E(X)= Of x f (x)dx:o(jjx f (x)dx:kogxe_xxdx:k“¢J +%Te_7‘xdx}
0

—x\”
_alo-|® Py
J{o < H_x[kzj_k
and E(X?)= T %2 F (x)dx = [ X2 F (x)dx =2 | x2eMXdx
o 0 0

x2 g—X > o0 y g=AX 2% 2 1 2
=\ ' +2[ = dx :}{O+—jx.e_ de}?{—.—z}:—z
Aoy 0 A A0 Al o

Ths V(D) = B0~ (B 5 -5 =




P3:

A student doing a summer internship in a company was asked to model the life
term of certain equipment that the company makes. After a series of tests, the
student proposed that the life time of the equipment can be modeled by a
random variable X that has p.d.f.

X
10
Xe
f(x)= 100 x>0
0 . otherwise

a. Show that f(x) is a valid p.d.f.
b. What is the probability that the lifetime of the equipment exceeds 20?

c. Find the mean?

Solution:
. Consid f (x)dx=—= 10d
a. Consider (j) (x)dx 100(j)xe X
1 X7 w =X
—_= ]| 10 10
100 [ 10xe ] +10£e dx
0
X o0
_ 1o 10 -1 100=
=100 0 100[e } _100><100_1
0

Thus, f(x) isa valid p.d.f.

X

. X, X
b, P(X >20) = [ f(x)dx=-—-1|-10xe 10| +10]e 100x
20 100 20
20



1
~100

C. Mean=

1
~100

=0+

2002 — {100e 10
20
1 o0

E(X)= [ X T (x)x =15
0
X7 _X
20 7
10 10
10x%e } 00jxe dx
0

20 =20

X
2% 107x



P4:

A box contains a white and b black balls. ¢ balls are drawn at random. Find the
expected value of the number of white balls drawn.

Solution:

Let a variable X; associated with i* drawn, be defined as follows:

. _ |1 if the ™ ball drawniswhite
0.if the it ball drawnisblack

Then the number of S of white balls among ¢ balls drawn is given by

Cc

— E(S)= z E(X)

But P(X; = 1) = P( of drawinga white ball ) = —

a
a+b

and P(X; = 0) = P( of drawing a black ball ) = L

a+b

~EX)=1PX;=1)+0.PX:=0)=PX;=1) = ﬁ and hence

+

Cc

: a ac
E(S)=;E(Xi)=2a+b=a+b'

=1




2.6

Functions of Random Variables

The previous modules discussed basic properties of events defined in a given
sample space and the random variables used to represent those events. The
fundamental assumption that was made in those modules is that events can
always be defined by random variables. However, in many applications, the
events are functions of other events. For example, the time until a complex
system fails is a function of the time to failure of the individual components that
make up the system. This means that the random variable used to represent the
time to failure of the complex system is a function of the random variables used
to represent the times to failure of the component parts of the system. This
module deals with functions of random variables. Because of the complexity
involved in computing the c.d.fs and p.d.fs of multiple random variables, the
discussion is restricted to functions of at most two random variables.

Functions of One Random Variable: Let X be a r.v. with p.d.f. (or p.m.f.) fx (x)
and c.d.f. Fy(x). Let Y be the new random variable that is a function of X. That is,

Y =g(X)
Then we are interested in computing p.d.f (or p.m.f.) fy (y) and c.d.f. Fy(y) of Y.
For example, letY = X + 5. Then
Fr(y) =P <y)=P[X+5<y]l=PlX<y—-5]=F(y—5)

Linear Functions: Consider the function g(X) = aX + b, where a and b are
constants. The c.d.f of Y is given by

Fy(y)=P{Y <y}=PlaX +b < y]

- <22 -5 ()

a

where a is positive .The p.d.f. of Y is given by



FrO) = (B ) = = (e (52)) = (= (@) (&)

—b du 1
whereu =2= and = ==, Thus,
a dy a

=) =)k E)

If a < 0, we have,

FFy)=PY <y)=P@X+b<y)=P@X<y-D>)
=p(x2)=1-{plx<22|-P|x =22]} (va<0)

The change in sign on the second line arises from the fact that a is negative. If X is

]

continuous, P [ = = 0. Thus, the c.d.f and p.d.f for the case of negative a

are given by

Ro)=1-Plx<2

—b
=15 ()

Therefore, fy(y) = diy(FY()’)) == (2) fx (%)

Therefore, the general p.d.f. of Y is given by

fry) = |a|fX (y b)

Example 1: Find the p.d.f of Y in terms of the p.d.fof X ifY = 2X + 7.

Solution: From the results obtained above,
—7
Fy(y) = Fx (yT)

and  fy(y) = G) fx (312;7)



Power Functions: Consider the quadratic function Y = X?2. The plot of Y against X
is shown in the following figure where we see that for one value of Y there are

two values of X, namely VY and =Y.

y

Thus, the c.d.f of Y is given by
Fy(y) = P[Y <y] = P[X* <]
=P[IX| <.\[y], y>0
= P~ <X <]
= Fx(\y) = Fx (=)

The p.d.f of Y is given by

fr ) = L = L[ ((Y) = Fe(=yY)]

letu =,y = yz Thus — —y 2 and

fry) = % [Fx (\J¥) = Fx (=)
= = (F) 5+ 5 (R (-w)



- %y_% = (Fe ) + = (Fe (—w))]

= L2 () + f ()]

_ fx Wy)+fx (—Vy)
2.y

If fy (x) is an even function, then fy(x) = fy(—x) and Fxy(—x) = 1 — Fy(x).
Thus, we have

,y >0

£ () = OV D) _ 256D _ fx6)
Y 2y 24y N

Example2: Find the p.d.f of the random variable Y = X?, where X is the
standard normal random variable.

x2
Solution: Since the p.d.f. of X is given by fy(x) = \/%_n e 2 ,whichisaneven

function, we know that
Fr ) = Fx(\/y) = Fx(=/¥)
= 25 (y) - 1

Therefore, if we let u = ﬁ, then

CdFyQ) L dFy@) 1
fry) = o = 2— — v

=fo(\/§)

vy

1 Y
—me 2, y>0




Sum of Two Independent Random variables

Consider two independent continuous random variables X and Y. We are
interested in computing the c.d.f and p.d.f of their sum g(X,Y) =S =X 4+ Y. The
random variable S can be used to model the reliability of systems with stand-by
connections, as shown in fig.1 In such systems, the component A whose time-to-
failure is represented by the random variable X is the primary component, and
the component B whose time-to-failure is represented by the random variable Y
is the backup component that is brought into operation when the primary
component fails. Thus, S represents the time until the system fails, which is the
sum of the lifetimes of both components.

Iinput @ A #® Output

N

fig.1

Their c.d.f. can be obtained as follows:

F (s)=P[S<s]=P[X +Y SS]:y f, (X, y)dxdy

where D isthe set D = {(x,y)|x + y < s}, which is the area to the left of the line
s = x + y as shownin fig. 2.

Thus,
Fo(s)=[" %) £ (xy)dxdy =7 [7)f, (x) £, () dxdy
= (715 £ (0 et (v)ay

=" F(s—y)f,(y)dy



The p.d.f. of S is obtained by differentiating the c.d.f., as follows:

fo(5) = Fs ()= [ P (=9) B ()

=7 F (s (v)dy
= [t (s=y) £, (y)dy

where we have assumed that we can interchange differentiation and integration.
The expression on the right-hand side is a well-known result in signal analysis

D={(xy)|x+y<s}

fig.?2

called the convolution integral. Thus, we find that the p.d.f of the sum S of two
independent random variables X and Y is the convolution of the p.d.fs of the two
random variables; that is,

fs(S) = fx (S)fY(S)



Example 3: Find the p.d.f. of the sum of X and Y if the two random variables are
independent random variables with the common p.d.f.

1

fxw =fyw=1{g 0<u<4
0 otherwise

Solution: The limits of integration of the p.d.f of S = X + Y can be computed with
the aid of fig.3 When 0 < s < 4 (see fig.3 (a) where fy (s — x) is shown in
dashed lines),

s1 s
fo(s)=[. —dy=—
s(8)=Jo1s Y =15

For4 < s < 8 (see fig.3 (b)), we obtain

Thus,
S
— ,0s<4
16
s(6)=922 4<s<s8
16
0 , otherwise
ﬁ\-(.t') fr(s = x) £ () fr(s — %)
i ' :
I
: | | i
J § I I
[
| l | |
! i | |
| : 0 sS4 4 s
0 : 4
fig 3(a) fig 3(b)

Fig.3: Convolutionof p.d.fs(a) 0<s<4and(b) 4<s<8



The p.d.f of S = X + Y is illustrated in the following figure.

fs(s)

0 4 8

Example 4: The time X between consecutive snowstorms in winter is a random
variable with the p.d.f.

_ (AeAx x>0
fx() = {0 . otherwise

Assume it has not snowed up until now. What is the p.d.f. of the time U until
the second snowstorm?

Solution: Let X be the random variable that denotes the time until the first
snowstorm from the reference time, and let Y be the random variable that
denotes the time between the first snowstorm and the second snowstorm. If we
assume that the times between snowstorms are independent, then X and Y are
independent and identically distributed random variables. That is, the p.d.f of Y is
given by

_ Ae™ y=0
fr) = {O , otherwise

Thus, U = X + Y, and the p.d.f. of U is given by

fo ) = fo FeCOfy (u— x)dx



Since fy(x) = 0whenx <0, fy(u —x) = 0whenu —x < 0 (orx > u). Thus,
the range of interest in the integration is 0 < x < u, and we obtain

£, (u)=[; f, (x) f, (u=x)dx
= jg Ae e MU gy = A2 [ dx
0
=A2ue™ u>0
This is the Erlang — 2 distribution.

Note: A random variable X is said to follow Erlang-k distribution if its p.d.f. is
given by

k=1 ,—2x

fx) = k-1’ k=12,.;1>0,x=>0
0 . x<0

Sum of Two Discrete Random Variables

The examples above deal with continuous random variables.
Let Z =X + Y, where X and Y are discrete random variables. Then the p.m.f of Z
is given by

pZ(z)zP[Zzz]=P[X+Y=Z]=ZP[X:k,Y=2—k]
k<z

= pry[k;z — k]
k<2

If X and Y are independent random variables, then the p.m.f. of Z is the
convolution of the p.m.f of X and the p.m.f of Y. That is,

Py@ = pry(kz =1 = ) py(py (2= 1)
k<z k<z



Sum of Two Independent Binomial Random Variables

Let X and Y be two independent binomial random variables with parameters
(n,p) and (m, p), respectively and their sum be Z; thatis, Z = X 4+ Y. Then the
p.m.f of Z is given by

pz(z)=P[X +Y =2]

[X—kY:z—k]:Zn:P[X:k]P[Yzz—k]

U [sz )
¥t >“*”’10(EJKZTJ

n
Using the combinatorial identity (n+mj: > (n]( m j, we obtain
z k=o\k )\ z—k

I M: I M:

P2 (2)= (” : m) 0% (1-p)" ™

This result shows that the sum of two independent binomial random variables
with parameters (n,p) and (m, p) is a binomial random variable with parameter
(n+m,p).

Minimum of Two Independent Random Variables

Consider two independent continuous random variables X and Y. We are
interested in a random variable U that is the minimum of X and Y; that is,

U = min(X,Y). The random variable U can be used to represent the reliability of
systems with series connections, as shown in fig.4 .Such systems are operational
as long as all components are operational. The first component to fail causes the
system to fail. Thus, if in the example shown in fig. 4, the times-to-failure are



represented by the random variables X and Y, then S represents the time until
the system fails, which is the minimum of the lifetimes of the two components.

The c.d.f. of U can be obtained as follows:
Fy(u) =P[U <u] =P[minX,Y) <u]=P[X<u,X<Y)u({l <uX>Y)]

Since P[A U B] = P[A] + P[B] — P[A n B], we have that F; (u) = Fy(u) +
Fy(u) — Fyy (u,u). Also, since X and Y are independent, we obtain the c.d.f. and
p.d.f. of U as follows:

Fy(uw) = Fy(u) + Fy(u) — Fyy (w,u) = Fxy(u) + Fy(w) — Fxy (WFy (w)
fow) =< Fy(w) = fr@) + fr (W) — fyy )Fy (w) — F (w) fyy ()
= fr {1 = Fr (W} + fr {1 — Fr(w)}

Input @ A B # Output

fig.4
fig.4: Series connection modeled by random variable U

Example 5: Assume that U = min(X,Y), where X and Y are independent
random variables with the respective p.d.fs

fx(x) =2 x>0

fr(y) =pe™™ y=0
where A > 0 and u > 0. What is the p.d.f. of U?

Solution: We first obtain the c.d.fs of X and Y, which are as follows:

X
Fx(x)=P[X <x]= j leWdw =1 — e
0

y
F)=P[Y <y]= f pe ™ ™Wdw=1—e W
0



Thus, the p.d.f of U is given by
fu@) = frW{1 - Fy (W} + fy {1l - Fx(w}
= le Me M 4 yeHu oMU

= A+ e AW 4 >0
This is exponential distribution with mean Tin
U

Maximum of Two Independent Random Variables

Consider two independent continuous random variables X and Y. We are
interested in the c.d.f. and p.d.f. of the random variable W that is the maximum
of the two random variables; that is, W = max(X,Y). The random variable W can
be used to represent the reliability of systems with parallel connections, as shown
in

Input @—— £ Output

fig.5
fig.5: Parallel connection modeled by the random variable W

In such systems, we are interested in passing a signal between the two endpoints
through either the component labeled A or the component labeled B. Thus, as
long as one or both components are operational, the system is operational. This
implies that the system is declared to have failed when both paths become
unavailable. That is, the reliability of the system depends on the reliability of the
last component to fail.



The c.d.f of W can be obtained by noting that if the greater of the two random
variables is less than or equal to w, then the smaller random variable must also
be less than or equal to w. Thus,

Fy(w) =P[W <w] =Pmax(X,Y) <w]=P[X<w)n (Y <w)]
= Fyy(w,w)

Since X and Y are independent, we obtain the c.d.f and p.d.f of W as follows:
FW(W) = ny(W, W) = Fx(W)Fy(W)

fiw W) = =Fyyw) = fW)Fy(w) + Fy(w)f, (w)

Example 6: Assume that W = max(X,Y), where X and Y are independent
random variables with the respective p.d.fs:

fx(x) =2 x>0

fr(y) =pe™ y=>0
where A > 0 and u > 0. What is the pdf of W.

Solution: We first obtain the c.d.fs of X and Y, which are as follows:

X
Fy(x) =P[X <x] = f e Mdz=1—e
0

y
F0) = PIY <yl = [ petdz=1-e
0

Thus, the p.d.f of W is given by
fwW) = fy(W)Fy(w) + Fy (W) fy (w)
=le™™ (1 —e ™)+ pue ™ (1—-e)
= e ™™ + pe™™ — (A + pwe AV >0

1 1

1
Note that the mean of W is— + )
A u A+u



Two Functions of Two Random Variables

Let X and Y be two random variables with a given joint p.d.f fyy (x, y). Assume
that U and W are two functions of X and Y; thatis, U = g(X,Y) and

W = h(X,Y). Sometimes it is necessary to obtain the joint p.d.f of U and W/,
fuw (u, w), in terms of the p.d.fs of X and Y.

It can be shown that fy; (1, w) is given by

_ fxy (e1y1) |, fxy (x2,y2) Fxy Gen,yn)
fow (w,w) = UGyl Gyl J Genyn)l

where (x1,v1), (x2,V2), ..., (x,,, y,,) are real solutions of the equations
u=g(x,y)andw = h(x,y); and J(x, y) is called the Jacobian of the
transformation {u = g(x,y),w = h(x,y)} and defined by

dg dg

_|ox ay| o0g oh ag on

G y) = oh 0h ~Ox 0y 9y ox
dx dy

Example7:LetU = g(X,Y)=X+Yand W = h(X,Y) = X — Y. Find
fuow(uw).
Solution: The unique solution to the equationsu = x + yandw =x —y is

u+w u—w . . .
X =— and y = — Thus, there is only one set of solutions. Since

Ju Jdu
ox ay| 1 o1
JCoy) = ow ow _|1 —1|__2
dx Ody
we obtain
_frxy) 1 u+w u—wy 1 u+w u—w
fow ) = e = o () =g he ()



Application of the Transformation Method

Assume that U = g(X,Y), and we are required to find the p.d.f. of U. We can use
the above transformation method by defining an auxiliary function W = X or

W =Y so we can obtain the joint p.d.f. fyy (u, w) of U and W. Then we obtain
the required marginal p.d.f. f;; (u) as follows:

fuw) = j_ fuw (w, w)dw

Example 8: Find the p.d.f. of the random variable U = X + Y, where the joint
p.d.f.of Xand Y, fxy(x,y), is given.

Solution: We define the auxiliary random variable W = X. Then the unique
solution to the two equationsisx = wand y = u — w, and the Jacobian of the
transformation is

ou ou
_ox ay|_j1 o1y _
]("’”‘aw ow| 11 ol
dx Jy

-1

Since there is only one solution to the equations, we have that

_fxr (w,u—w)

fow (@, w) = —1] = fxr(w,u —w)

fu(w) =f fUW(u'W)szf fxy(w,u —w)dw

This reduces to the convolution integral. We obtained earlier when X and Y are
independent.



Example 9: Find the p.d.f. of the random variable U = X — Y, where the joint
p.d.f. of X andY is given.

Solution: We define the auxiliary random variable W = X. Then the unique
solution to the two equationsis x = wand y = w — u, and the Jacobian of the
transformation is

ou ou
_ox ay|_ 1 -1y _
JCoy) = ow ow _|1 0|_1
dx Ody

Since there is only one solution to the equations, we have that

fuw W, w) = fyy(w,w —u)
fu (W) =j fuw(u;W)szf fxy (w,w —u)dw

Example 10: The joint p.d.f of two random variables X and Y is given by
fxy(x,y). If we define the random variable U = XY, determine the p.d.f of U.

Solution: We define the auxiliary random variable W = X. Then the unique

u

solution to the two equationsisx = wandy = % =—, and the Jacobian of the

transformation is

ou ou
dx dy
ow Jdw
dx Ody

SR

Jx,y) =

Since there is only one solution to the equations, we have that

_fy(ey) 1 u
=T = it (vg)

1 u

fuw) = f_oo fuw (u, w)dw = f_‘” — fxy (W,—) dw

lwl w

fow (w,w)



P1:
Obtain the p.d.f.of Z = X + Y, where X and Y are two independent random
variables with the following p.d.fs:

1
fx(x)={m asxsh
0 ; otherwise
1
fy(y):{m ; c<y<d;d—c<b—a
0 ; otherwise

Solution:
The two p.d.fs are shown in the fig. 1. To evaluate the limits of integration of
the p.d.f. of Z, we consider the following regions represented by the diagram
shown in fig. 2.
Whenz <a+c, f;(z) =0.Whena+ c < z < a + d (see figure 2(i), we
obtain)

1 Z_Cd Z—C—a
f:0) = G = ay@- c)L RCEICEr

When a + d < z < b + c (see fig. 2(ii)), we obtain)

zZ—C 1
f2(2) =

dy =
When b + ¢ < z < b + d (see fig. 2(ii)), we obtain

b-a)(d—0) ), _, b—a

b+d-—z

(2) = —— jbd _
Aoy Teis B At C TS

fx(x) fr®

a b c d
Figure 1: p.d.fsof X and Y



f X (x) f X (x) f X (x)

Sfy(z—x) fy(z=x) fy(z=x)
] I I
i ! I
| | |
I | |
D . " ] 3 o] !
oy ' SATRA ' 5449 '
. . i |
35 o iz e £ = %
-daz—c 2 b Y a z—d z—c bz a z—d pz-c:

(i) (ii) (iii)
Figure 2: Convolution of the p.d.fs for different values z
Finally, when z > b + d, f;(z) = 0, thus, the p.d.f of Z is given by

( 0 , z<a+c
Z—a—c
b-Dd—0 ' a+c<z<a+d
1
fZ(Z)=<b_a : a+d<z<b+c
brd-z b+c<z<b+d
c <z
(b—a)ld—-—c) ' -
\ 0 , z>b+d

The p.d.fis graphically illustrated in the following figure which is a trapezoid.

Note that when b — a = d — ¢, the p.d.f reduces to an isosceles triangle
b+d .
centered at z = % In the special case when a = cand b = d, the

isosceles triangle is centered at z = a + b.
f.\' (x)

(2}



P2:
Find the p.d.f of U, which is the sum of X and Y that are independent
random variables with the following p.d.fs:

fx(x) = 2e7** , x>0

fr)=2ye™ |, y=0
Solution:
Since X and Y are independent random variables and the p.d.f of U is given by

fo ) = fo fe COfy (u—x) dx

u
= f le ™ 22 (u — x)e A u=x)gx
0
u
= A3~ M f(u — x)dx
0

_ x214 B 2
=A3e Au [ux_?] =/13€ Au [uz __]
0

_ /13u26—lu
2

/13uZe—lu
- 2
This is known as Erlang — 3 distribution.

u=0




2.6. Functions of Random Variables:

Exercise

1) The p.m.f. of X is given by

X -2 -1 1 2
8 8 8 8

Find the probability distribution of Y = 4X + 3.

2) Ar.v. X is exponentially distributed with parameter1. Find the p.d.f. of y = Vx

3) Let X be a c.r.v with p.d.f.

X
o) = {E , 1<x<5
0 , otherwise
find the p.d.f.ofy = 2X + 4
4) If the c.r.v X has the p.d.f.
2
“(x+1), —-1<x<?2
fx) = {9
, otherwise

find the p.d.f. of y = X?

5) Findthe p.d. f of W = X + Y where X and Y are independent r.v s with the
following p.d.fs:

fr(x)=1e™,x>0
and fyr(y) =ue ™™, y >0, where 1 # pu.

6) The j.p.d.f of two random variables X and Y is given by fyy (xy). Find the p.d.f

ofV=£
14



N

w

N

(92

(0]

ANSWERS

Y -5 -1 7 11
1267 1 3 3 1
8 8 8 8
_ {2y e’ y=0
SO {0 ) otherwise
y—4
.f(y)={ﬁ' 6<y<14
0, otherwise
2
ﬁ ,0 < y < 1
— 1 +1
O {a(%) 1<y<4
kO , otherwise
A (7w — g=aw) >
e e w=>0
fuw) = {H e
0, otherwise

fr @) =17 Iwl fry (ow, w)dw




2.7

Correlation coefficient and Bivariate Normal Distribution

Meaning of correlation:

In a bivariate distribution we may be interested to find out if there is any correlation
or covariance between the two variables under study. If the change in one variable
affects a change in the other variable, the variables are said to be correlated. If the
two variables deviate in the same direction, i. e., if the increase (or decrease) in one
results in a corresponding increase (or decrease) in the other, correlation is said to
be positive. But, if they constantly deviate in the opposite directions, i. e., if increase
(or decrease) in one results in corresponding decrease (or increase) in the other,
correlation is said to be negative. For example, the correlation between (i) the
heights and weights of a group of persons, and (ii) the income and expenditure; is
positive and the correlation between (i) price and demand of a commodity and (ii)
the volume and pressure of a perfect gas; is negative. Correlation is said to be perfect
if the deviation in one variable is followed by a corresponding and proportional
deviation in the other.

Karl Pearson’s Coefficient of Correlation:

As a measure of intensity or degree of linear relationship between two variables, Karl
Pearson, a British Biometrician developed a formula called correlation coefficient.
Correlation coefficient between two variables X and Y, usually denoted by p(X,Y)
or Pxy, is a numerical measure of linear relationship between them and is defined by

oxy _ cov(X)Y)

pPXY) = oxoy VX)) JV(Y)

where ayy = cov (X,Y) = E[(X —EX)) (Y —E®))].

o = V() = E[(x = EQO)| and 0y = V(¥) = E[(¥ = EO)]’



Note:

1. p(X,Y) provides a measure of linear relationship between X and Y. For non —
linear relationship, however, it is not suitable.

2. Karl Pearson’s correlation coefficient is also called product — moment correlation
coefficient.

Properties:

1. -1 < p(X,Y) < 1.If p = —1, the correlation is perfect and negative. If p = 1,
the correlation is perfect and positive.
2. Correlation coefficient is independent of change of origin and scale. That is, if

U=""andV ==, then p(U,V) = p(X,Y)
Theorem: Two independent variables are uncorrelated.
Proof:
Consider ayy = cov (X,Y) = E[(X —EX))(Y — E(X))]
= oy =EX,Y)-EX).ECY) .. (1)
If X and Y are independent, then
EXY)=EX).ECYY . (2)
From (1) and (2), if X and Y are independent, then p(X,Y) =0

The converse need not be true. That is, uncorrelated variables need not be
independent.

Example 1:Let X~N(0,1) and Y = X2. Then E(X) = E(X3) = 0.
Solution: Consider cov (X,Y) = E(XY) —E(X).E(Y) = E(X3®) — E(X).E(X?)
=0-0=0

= cov (X,Y) = 0 but X and Y are related by Y = X?2.



Thus, uncorrelated variables need not be independent.
Note: The converse is true if the joint distribution of (X, Y) is bivariate normal.

Example 2: The j.p.m.f of (X,Y) is given below:

X -1 1

Y
0 1 3
8 8
2 2
1 8 8

Find the correlation coefficient between X and Y

Solution : Computation of marginal p.m.fs
X
Y -1 1 g)

0 1 3 4
8 8
4
2 2 il
1 8 8 8
p(x) 3 5 1

8 8

We have

3 5 3 5 2 1
E(X)—ZXP(X)—(—1)X§+1X§——§+§—§—Z,
E(X) = $x?P(x) = (-1)? S+ 12 x 2=+ 2 = 1, then

v = Exd) - (o) =1- () =1-L =

4



Similarly, E(Y) =Yy g(y) =0x§+1x§—8

E(Y?) =Y y24(y) =02x§+ 12x§=§=§and

2 2
V) = B0 - (50) =3- (1) =3- 1=t
Further,E(XY)=0><(—1)x%+0x1x§+1x(—1)x§+1x1x§=0

Thus, cov (X,Y) = E(XY) — E(X)E(Y)

covXY) _ s — 1 — _02582

...p(X,Y)=—\/%W— 1_5><§_ N

Example 3: Two random variables X and Y have the joint probability density

function

_(2-x—y , 0<x<1,0<y<1
fxy) = { 0 otherwise

)

Find correlation coefficient between X and Y.

Solution: By symmetry in x and y we have f;(x) = f,(y), E(X) = E(Y) and
VX)=V()

The m.p.d.f X is given by

1 1 3
fl(X)=j0f(x,y)dy=j0(2—x—y)dy=§—x

if 0<x<1

3
Thus, fi(x) = {5 —x
0 , otherwise



Consider.

E(X)=lefl(x)dxzfolx(;_x>dxzjol(;x_x2>dx=%

s oo [ ()

Further,

E(XY) =L1J:xyf(x,y)dxdy =L1J:xy 2—-—x—y)dxdy

1 1 1 xz x3 xz 1
0 0 0 2 3 2
0
1

! 1y 2y
—fo y(1‘§‘§)dy—L y(§‘z)dy

_jlz o[ 11
L3 2)Y T3 6| T3 6

1
6

1
“EQXY) =2

2 52 25  36-25
Thus, V(X) = E(X?) — (E(X)) Z%_(ﬁ) Z%‘mz i44 Z%

and cov (X,Y) = E(XY) - EQE(Y) =2 — (= )2 _1_2 _24-25 1

12 6 144 144 144
-~ The correlation coefficient is given by

1 1
cov(X)Y) _ Taz Taz 1



Bivariate Normal Distribution:

The bivaraite normal distribution is a generalization of a normal distribution for a
single value.

Let X and Y be two normally correlated variables with correlation coefficient p. Let
EX) =, VX)=0f ,E(Y) =pyand V(¥) = 03,

Definition: The bivariate continuous random variable (X,Y) is said to follow
bivariate normal distribution with parameters u,, i, 62,0 and p if its p.d.f. is given
by

— _ 1 (x-m)* (x—u)(y—u2) | -u2)A].
f(x y) 210102 1—p? exp[ 2(1—,02){ a? Zp 0,07 T o2 }]'

—00 < X, Y, Ui, Uy <00, 04 >0,0, >0and -1 < p < 1.

Notation: (X, Y)~BN (uy, 4y, 02,0%, p). Read as (X, Y) follows bivariate normal
distribution with parameters u,, u,0f, 5% and p.

Note: The curve z = f(x,y) which is the equation of a surface in three dimensions is
called the Normal correlation surface.

Marginal p.d.fs of X and Y: The m.p.d.f of X is given by

fi(x) = f £ y)dy

Y H2

Letv = ,theny = u, + o,vand dy = g,dv

Therefore,

_ 02 o _ 1 x—pp\ 2 _ X—Hq 2
fl(x) " 2mo102/1-p2 f_oo exP[ 2(1-p?) {( o1 ) 2p U( o1 )+ v }] dv

e[| e | - 0 ()

[v p(x “1)] =t.Thendv = /1 — p? dt

Let
V1-p2



s filx) = [——(x ”1)] I exp (—f) dt
p[—— M) ]\/ﬁ

chrl

N2
= fi(x) =61$ﬁexp [—%(xd—fl) ]for—oo<x<oo

Similarly, it can be shown that

fz(Y)_Gre p[ yul)]for—OO<x<oo

Hence X~N(uy,0%) and Y~N (u,, 02).

Note: If (X,Y)~BN(uy, iy, 62,02, p ), then X~N(uy,0f) and Y~N (uy, 07)
Conditional p.d.fsof X and Y

The conditional probability density function (c.p.d.f.) of X for given Y is given by

f(x,y)
()

(
= p[zu pZ){(x #1) 20 () (59 + (5 uz) (1- (1_p2))}]

__ e S POV S N SO _ ot 200 _ )2
W ew exp[z(l_pz)af{(x H) ZpUZ(x 1)y .Uz)+0_22,0()’ 1) }]

f1|2( x|y ) =

1 -1 _ o 2
PN wd [2(1_[32)0% {(x t1) P, .Uz)} ]
I S [ S VRN DA
Therefore, f1)2(x|y) N e [2(1_/)2)0% {(x ) —p uz)}]
which is the univariate normal distribution with mean
EX|Y =y) = +p3t (= iz) and

VXY =y) = af(1—p?)



Thus, the c.p.d.f of X for fixed Y is given by
% 2 2
XY =y)~N i +p— O~ Ha) 0i (1 = p*)
2

Similarly, the c.p.d.f of Y for fixed X = x is given by

__ 1 -1 ) =% — V] -
f2|1(y|x) - szJl——,Dzexp I:z(l_pZ)o.zz {(y “2) p oy (X Ml)} ], o0 < y <

Thus, the c.p.d.f of Y for fixed X is given by

(VIX = )~N [u, + pj—j(x ~ w031 - p?)|

Example 4: If (X,Y)~BN (5,10, 1,25, p) where p > 0, find p when
P(4<Y <16|X =5)=0.954

Solution:
Here u; = 5,u, = 10, 0 = 1,07 = 25. We know that (Y|X = x)~N[u, 2]

where u = u, + p%(x — ) and 0? = 62(1 — p?).
1

Here st =10 + p X 2(5 — 5) = 10and 0 = 25(1 — p?)

Thus (Y|X = 5)~NJ[10,25(1 — p?)]. We want to find p so that
P(4<Y <16|X =5)=0.954

_Y-p _ v-10 4-10 16-10\ _
letZz == N(0,1)=>P(—a <z<* ) 0.954

=>P(—§<z<§)=0.954=>P(0<z<§)=0.477

6
From standard normal table, we have - = 2 = 0=3 = ¢g%2=9

9 9 16 4
25(1—p?) =9 =1—p?=— = p?=1——=— —X_08
= 25(1=p)=9=1-p"=7z=p 2525 P73



Example 5: Find cor(X,Y) for the jointly normal distribution

2x —y)% +2x
{@2x-y) y}],_oo<x,y<oo

fx,y) =

exp

1
21V/3 6

Solution: Given (X,Y)~BN (uy, 4y, 0,02, p ). Then its p.d.f. is given by

_ 1 1 (x — uy)? =)y —p2) | (v — p)?
L o e e |
We have
{2x-y)* + 2xy}]
xX,y) = exp |— ,—0 < x,y < 00
fen) =25 [ 5 y
. 1 4x%+y?—2
ie, f(xy)=o—=exp [—%] e —@)

Comparing (1) and (2), we get u; = u, = 0. Then (1) becomes

x> 2 X
) ! AT 3)
x,y) = exp|—
Y 210,041 — p? P 2(1-p?)

Comparing (2) and (3) , we find

1
01001 =p2 =3 ,0,2(1 - p?) =2, 0> (1 — p?) = 3and —L—— =~

o102(1-p2) 3

: 1
On solving we get 0,2 = 1,0,% = 4,p% = Z

Thus cor(X,Y) = p = \/% — i%

Example 6: Determine the parameters of the bivariate normal distribution

{16(x —2)2 —12(x—2)(y +3) + 9(y + 3)%}
216

f(x,y) = cexp

Solution: If (X, Y)~BN(uy, iy, 0,2, 0,2, p), then



((5) 2o (2) 2 + (22

2(1-p2)

exp |—

1
f(x, y) - 21040, /_1_p2

Comparing these functions, we get

1 16 1
210,054/ 1 — p? 216 2(1—p?)oy?

Ui = 27“2 =-3,c=

9 1 12 2p
216  2(1 —p2)o,2 '216  20,0,(1 — p?)

~(1=p*o? = 24—7 ,(1=p?)o? =12,0,0,(1 — p?) = 18p
= (1-po%0,> =81 = (18p)? = p* =,

Further, 0; = 3 and 0, = 4.

1 1 1
Thus, ¢ = =

2moy053/1-p% 5 v axa ’1_1 1213
4

1
« (X,Y)~BN (2,3,9,16, E)
Example 7: If X~N(u, 6%) and (Y|x)~N(x, 6?), show that
(X,Y)~BN(u, p, 6%,26%,p) .

Solution: We are given that

__1 _1(x=m\?] _
16 = e -4 <<

1 1 2]
g(ylx) = =—exp [—5(—) | e <y<w

+hGy) = g0 = gmzew |- {(F) + (22) ]

2102

Consider (%%)” = (7227)" = (2£)" 4 (52) - 2(52) (%)




Thus, h(x,y) =

[+ () 2 () )]
The bivariate normal p.d.f. is given by

floy) = m p[ 2(1- pz) {(x H) —2p (xafl) (y;_fz) * (y;_:‘Z)Z}]

On comparing h(x, y) with f(x,y), we get

1
0102\/1_92202 ) 012(1—102):502

0,0,(1 — p?) 2
=0
p

, 0*(1—p?) =a?, Hi=H=H1

. 1
On solving, we get p? = 5 0,% = 20%, 0,% = 02,

Thus, (X,Y)~BN (,u,,u,a 20 ,\/_)

Example 8: The variables X and Y are connected by the equation aX + bY + ¢ = 0.
Show that the correlation between them is —1 if signs of @ and b are same and +1
if they are different signs.

Solution: Given aX +bY +c=0=aEX)+bE(Y)+c =0

alX —EX)]+b[Y-EXY)]=0=>[X-EWX)] = —S[Y—E(Y)]

~covX,Y) =E[X-EXHY -E)}] = ——E(Y E(Y)) = ——ay and
ox? = E(X —EX))" = ZE(Y —EM))” =50y
cov(X,)Y) —BUYZ _ — —oy? . —%
9x'9y J oy? ﬁay |§|GY2 |§|

cov(X,Y) { 1 , if aand b have opposite signs
oo p = —-———--—=

Oy * Oy —1, if aand b have same signs



2.7 .Correlation coefficient and Bivariate Normal Distribution

Exercise:

1. Find the correlation coefficient between X and Y for each of the j.p.d.f.
f(x,y) of (X,Y) given below:

3

() f(xy)={5<x2+y2) . 0sxs<1, 0sys]
, otherwise

N _(c+y) 0<x,y<1

(i) floy)= { 0 ) otherwise

_ (2xy , 0<x<1, 0<y<l1

(i) fCoy) = { 0 ) otherwise

2. If X,Y and Z are uncorrelated r.vs with 0 mean and standard deviations 5, 12
and 9 repecitvelyand U = X + Y and V =Y + Z, then find the correlation
coefficient between U and V.

3. If X, Y, Z are uncorrelated r.vs having same variance, find the correlation

coefficient between (X + Y) and (Y + Z).

4. If the independent r.vs X and Y have variance 36 and 16 respectively, find the
correlation coefficient between (X +Y) and (X —Y).



1. (i) —0.2055

48
65

(i) ——

ANSWERS

(i) 0.8



Unit-3
Probability Inequalities and Generating Functions
3.1

Probability Inequalities

Inequalities are useful for bounding quanties that might otherwise be hard to
compute. They will also be used in the theory of convergence and limit
theorems.

ChebycheV’s Inequality

When we want to find the probability of an event described by a random variable,
its c.d.f or p.d.f. or p.m.f. is required. If it is not known but its mean and variance
are known, we can use Chebychev’s inequality to find the upper bound or lower
bound for the probability of the event.

Theorem 1: If X is a random variable with mean u and variance a2, then
o2
P((X—u|l=¢€) < = e e ee e (1)

wheree > 0

Proof: The proof is given for a continuous random variable. Let X be a continuous
r.v. with p.d.f. f(x). Then

o =B - E0) = B -0 = [ (e w0

u—e H+e o
[ G-wrmds [ G-wreode+ | - wifeods

u—=€ u+e

u—€ o0
> j (x — W2f () dx + j (x — W2f (¥)dx

u+e



In the first integral,
xSpu—€e=-—x=>2—put+te=—(x—p) =>e= (x —pn)? > e?

Inthe third integral, x > u+ e = (x —p) = ¢ = (x — p)? > €2

U—€
n o2 > €?

f(x)dx + ) f(x)dx]

—o u+e
=e’[PX<pu—€)+PX=>pu+e)]
=€e’Plu—e=X>pu+el=€?P[-e=>X—pu=¢€
=€e*P[|X —ul = €]

2
Thus, 02 = €?P[|X —pl 2 €] = P[IX —pl 2 €] <%

Note: The proof is similar as in the case of d.r.v.X except that integration is
replaced by summation.

Alternative forms:

2
o
PlIX—ul<e]l=1-P[|X—ul=€] = 1—6—2
2
=S P[IX-—pul<el=1 —‘;—2 N ¢
Let € = ko for k > 0. Then from (1), we have
1
P[|X — p| = ko] < TZ . (3)
and from (2), we have
PlIX—u|l<kol=>1—% v (D)

kZ



Example 1: If a r.v. X has mean 12 and variance 9 and the probability
distribution is unknown, then find P(6 < X < 18).

Solution: Since the probability distribution of X is not known, we can’t find the
value of the required probability. We can find only a lower bound for probability
using Chebychev’s inequality. We have, for € > 0.

2

o
PIIX—ul<elz1-—

Given E(X) =u=12andV(X) =% =9.

Then P[|X—12|<e]21—§=>P[—e<(X—12)<e]21—§
9
=Pll2-e<X<12+e]21-

9 1

Let € = 6. Then P[6<X<18]21—£=1—Z=0.75

= P[6 < X < 18] = 0.75
Thus, the probability of X lying between 6 and 18 is alseast 75%.

Example 2: A d.r.v. X takes the values —1,0 and 1 with probabilities% ,% and

% respectively. Evaluate P[|X — u| = 20] and compare it with the upper bound

given by ChebychevV’s inequality.

Solution: We have,

X 1 0 1
p(x) 1 3 1
3 2 8

ThenE(X)=u=zxp(x)=—1x§+0x§+1x§=o

N w2 _ 1 3 1_2_1
and E(X4) =Y x p(x)—1><8+0x4+1x3_8_4



Hence 02 = V(X) = E(X?) — (E(X))Z =i_0 =i

Consider P[|X — u| = 20] = P [|X| > 2 %] = P[|X| = 1]

=P(X =-11)

=PX=-1)+PX=1)

= 4-=2=2-025
8 8 8 4

= P[|X —u| = 20] <0.25
On the other hand, by Chebychev’s inequality,

1 1
P[|X—M|ZZG]S§=Z

Note that the two values are same.

Example 3: Use ChebycheV’s inequality to find how many times must a fair coin
be tossed in order that the probability that the ratio of the number of heads to
the number of tosses will lie between 0.45 and 0. 55 will be at least 0. 95.

Solution: Let X denote the number of heads obtained when a fair coin is tossed n
times. Then X~B(n,p). Thatis E(X) = np and V(X) = npq.

_X — (X212 _ v _
Let Y—n.ThenE(Y)—E(n)—nE(X)— P =p

and V(Y) =V (%) —F ((%)2) - (E (;—‘))2 = S (E(X?) - (EX))

_ 1 —nrq _ p4
_nZV(X)_ nz2  n’

Since p = %for a fair coin, E(Y) = %and V() = ﬁ
By ChebycheVv’s inequality for Y

1
4ne?

Pllv—4<dz1-E=1-



P1 <Y<1+]>1 1
: —_—— —_— —
2 € 2 €| = 4ne?

Notice that, if ¢ = 0.05 then P(0.45 <Y < 0.55)>1—

4ne?
Now, find n when € = 0.05and 1 ——— =095=>1—-—— = 0.95
4ne? nx4x(0.05)2
—1-— _—o. ! _005=>n=—" —_1 _10000_ 54
0.01xn 0.01Xn 0.01%x0.05 0.0005 5
Thus, n = 2000

Bienayme — ChebychevV’s inequality

Theorem 3: Let g(X) be a non-negative function of a r.v. X . Then for every
k > 0, we have

Plg(X) 2 k] < (X)] e (1)

Proof: Here we shall prove the theorem for continuous random variable. The
proof can be adapted to the case of discrete random variable on replacing
integration by summation over the given range of the variable.

Let S be the set of all X for which g(X) = k.Thatis, S = {x |g(x) = k}.

Now, E[g ] I g(x dX wheref (x) is the p.d.f. of X



Note:

1. 1fg(X) = (X — EX))" = (X — w?, then E(g(X)) = V(X) = 0 and
replacing k by €252 in equation (1), we get

2

Pl(X — 2>22<0- —

[( M) _60]_620'2_6_2
1

=>P[|X—u|2€a]$6—2

which is ChebycheV’s inequality.

2. Ifg(X) =1|X|in (1), then we get forany k > 0,

E(1X])
P[|X| = k] <
k
which is known as Markov’s inequality.
3. If g(X) = |X]|"in (1), then we get
v o ey < EQXID
PIXI" 2 k'] < —~

which is known as generalized Markov’s inequality.
Cauchy - Schwartz Inequality

When the j.p.d.f. of X and Y is known, upper bound for expected value of the
product of X and Y can be found by using Cauchy — Schwartz inequality when
second moments about origin of X and Y are given (i.e., E(X?) and E(Y?) are
given).

Theorem 2: For any two random variables X and Y
(E(XY))* < E(X})E(Y?)
Proof: Consider E(X — tY)? > 0 for any real number t. That is,

E(X? — 2tXY + t?Y?) = E(X?) — 2tE(XY) + t’E(Y?) > 0
which is a quadratic expression in t. This expression is always positive only when t



has complex roots. This is possible only when discriminant of the expression is
negative. Thus,

4(E(XY))" — 4E(X)E(Y?) <0
= (E(XY))* < EXYE(Y?)
Hence the result.
Example 4: The j.p.d.f. of (X,Y) is given by
flx,y) = x;—lyforx =1,2,3andy =1,2.
Verify whether Cauchy-Schwartz inequality.

Solution: The joint and marginal p.m.fs f; (x) and £, (y) of X and Y respectively
are given in the following table.

X
Y 1 2 3 fz(y)
) 2 3 4 9

21 21 21 21
, 3 4 12
21 21 21 21
5 7 9
x = - . 1
fi(x) 21 21 21

3

E(X Z Ix>poxl pa3x_ 26
= =1X—+2X=—4+3X—=—
(%) xf1(x) 12 21 21 21

x=1
3

E(X%) = ) x? () = 12 X+ 22 X 4 3 x e = 2
=2 XX = 12 21 21 21

x=1

Ey—i cixgaxit= D
y:




2
9 12 57
ED) =) yf() = 17 X oo+ 2% X
y=1

21 21 21
3 2
EQY) =) ) xyf(e,y)

x=1y=1

X IX A IX2X -+ IX3X 22X I X +2X2 X2 F2x3 x>
21 21 21 21 21 21
1 71
=1 Q2+6+124+6+16+30) ==
21 21

Verification of Cauchy-Schwatz inequality:

Here (E(XY))” = (7—1) = 11.755and E(X?)E(Y?) = == x = = 14.735

Note that (E(XY))” < E(X2)E(Y?).
Example 5: Let X and Y be c.r.vs with j.p.d.f.

_(x+y 0<x<1l0<y<1
f(x,y)—{ 0, otherwise

Verify Cauchy-Schwartz inequality.

Solution: The m.p.d.f. of X is given by

211

f1(x) —f fCx,y)dy = j (x +y)dy = [xy+yz

0

x+; 0<x<1

filx) = { )
0, otherwise

Since f(x,y) is symmetric in x and y, the m.p.d.f. of Y is given by

y+ % 0<x<l1
0, otherwise

f2(y) :{

Now,



1 3

E(XZ)—j 2 +1d—f1 3+x2d—x+x1—1+1—10
_Ox<x z)x_o )T AT e TaT e 24

Similarly, E(Y?) = g .Now,

E(XY) = J_o:o j_o:oxyf(x, y)dxdy = J_o:o J_o:oxy(x + y)dxdy

1( 1 1 /43 x2y2\1
:j {j (x2y+xy2)dx}dy=f <_y+ y) dy
o Wo o \ 3 2
0

1 (! y2 y31" 2 1
6J0(y+3y)dy [6+6L =3

2 1\2 1 10 _ 10
Thus (E(XY))" = (5) =2=0.111, and E(X>)E(Y?) = 2. x > = 0.1736

Hence (E(XY))* < E(X?)E(Y?).



P1:

A symmetric die is thrown 600 times. Find the lower bound for the probability
of getting 80 to 120 sixes.

Solution:
Let X be the total number of sixes.
Then X~B (600%), E(X) =np = 600 X = = 100

and V(X)=np(1—p)=600x§x§=5—‘6’°.

Using ChebycheV’s inequality, we get

P{|X—E(X)|<ka}21—%=>P{|X—100|<k /5%}21—5

Therefore, P {100 —k ’5%0 <X<100+ k ’5%0} >1-— %

2?m,wegetP(80<X<120)21—;=2

\/5_; 400><(%) 24

The lower bound for the probability of getting 80 to 120 sixes.

Taking k =



P2:

For geometric distribution p(x) = 27*;x = 1,2, 3, ..., prove that Chebychev’s
inequality gives P{|X — 2| < 2} > %, while the actual probability is 1—? .

Solution:

xx 1 2 3 4
EOO)=2xP(0= 2y =5ty

=1(1+ 2A+3A +4N +...) “ta-nyi=2, (A:lj
2 2 2

E(X?)=2x p(x):ix—zzi+i+g+...

x=12x 2 22 23

:%{1+4A+9A2+...} where A=

~ %(1+ A)(1-A)"=6

cVar(X) =02 =EX) —{EX)P =6—-4=2=0=12

. , . . 1
Using ChebycheV’s inequality, we get P{|X — E(X)| > ko|} < =

With k = V2, weget P{IX — 2| > V2-V2} <= P[IX - 2| <2] >1—- =

The actual probability is given by

P{X—-2|<2}=P{0 <X <4}=P{X =123 or 4}

2 3 4
SUORIORTORE
2 2 2 2 16



P3:
Does there exist a variate X for which
Plu—20<X<u+20]=0.6 ... (1)
Solution:
We have
Pu—20<X<u+20)=P(X—ul <20)
By Chebychev’s inequality P(|JX —u| < 20) =21 — 2% = 0.75

Since lower bound for the probability is 0.75, there does not exist a r.v. X for
which the equation (1) holds.



P4:

(a) Forap.m.f

N\

- , x=-1
8
6

p(x)={5 , x=0
1
\5 , x=1

Find P(|X — u| = 20).
(b) Compare this result with that obtained by using Chebychev’s inequality.

Solution:

(a)

X 1 0 1
p(x): 1 6 1
8 8 8

cu=EX)=Yxplx)=-1 ><§+1><§=Oand

1 1
E(X?) = Exzp(x) =1Xx=+1x%x=

8 8

1
~Var(X) = E(X?) —{E(X)}? = 2 =0 =
P{{X —u|l=20}=P{X|=21}=1-P(|X| < 1)
1

=1—P(—1<X<1)=1—P(X=0)=Z
(b) P{|X —u| = 20} < ziz (By ChebycheV’s inequality: P{|X — u| = ko} < %)
In this case, both results are same.

Note: This example shows that, in general, Chebychev’s inequality cannot be
improved.



3.1 .Probability inequalities

Exercise:

1. The Chebychev’s inequality for random variable X is (—2 < X < o) > % ,
find E(X) and V(X).

2. Two unbiased dice are thrown. If X is the sum of the numbers showing up,

prove that P(]JX — 7| = 3) < 2 . Compare this with the actual probability.

3. If X is the number scored in a throw of a fair die, find the upper bound for
P(|X — u| = 2.5) where u = E(X). Also find the actual probability.

4. If Xisar.v. such that E(X) = 3 and E(X?) = 13, find the lower bound of
P(-2 < X <8).

5. A discrete random variable X is specified by p(—a) = p(a) = % and p(0) = z.

Compute
(i) P(|X| = 20) and
(ii) ChebycheV’s inequality bound.

Answers:

1. EX)=3andV(X) =4

2. Actual probability = g

3. Upper bound = 0.47 and actual probability = 0

21
25

5. (i)

(i) -



Probability & Statistics Name_@_
HW 7 - Chebyshev & Empirical & Z score

1,

The average IQ of the students in one calculus class is 110, with a standard deviation of 5; the
average IQ) of students in another class is 106, with a standard deviation of 4. A student has an IQ
of 112, in which class is he ranked higher?

« HN2-11D 3 .
= 51 Zy= '—l—z—q—‘ﬂf— — Ranked highcr in
zl = O'Ll 22: 1.5 J?.nd CJGSS.

The average price of the wagon at Car Dealer A is $25,000, with a standard deviation of $4000. The
average price at Car Dealer B is $20,000, with a standard deviation of $2000. If I spent $23,000 at
dealer A and my sister paid $18,000 ot desler B, which was a better deal?

Z4 = 23,000~ 35,000 Ze = 18,000 ~ 20p00 .
4,000 , 2 000 Dealer B
—> was +he
ZA = =0.5 Z8= —| beHer deal .

The average score on an English final examination was 85, with a standard deviation of 5; the average
score on a history final exam was 110, with a standard deviation of 8. T made an 80 on the English
test and a 100 on the history test. Which test was better?

Zg = 80-85 2y = loo-ilo
5 ) ,E§r¥31i3V7 !

Zeg = ~| Zn = ~1.25 -

The average age of the accountants at Three Rivers Corp. is 26, with a standard deviation of 6; the
average salary of the accountants is $31,000 with a standard deviation of $4000. I'm applying at
both places and I'm 31 and want to make $35,000, in which category will I be higher?

. 3l -~ -
zAge. - 3 lp?_i_e Zsala@ -~ 35000 - 31000

Yoo
—
Z'.ﬂ = 0486 %5 l

Using Chebyshev's theorem, solve the following problems for a distribution with a mean of 80 and a

standard deviation of 10
a. At least what percentage of values will fall between 60 and 100? -—A/))\]\l\

i}

k=2~ (1=52) (100) - oo 50 10 1

b. At least what percentage of values will fall between 65 and 95?

K=t5 > (1= 88) ) - [50% ] s
_ 1.5 ioo _ 221.5 2=~

Thus, K = 13

Z: b5 “80



6. The mean of a distribution is 20 and the standard deviation is 2, Answer each using Chebyshev's

theorem.
a. At least what percentage of the values will fall between 10 and 30? 1 . m

[
K=5 Z = 30 20 C: 12 e 2224 2, 28 B
from  or f [l (5)1] (1ov) = O/" 92

Graph? Z = 5
b. At least what percentage of the values will fall between 12 and 28?2

= = 28-20 A 0
K=d or Z= =7 [l"(q)"-l(wo) = 193.15,

A
7. The mean of a distribution is 50 and the standard deviation is 5. Answer each using The Empirical

Rule.
a. At least what percentage of the values will fall between 45 and 55? m

I L]
- S
[ stdey —>» OR gz = E_SBWEQ., 35 4o 4550 56 Lo

Z=|
b. At least what percentage of the values will fall between 35 and 65?

3 st dev a — °
> 199.7 %,
8. A sample of the hourly wages of employees who work in restaurants in a large city has a mean of
$8.58 and a standard deviation of $1.29. m

:zqsss 4,81 Itk 12,45
a. Using Chebyshev's theorem, find the r'ange in which at least 75% of the J‘um values will fall,

152 | - gz -0.25k"s -1 : 8,58t 2(1.29)

T -7 K 2=
K2 = 0,25 W—b "‘”'M

b. Using the Empirical Rule, find the range ih which at least 95% of the data values will fall,
5% > Astdev  Thus | range is B +o ﬂn.nﬂ

9. A sample of the labor costs per hour to assemble a certain product has a mean of $15.72 and a
standard deviation of $2.15, Using Chebyshev's theorem, find the values in which at least 88.89% of
the data will lie.

3884 = - .41 - 15:[2:1: BCQ'IS) v((rm
- %
—o.lil = ~ g }M.a'l to aa.ﬂl
0-'””2%_]% - - 4.21 napr B.5Ti51g 1187 20,02 2211

10. The average score on a special test of knowledge of wood refinishing has a mean of 53 and a standard
deviation of 6. Using the Empirical Rule, find the values in which at least 68% of the data will lie,

8% > latdev 53 F () -/l/h\_—

41 53 59




3.2

Moment Generating Function

Certain derivations presented in modules 2.4, 2.5 and 2.6 have been somewhat
heavy on algebra. For example, determining the mean and variance of the
Binomial distribution turned out to be fairly tiresome. Another example of hard
work was determining the set of probabilities associated with a sum,

P(X +Y =t).Many of these tasks are greatly simplified by using probability
generating functions.

Moment Generating Function: The moment generating function (m.g.f) of a
random variable X is dentoed by My (t) and it is defined as

My (t) = E(e™)

2 3
8 M) =E@E®) =E[1+Z+E5+ 85 4|

2 3 r
= E() +SEQ) + SE(XD) + SEX®) + -+ SEXT) + 4 o0

t2 t3 t"

L My(t) =1 ,ul+2',u2+3'u3+ + ,ur+ I T (1)

1!

0

tr
- ;F:ur

which gives the m.g.f in terms of moments.

T

t
Therefore the coeffceint of; in My (t) is Uy , where r =1,2,3,...and

Uy = E(X") , moment about origin.

The m.g.f of X about mean u = p; = E(X) is defined as
My_(©) = E[e @ P] = E[1+ X =)+ S (X =2 + S X =) +

2 3
=1+ EX - i)+ EX — )2+ ZE(X —)* +



t t? t3
=1+ +up+ust+
where E(x — u)" = u, is known as the rth central moment forr = 1,2, ...
Notethaty, =EX—w)=EX)—u=u—u=0
Since My (t) generates moments, it is called moment generating function.

If X is a discrete random variable with p.m.f. p(x) then
M, (t)=E(e™) =1 e"p(x)
X
If X is a continuous random variable with p.d.f. f(x), then

_ x\_ [©
M, (t)=E(e*)=]__e™f(x)dx
Moments Using Moment Generating Function:

Differentiating equation (1) with respect to t and then putting t = 0, gives

r - |2
M1 = dtMX(t)]t=o

u = [ Me®)]

In general,

dT'

w = dtrMX(t)]t=0, r=1,23,..

Note: Moment generating function My (t) is used to calculate the higher
moments.

Theorems on Moment Generating Function:
Theorem 1: M ,x(t) = Mx(at), where a is a constant.
Proof: By definition M x(t) = E(et**) = E(e™X) = My(at)

Therefore, M, (t) = My (at)



Theorem 2: The moment generating function of the sum of n independent
random variables is equal to the product of their respective moment generating

functions, i.e, My .x,ix,++x,(t) = My ()My,(O)My, (1) ... Myx_(1)
Proof: By definition,

MX1+X2+X3+“'+Xn (t) = [Et(X1+X2+X3+...+Xn)]

= E(et®™)E(et®2)E(e!*3) ... E(et®n)
(Since X3, X,, ..., X,, are independent).

Therefore, My ,x,+x,+.+x,(t) = My, (t)Mx, () ... My (1)
Hence the proof.

Uniqueness Theorem of Moment Generating Function:

The m.g.f. of a distribution, if exists, uniquely determines the distribution. This
implies that corresponding to a given probability distribution, there is only one
m.g.f (provided it exists) and corresponding to a given m.g.f, there is only one
probability distribution. Hence My (t) = My (t) = X and Y are identically
distributed.

Effect of Change of Origin and Scale on Moment Generating Function:

Let a random variable X be transformed to a new variable U by changing both the

.. . X—-a
origin and scale in X as = 0 where a and h are constants.

The m.g.f of U (about origin) is given by
X—-a tX ta at tX
My(t) = E(etV) = E [et(T)] =F (3(7‘7)) = ¢ ®E (e(7)>

- Ma-a(8) = € # M (1)

h

Note: If Y = aX + b, then My (t) = e’ My(at)



Example 1: If X represents the outcome when a fair die is tossed, find the m.g.f.
of X and hence, find E(X) and Var(X).

Solution: When a fair die is tossed

P(X = x) =§, x=1,2,3,4,5,6

6 18
Mx(t):ZetxP(X:x)z—Zetx
X=1 6 %=1
= %(e't + e?t + e3t + et 4 o5t 4 e5Y)

[et + 2e%t + 3e3t + 4e* + 5e° + 6e°],-,

[N N

EX) = |[GMx®)] =

t=0

=Z(1+2+3+4+5+6)=>="

1
6
7

~ Mean=E(X) = 3

Now, E[X?];= = {;_tzz [MX(t)]}t=o

1
= E[ L+ 4e2t + 9e3t + 16e* + 25e°¢ + 36e%t],-,

91

=-(1+4+9+16+25+36) ==

2 91 49 35
VX)) =EX?) - (EQX)) = —-—=T
Example 2: Find the m.g.f. of the random variable X whose probability function

PX=x)= zix,x =1,2,3,... and hence find its mean.

Solution: By definition,



Therefore, My(t) = ¢

2—et

, [d d[ et _ [2—ePet —ef(—eh) _2-D1+1
My = [EMX(t)] < >l i = [ ==

o lat\2—et (2 — eb)? ., @-1?
Thus, E(X) =mean= 2

Example 3: If the moments of a random variable X are defined by
E(X")=0.6,r=1,2,...ShowthatP(X=0)=0.4,P(X=1) =0.6,and
PX=2)=0

Solution: We know that

o0 tr
IVIX (t) = Z_l Hy
r=0 '
where U =EX") =0.6

1+Z ur—1+z 06—1+(O6)( +< + + )

=14 (0.6)(ef —1)=1— 0.6+ 0.6e’ = 0.4 + 0.6¢" e (D

But by definition,

My(t)=PX=0)+ePX=1)+e?PX=2)+e3P(X =3) +..4. ...... (2)



From equations (1) and (2), we have
04+ 06et=PX=0)+etPX=1)+e?PX=2)+e3PX =3)+ -
Equating the coefficients of like terms on both sides,
P(X=0)=04 PX=1)=0.6
PX=2)=PX=3)=-=0 =PX=2)=0

Example 4: Find the m.g.f. of a random variable whose moments are
u=@+1) 27

Solution: By definition, we have My (t) = ZC:)F Hy

r o0

(r+1)12" = Zo(r+1)(2t)r

-1|:—|-

1
T (1-2t)2

=1422t)+3Qt)2+-=(1-2t)"2=

1
(1-2¢t)2

My(t) =

Example 5: If X~B(n, p), find the m.g.f of X and hence find its mean and
variance.

Solution: Since X~B(n, p), its p.m.f. is given by
p(x) = (Z)pxq"_x, x=012,..,nandg=1—-p.

Then the m.g.f. of X is given by

M, (t)=E[e” |- Zetxp Zetx(j =i[nj(pet)xq”‘x

X=

= My(t) = (q +pe)"

dMx(t)

iMx(t) =n(q + pe")" pet =Mean=p} = [
dt t= 0



d? 3 ~
Next, — (Mx(8)) = np[(n — 1)(q + pe")"?pe? + (q + pe" )" e']

= u, = [;—; (MX(t))] =np[(n—Dp+1] =npnp —p+ 1] = np(np + q)

t=0
= p, =n’p® +npq
Now, variance = 2 = u, — (u1)? = n?p? + npq — n?p? = npq
Thus, u = np and 62 = npq
Note that 62 = npq = uq where (0 < g < 1) .Thus, u > o2.
Note: For binomial distribution, mean is always greater than variance.
Example 6 : If X~P(A), find its m.g.f. and hence find its mean and variance.
Solution: Since X~P (A1), then its p.m.f. is given by

e~ A)x

p() = P(X =x) =

, x=20,1,...and A >0

The m.g.f. of X is given by

M, (t)= E[e”(]:getxp(x): ie“e_;—fx

x=0

2 (2]
-2 — o pret — pA(et-1)
= X!

== MX(t) = e’l(et_l)
Since %(Mx(t)) = eMe™~D)et : Mean=pu =y’ = [% (MX(t))]t=o - A
Now, ;_:Z(MX(t)) = A[el(et_l)et n el(et—l)/le”]

d?Mx(t)
dt?

Thenug=[ ]t=0=z(1+,1)=,1+,12

Thus, variance = 0% = u) — (U2 =1+ 12 -2 =1



Therefore, u = 0% = 1
Note: Mean and variance are same for Poisson distribution.
Example 7: If X~NB(r, p), find its m.g.f. and hence find its mean and variance.
Solution: Since X~NB(r, p), its p.m.f. is given by
—r
pe) = () x=012,.

The m.g.f of X is given by

= Mx(t) =p"(1—qe")™.

Now, = (My()) = p" (1)1 — qe®)"*V(—qe®) = qrp" (1 — qet) Vet
R 3 — re4 _ N\—(r+1) — T —-(r+1) 14

Mean=u = u; = [dt (MX(t))]t:O =qrp"(1—q) = qrp" (p) =3

d? d _
Further, E(MX(t)) — rqprﬁ{(l — get) (T+1)et}

=rqp’{~(r + D1 - qe)" "D (—qe*) + (1 — qe) " Ve}

Then 4, = [ (Mx(®)| _ =rap"[(r + Dgp+2 + p=+)]

rq((r+1
=r(r+ 1)q2p_2 + rqp_l = ﬁ(g +

rq
1 =?(rq+1)

p p
r’q® 1q
= Hp = > T3
p p
. r22 r T22 r
Hence, variance =02 =y — ()* ="+ 2 -t = o} =2

p p? p? p



Example 8:Let X be a random variable with p.d.f.

1 _«x
fw=y3¢* x>0
0 , otherwise
Find
i) PX>3)

(i) M.gf.ofX
(iii) E(X)andVar(X)

Solution:

0 P(X>3):J:Of(x)dx:j;%e_3dx=§[e

_1
3

(i)  My(t)= E(etx)zjowetxf (x)dx

1

1

=[ e %e_ 3y = %_[:e(t_3jxdx = %_[;O e_[3 tjxdx =2

S I R P |
3 _(l_tj 3 (1—3tj
3 3
1 —
Mx() = — =(1-3D)7"

£ [My(0] = (1 - 302(=3) =3(1 30

(i)  E(X) = Mean = [%Mx(t)]t_o =3

dZ
dat?

[Mx(t)] = —6(1 —3t)73(—3) = 18(1 — 3t) 3

[
| E )
w 8
I

1




E(Xz)-[

ﬂﬂ@@]o=w
Var(X) =E(X?>) - [E(X)]?=18-9=9
Example 9: Let X be a discrete random variable with p.d.f.

1

px)=<x(x+1)
0 , otherwise

, x=1,2..

Show that E(X) does not exist even though m.g.f. exist.

Solution:

0o 0 1 0
E(X :Z]; Z];n: Z

X=

><||—\

NII—\
OOII—\
-l>||—\

o0
But )’ Lisa divergent series.
1 X

Therefore, E (x) does not exist and hence, no moment exists.

Now, m.g.f. of X is given by

o0 o0 tx
MX(t):Z p( ZX
x=1 x=1
Substituting z = et,
00 7 ZZ Z3
z1X X+1 1.2+2.3+3.4+
e I
=(z+Z+Z 4 )22

[l
S

Q
—~
—_

[

N
-
[

N R
—~
NINN
+
|
+

| N
+
N———



=—log(l—z)+1+§l0g(1—z),|z| <1
=1+e—1)log(1—z), 1z] < 1

_(1+ (e t=1Dlog(1—¢€Y) t<0
MX(t)_{1 ) for t=0

and My (t) does not exist fort > 0.



3.2

Moment Generating Function

Certain derivations presented in modules 2.4, 2.5 and 2.6 have been somewhat
heavy on algebra. For example, determining the mean and variance of the
Binomial distribution turned out to be fairly tiresome. Another example of hard
work was determining the set of probabilities associated with a sum,

P(X +Y =t).Many of these tasks are greatly simplified by using probability
generating functions.

Moment Generating Function: The moment generating function (m.g.f) of a
random variable X is dentoed by My (t) and it is defined as

My (t) = E(e™)

2 3
8 M) =E@E®) =E[1+Z+E5+ 85 4|

2 3 r
= E() +SEQ) + SE(XD) + SEX®) + -+ SEXT) + 4 o0

t2 t3 t"

L My(t) =1 ,ul+2',u2+3'u3+ + ,ur+ I T (1)

1!

0

tr
- ;F:ur

which gives the m.g.f in terms of moments.

T

t
Therefore the coeffceint of; in My (t) is Uy , where r =1,2,3,...and

Uy = E(X") , moment about origin.

The m.g.f of X about mean u = p; = E(X) is defined as
My_(©) = E[e @ P] = E[1+ X =)+ S (X =2 + S X =) +

2 3
=1+ EX - i)+ EX — )2+ ZE(X —)* +



t t? t3
=1+ +up+ust+
where E(x — u)" = u, is known as the rth central moment forr = 1,2, ...
Notethaty, =EX—w)=EX)—u=u—u=0
Since My (t) generates moments, it is called moment generating function.

If X is a discrete random variable with p.m.f. p(x) then
M, (t)=E(e™) =1 e"p(x)
X
If X is a continuous random variable with p.d.f. f(x), then

_ x\_ [©
M, (t)=E(e*)=]__e™f(x)dx
Moments Using Moment Generating Function:

Differentiating equation (1) with respect to t and then putting t = 0, gives

r - |2
M1 = dtMX(t)]t=o

u = [ Me®)]

In general,

dT'

w = dtrMX(t)]t=0, r=1,23,..

Note: Moment generating function My (t) is used to calculate the higher
moments.

Theorems on Moment Generating Function:
Theorem 1: M ,x(t) = Mx(at), where a is a constant.
Proof: By definition M x(t) = E(et**) = E(e™X) = My(at)

Therefore, M, (t) = My (at)



Theorem 2: The moment generating function of the sum of n independent
random variables is equal to the product of their respective moment generating

functions, i.e, My .x,ix,++x,(t) = My ()My,(O)My, (1) ... Myx_(1)
Proof: By definition,

MX1+X2+X3+“'+Xn (t) = [Et(X1+X2+X3+...+Xn)]

= E(et®™)E(et®2)E(e!*3) ... E(et®n)
(Since X3, X,, ..., X,, are independent).

Therefore, My ,x,+x,+.+x,(t) = My, (t)Mx, () ... My (1)
Hence the proof.

Uniqueness Theorem of Moment Generating Function:

The m.g.f. of a distribution, if exists, uniquely determines the distribution. This
implies that corresponding to a given probability distribution, there is only one
m.g.f (provided it exists) and corresponding to a given m.g.f, there is only one
probability distribution. Hence My (t) = My (t) = X and Y are identically
distributed.

Effect of Change of Origin and Scale on Moment Generating Function:

Let a random variable X be transformed to a new variable U by changing both the

.. . X—-a
origin and scale in X as = 0 where a and h are constants.

The m.g.f of U (about origin) is given by
X—-a tX ta at tX
My(t) = E(etV) = E [et(T)] =F (3(7‘7)) = ¢ ®E (e(7)>

- Ma-a(8) = € # M (1)

h

Note: If Y = aX + b, then My (t) = e’ My(at)



Example 1: If X represents the outcome when a fair die is tossed, find the m.g.f.
of X and hence, find E(X) and Var(X).

Solution: When a fair die is tossed

P(X = x) =§, x=1,2,3,4,5,6

6 18
Mx(t):ZetxP(X:x)z—Zetx
X=1 6 %=1
= %(e't + e?t + e3t + et 4 o5t 4 e5Y)

[et + 2e%t + 3e3t + 4e* + 5e° + 6e°],-,

[N N

EX) = |[GMx®)] =

t=0

=Z(1+2+3+4+5+6)=>="

1
6
7

~ Mean=E(X) = 3

Now, E[X?];= = {;_tzz [MX(t)]}t=o

1
= E[ L+ 4e2t + 9e3t + 16e* + 25e°¢ + 36e%t],-,

91

=-(1+4+9+16+25+36) ==

2 91 49 35
VX)) =EX?) - (EQX)) = —-—=T
Example 2: Find the m.g.f. of the random variable X whose probability function

PX=x)= zix,x =1,2,3,... and hence find its mean.

Solution: By definition,



Therefore, My(t) = ¢

2—et

, [d d[ et _ [2—ePet —ef(—eh) _2-D1+1
My = [EMX(t)] < >l i = [ ==

o lat\2—et (2 — eb)? ., @-1?
Thus, E(X) =mean= 2

Example 3: If the moments of a random variable X are defined by
E(X")=0.6,r=1,2,...ShowthatP(X=0)=0.4,P(X=1) =0.6,and
PX=2)=0

Solution: We know that

o0 tr
IVIX (t) = Z_l Hy
r=0 '
where U =EX") =0.6

1+Z ur—1+z 06—1+(O6)( +< + + )

=14 (0.6)(ef —1)=1— 0.6+ 0.6e’ = 0.4 + 0.6¢" e (D

But by definition,

My(t)=PX=0)+ePX=1)+e?PX=2)+e3P(X =3) +..4. ...... (2)



From equations (1) and (2), we have
04+ 06et=PX=0)+etPX=1)+e?PX=2)+e3PX =3)+ -
Equating the coefficients of like terms on both sides,
P(X=0)=04 PX=1)=0.6
PX=2)=PX=3)=-=0 =PX=2)=0

Example 4: Find the m.g.f. of a random variable whose moments are
u=@+1) 27

Solution: By definition, we have My (t) = ZC:)F Hy

r o0

(r+1)12" = Zo(r+1)(2t)r

-1|:—|-

1
T (1-2t)2

=1422t)+3Qt)2+-=(1-2t)"2=

1
(1-2¢t)2

My(t) =

Example 5: If X~B(n, p), find the m.g.f of X and hence find its mean and
variance.

Solution: Since X~B(n, p), its p.m.f. is given by
p(x) = (Z)pxq"_x, x=012,..,nandg=1—-p.

Then the m.g.f. of X is given by

M, (t)=E[e” |- Zetxp Zetx(j =i[nj(pet)xq”‘x

X=

= My(t) = (q +pe)"

dMx(t)

iMx(t) =n(q + pe")" pet =Mean=p} = [
dt t= 0



d? 3 ~
Next, — (Mx(8)) = np[(n — 1)(q + pe")"?pe? + (q + pe" )" e']

= u, = [;—; (MX(t))] =np[(n—Dp+1] =npnp —p+ 1] = np(np + q)

t=0
= p, =n’p® +npq
Now, variance = 2 = u, — (u1)? = n?p? + npq — n?p? = npq
Thus, u = np and 62 = npq
Note that 62 = npq = uq where (0 < g < 1) .Thus, u > o2.
Note: For binomial distribution, mean is always greater than variance.
Example 6 : If X~P(A), find its m.g.f. and hence find its mean and variance.
Solution: Since X~P (A1), then its p.m.f. is given by

e~ A)x

p() = P(X =x) =

, x=20,1,...and A >0

The m.g.f. of X is given by

M, (t)= E[e”(]:getxp(x): ie“e_;—fx

x=0

2 (2]
-2 — o pret — pA(et-1)
= X!

== MX(t) = e’l(et_l)
Since %(Mx(t)) = eMe™~D)et : Mean=pu =y’ = [% (MX(t))]t=o - A
Now, ;_:Z(MX(t)) = A[el(et_l)et n el(et—l)/le”]

d?Mx(t)
dt?

Thenug=[ ]t=0=z(1+,1)=,1+,12

Thus, variance = 0% = u) — (U2 =1+ 12 -2 =1



Therefore, u = 0% = 1
Note: Mean and variance are same for Poisson distribution.
Example 7: If X~NB(r, p), find its m.g.f. and hence find its mean and variance.
Solution: Since X~NB(r, p), its p.m.f. is given by
—r
pe) = () x=012,.

The m.g.f of X is given by

= Mx(t) =p"(1—qe")™.

Now, = (My()) = p" (1)1 — qe®)"*V(—qe®) = qrp" (1 — qet) Vet
R 3 — re4 _ N\—(r+1) — T —-(r+1) 14

Mean=u = u; = [dt (MX(t))]t:O =qrp"(1—q) = qrp" (p) =3

d? d _
Further, E(MX(t)) — rqprﬁ{(l — get) (T+1)et}

=rqp’{~(r + D1 - qe)" "D (—qe*) + (1 — qe) " Ve}

Then 4, = [ (Mx(®)| _ =rap"[(r + Dgp+2 + p=+)]

rq((r+1
=r(r+ 1)q2p_2 + rqp_l = ﬁ(g +

rq
1 =?(rq+1)

p p
r’q® 1q
= Hp = > T3
p p
. r22 r T22 r
Hence, variance =02 =y — ()* ="+ 2 -t = o} =2

p p? p? p



Example 8:Let X be a random variable with p.d.f.

1 _«x
fw=y3¢* x>0
0 , otherwise
Find
i) PX>3)

(i) M.gf.ofX
(iii) E(X)andVar(X)

Solution:

0 P(X>3):J:Of(x)dx:j;%e_3dx=§[e

_1
3

(i)  My(t)= E(etx)zjowetxf (x)dx

1

1

=[ e %e_ 3y = %_[:e(t_3jxdx = %_[;O e_[3 tjxdx =2

S I R P |
3 _(l_tj 3 (1—3tj
3 3
1 —
Mx() = — =(1-3D)7"

£ [My(0] = (1 - 302(=3) =3(1 30

(i)  E(X) = Mean = [%Mx(t)]t_o =3

dZ
dat?

[Mx(t)] = —6(1 —3t)73(—3) = 18(1 — 3t) 3

[
| E )
w 8
I

1




E(Xz)-[

ﬂﬂ@@]o=w
Var(X) =E(X?>) - [E(X)]?=18-9=9
Example 9: Let X be a discrete random variable with p.d.f.

1

px)=<x(x+1)
0 , otherwise

, x=1,2..

Show that E(X) does not exist even though m.g.f. exist.

Solution:

0o 0 1 0
E(X :Z]; Z];n: Z

X=

><||—\

NII—\
OOII—\
-l>||—\

o0
But )’ Lisa divergent series.
1 X

Therefore, E (x) does not exist and hence, no moment exists.

Now, m.g.f. of X is given by

o0 o0 tx
MX(t):Z p( ZX
x=1 x=1
Substituting z = et,
00 7 ZZ Z3
z1X X+1 1.2+2.3+3.4+
e I
=(z+Z+Z 4 )22

[l
S

Q
—~
—_

[

N
-
[

N R
—~
NINN
+
|
+

| N
+
N———



=—log(l—z)+1+§l0g(1—z),|z| <1
=1+e—1)log(1—z), 1z] < 1

_(1+ (e t=1Dlog(1—¢€Y) t<0
MX(t)_{1 ) for t=0

and My (t) does not exist fort > 0.



P1:

Find the m.g.f. of uniform distribution U[a, b] and hence obtain the mean and
variance of the distribution.



P2:

Find the m.g.f. of Normal N(u, 6?) distribution and hence find its mean and

variance.
Solution:

Since X~N(u, 02) , its p.d.f. is given by

x) = — (-5
100 ="z *P

The m.g.f. of X is given by

M, E[e‘X} m/_ ie Xexp(— 2(1;2()(_#)2)

Let z =x?T“.Thusx =u+ozanddx =o0.dz
52
Thus, M, J_I_wexp y+az))exp(—?jdz

=——¢@ exp| ——(z° - 2toz) |dz
¢27Z' —o0 p 2( )

1 0
_ plH

N _wexp[—%{(z—at)z—aztz}}dz

1 t/1+10'2t2 ©

1 2
=——p¢ 2 exp| —=(z—-ot) |dz
\N2r —o0 p[ 2( )}
letu=z—0t = du=dz

Ly

1
t,u+0
= e 2 du

S L

1 2.2
_ ptutzo’t



152¢2 1 2.2

= u =Mean= u; = My(t)|=o = pt

152¢2 122
Further, My (£) = e™*27% (u + g26)2 + 427" (62)
= Uy = My (t)l¢=0 =,112+O'2 = U, =‘u2 + g2
The variance is given by

Variance = uj — (u})? = u? + 02 — u? = o2.



P3:

Find the m.g.f. of geometric G(p) distribution and hence obtain its mean and
variance.

Solution:
If X~G(p), its p.m.fis given by p(x) = g*pforx =0,1,2,..., 0<p < 1.
Then the m.g.f. is given by

Mx(t):E[etx]:)(zé)etqup:xzé)(qet)x= p t

1-qe

P
1—gqet

= My (t) =

! ! - / 7] 2q?
Then pi = My(t)|=o = pq(1 —q)7% = %and Hy = My (t)|¢=0 = % +pi2

2 2 2
q , 2q q qa ,q qap+q q(p+q) q

and =yl — ’2=——|———(—) =—-4 —= = = —
.UZ ﬂz (.ul) p pz p p pz pz pz pz

a
p

-4

— = = ; — 2
Thus, Mean= u = y; = = and variance = g“ = )



P4:

Find the m.g.f. of exponential E(A4) distribution and hence find its mean and

variance.
Solution:
Since X~E(X), its p.d.f. is given by f(x) = le ™ forx > 0and 1 > 0

The m.g.f. of X is given by

= Mx(t):i(%jr for 2>t

r=0

, - t’ . r!
But ;- = coefficient of —in My (t) = Fforr=12,..

, 1 , 2 , , 2 11
Thus, uy =Zand My =7 and hence p, = u, — (u})? R TIRETRRT

1 1
Thus, p = ~and g% = =



3.2. Moment Generating Function

Exercise:
1. Find the m.g.f of a.r.v. whose moments are given by u,. = (r + 1)! 2"

2. If My(t) = %, find standard deviation of X

3. Find the m.g.f. of a.r.v X whose p.d.f is given by
-,0<x<2
fx) = {2 _
0 , otherwise
4. Find the m.g.f and hence find the mean and variance of a.r.v. X whose p.d.f. is

given by

. _( 2e7%x x =0
N fx) = { 0 , otherwise
= —1<x<2
ii flx) = {3 ’
0 , otherwise
1.3 >0
i, F(x) {3 €, X=
0 , otherwise
z 0<x<k
iv. f(x) { k'
0, otherwise

f(x) =260 x> q



Answers:

1

1. MX(t) = m

1 2t _ 2t
3. 2t2(1+2te e<t)

4,
_ 2z 1 2_1
[ MX(t)—Z_t,u— , O "
eZt e—t
i, My(t) = { rel
1 , t=0
i. My@®)=0-3t)"Y, u=3, ¢2=9
. _ etk—l _ E 2 k_2
Iv. MX(t) - Kkt )l’l - 2’ o~ = \/E
_Ae® 9+l 5, 1
V. My (t) = T M=, 00 =



3.3

Characteristic Function

In some cases m.g.f. does not exist. For example, consider the p.m.f. given by

6

0, otherwise

Its m.g.f. is given by

= t 6 <« e
M, (t)=2 e =—22—2,
x=1
which is divergent. Thus, M (t) does not exist. A more serviceable function that

the m.g.f. is the characteristic function.

Characteristic function: The characteristic function of a.r.v. X is defined by

Je' £ (x)dx if X is acrvwithpd.f f(x)
_ itX
x (t)_E[e } > e p(x) if X isadrv.with pm.f p(x)

where i = v —1, the imaginary number.

Note:

1. 05| = |E(e'™®)| < E(|e®*|) = E(Vcos?tX + sin?tX) = E(1) = 1
Since |@x(t)]| < 1, @4 (t) always exists for any probability distribution.
2. @,(t) = E[eitx E[l + (i)X + &L (lt) @)” w2 (Lt) X3 + - ]

(lt) (lt)

=1+ (@EQX) +—-EX?) +—-E(X?) + -

. 2 . 3
@2 G

=1+ (it)u + o K2 3 M3




where u. = E(X") = r*® moment abut origin forr = 1,2, ...

3. If @4 (t) is given, then the " moment about origin is given b
W, = coefficient of% in @x ().
Properties:
1. 0x(0)=1
Proof: @4 (t) = E[eitx] =E(1)whent=0
=1
Thus, 0,(0) =1

2. |@x(t)| < 1forallrealt.

Proof: |0x(D)| = |E(e™)| < E(|e'*|) = E(Vcos?tX + sin?tX) = E(1) = 1
= |0, (t)] < 1 for all real t

3. @x(t) continuous function of t in (—oo0, ).

Proof: For h # 0,

18x(t + h) — ()| = |[E(e!ETWX) — E(eiX)]| = |E(elE+MX — eitX))|

= |[E{e®™* (et — 1)}| < E(|e™*||e"* —1]) =E(|e""* —1]) - 0as h — 0
Thus m |0x(t +h) —0x(t)| =0

= lim By(t +h) = Bx(©)

= @4 (t) is a continuous function of t in (—o0, ) .



4. Ox(—t) = Ox(t),i.e, Ox(—t) is the complex conjugate of Dy (t).

Proof: Here @ (t) = E[etX] = E[costX — isintX]
= Qy(—t) = E[cos(—tX) + isin(—tX)] = E[costX —isintX] = @, (t)
Thus, @x(—t) = Ox(t)

5. If the p.d.f.iseveni.e., f(—x) = f(x), then the characteristic function is real

valued and even function of t.

Proof: We know that, @, (t 'tX j e'™ f(

letx = —y = dx = —dy. Then

T (y)dy (+ f is an even function)

)=["e™f(-y)(-ay)=["
= E[e™®] = 9x(-t)

Thus, @x (¢) = Px(—t)

= @x(t) is an even function of t.

Further, @5 (t) = @x(—t) (by property 4)

= Qx(t) (Since @y (t)iseven function)

Thus, @y (t) is real.



6. If X is a r.v. with characteristic function @x(t) and u,. = E(X ") exists, then
= (0" 2z (2x®)|

dtr

Proof:
— (®X(t)) — (E(eltX)) =" [XreitX] — lTE(XT)

Now, —((Z)X(t))| =i"E(X")and u, = E(X") = ——(@X(t))|

dat” T dtT

Thus, uf = (=" 4= (8x(0)| _

at’

7. Effect of change of origin and scale .

Let U = Xh;a where a and h are constants.
i L (X—-a ita ([t
Then @y (t) = E[eltu] =F [elt(T)] =e rE [el(ﬁ)x]

= 0,1 = 70y (1)

8. If X41,X,, ..., X,, are independent, then
Dx 4t x, (8) = Dy, (E) By, (L) ... O, (E)

Proof:
Bxy 4t 2, (E) = Elettat Xt Xn)| = Eleith eithz  eithn]

(v Xy, X,, ..., X, are independent)
= E[eitxl].E[eitXZ] E[eitxn]

= 0y, (). Dy, (t) ... Dx, ()
= Oyt x, (1) = Dy, (£)- Dy, (¢) .. B, (1)

Note: Converse need not be true.



Uniqueness Theorem for Characteristic Functions:

The characteristic function uniquely determines the distribution. That is,

A necessary and sufficient condition for two distributions with p.d.fs f,(.) and
f2(.) to be identical is that their characteristic function ®,(t) and @,(t) are
identical.

Example 1: If X~B(n, p), find its characteristic function and hence obtain its
mean and variance.

Solution: Since X~B(n, p), its p.m.f. is given by

p(x) = ( : ) p*q"*forx=0,1,2,..,n
The characteristic function of X is given by

4 ()= E[€™ ] = Y e"p(x) ieitxwpanX‘xi@(pe“)xq“

X= x=0

= By (t) = (q + pe')” and % (0x()) = npi(q + pet)" "eit

The mean of X is given by
p=EQ) =i = (05 (0x(0)| _ = (=D [npi(q +pe)"ei|
= (=) npi =np

Now, (@X(t)) = (npl) [(q + pelt) ]

dtZ
= (npi) [(n —1(q+ peit)n_zpieZit +(q + peit)n_lieit]

Thus, 4y = (=245 (0x(®)| _ = (~D2(pD[(n — Dpi + 1]

dt2

= (np)[np —p + 1] = np(np + q) = n*p* + npq

= pp =n’p® +npq



Therefore, the variance of X is given by

o? =V(X) = u; — (u1)* = n’p® + npq —n’p*
= 0?2 =npq.

Example 2: If X~P(A), find the characteristic function X and hence obtain its
mean and variance.

Solution: Since X~P (1), its p.m.f. is given by

e~ Apx

x!

p(x) = x=0,1,,2 ..

The characteristic function of X is given by

" (t) _ E|:eitX ] _ ieitx p(x) _ ieitx e
x=0 x=0 !

X

_ el _ e;t(e“—l)

d _ /1 it_l . t
Now,&(Q)X(t)) = eMe" 1) yjel
Thus, the mean is given by

= (=D) =4

t=0

d
p=p =EX) = (—i)a(ﬁbx(t))

= u=A
Now, ;—;(@X(t)) — (/u)% [e)t(eit_l)eit]

— (A) [ea(eit—1)/1l-62it n e/’l(eit—l)ieit]



Thus, u; is given by

d2
up = (0?25 (0x(®)| = (ED?ADA+D) = (=D*E)AA+ 1)
t=0

=AA+1)=22+2
Hence, the variance is givenby 62 =y, — (u))? =212+ 1 -2 =1= o2 =1

Example 3: If X~N(u, 6?), find the characteristic function of X and hence obtain
its mean and variance.

Solution: Since X~N(u, 02), its p.d.f. is given by

1 1
fx) = =exp [—;(x—u)z] ,— < x, 1 < 0,0 >0

The characteristic function of X is given by

()= E[™ =" e F (x)dx=— O;eitxexp{—ziz(x—y)z}dx

—© o2

Let%=z = x=Uu+oz=dx=0dz
1 o0

o2 ™

_ v 12
'™ exp[—z—lz(x—u)z}dx:j gll4+o2lg 2" gz
o —00

eit,u %

= E_[_Ooexp —%(22 - 2iazt)}dz
e [ N exp_—%(zz ~2iczt +i’c™? - izaztz)}dz

2z =

22
it,u—%

:effwexp[—%(z —iat)z}dz




letz —iot =u = dz =du

2:2 2
It,u—% 1 © -
=e —— | e 2du
2 °
2
2:2
i 1 © -—
w7 [“e Zau-1
N2z 9 ®
. a?t?
= Ox(t)=e"™ " 2

ag2t2

d ity — 2
NOWI E (@X(t)) = eltﬂ 2 (l,u - O-Zt)
, ~ d N /e
Then 1f = (=) 5 (8x(®)| _ = (=0 () =
Thus, Mean=E(X) = .
2 , 1 . 1
Now, %((Z)X(t)) = eltu—g(ﬂtz(i# . O_zt)z + eltu—EtZJZ (_0_2)

Thus, b = (=% 2 (0x(®)| _ = (-2 [i2%2 = 0% = (~1)(=4? = 0?)

= pp =pt+o’

Hence, the variance is given by

V(X) =y — (u)* = p? + 0% —p* = o?

= Variance = V(X) = ¢?

Finding p.m.f. (or p.d.f.) when characteristic function is known.

If X is a d.r.v. with characteristic function @ (t), then @, (t) = Y. P(X = j)e'¥.

First write the characteristic function in this form and then identify the P(X = j)
which is the p.m.f. of the d.r.v. X.



Example 4: Find the p.m.f. of the d.r.v. X whose characteristic function is given
by @x(t) = (q + pe't)".

Solution: We have, @y (t) = (q + peit)n and

Ox(t) = (q+pet)" =

s

(7)@weYqr

J=0

M:

)piqnieiti = ZP(X =j)e'ts
]:0 j=

= E[e"*] where P(X =) = (7) plqn/
Thus p.m.f. |sp(])—(n)p q"J forj =0,1,2,.
Example 5: Find the p.m.f. of a d.r.v. X whose characteristic function is given by
Oy (t) = etett-1)

Solution: We have, @4 (t) = eAe-1)

(00 0e] —A
T Rl o

= z P(X = x)e'* = E[e'*X|
x=0

—-A9x
A forx = 0,1,2, ..., which is Poisson distribution with

where P(X = x) = =

parameter A.

Theorem 1: If X is a continuous random variable with characteristic function
@y (1), then its p.d.f. is given by

1 r* |
) =5 j eit%g, (t)dt



Example 6: Find the p.d.f corresponding to the characteristic function
Ox () = et 2",

Solution:

(00]

, Lo 1.5 5
f(x) :% e—ltxeltu 2t o dt

1 oo
=—| e

- %[tzaz—zit(x—u)] dt
21

— 00

% p [_g{w_i(X;ﬂ)}z+(";“)Z]dt

e I e Ca S I

Letta—i(’%“)=u=>dt=d—”.

g

1 1 (x - ,u)z‘ 1 JOO < u2> it
= exp |—= exp| ——
oV2iT p- 2\ o 1\2m)_o P 2
1 1 x — N2
o Znexp _E( o )

N2
Therefore, f(x) = m/lﬁ exp [—%(%) ] ,—00 < x < 00

= X~N(u,0?)

Example 7: Find the p.d.f. corresponding to the characteristic function defined
by

C(1—e , <1
Q(t)_{ 0, |t>1

Solution: The p.d.f. of f(x) is given by



( )_ifoo —itx@ t)dt—ijl _itxqj(t)dt
fx C2n _ooe ( C2n _1e

1 r° 1 (.
= —j e (1 + t)dt + —f e (1 —t)dt
2m J)_, 21 ),

(vfor—=1<t<0,|t]=—tandfor0<t<1,|t] =t)
Now,
—itx

o 10
j e (1 + t)dt = [ (1+ t)] + ,—j e X dt
—lix o Wy

-1

0

1 1 e—itx
= —.—+.—[ - ]
X ILX| —lX _1

Similarly,

o 1
foe‘l“‘(l t)dt__+(lx)2 (em* —1)

. e* 4+ e7ix
f()_ﬁ[(lx)z{e —lte _1}] nx2< B 2 )

1
:f(x)zm(l—cosx),—m<x<oo



P1:

If X~NB(r,p), find its characteristic function and hence obtain its mean and
variance.

Solution:

Since X~NB(r, p), its p.m.f. is given by

pe) = (", )p" (—)* x=012,..

The characteristic function of X is given by

(Z)X(t) — E[eitX] — Z ltxp(x) 2 eltx p ( q)x

0

X= X

T

( ;) (_qeit)x = pr(1- qeit)—T

=D

MS

x=0

Thus, Px(t) =p" (1 - qeit)_r

Now,
%(@X(t)) = pr(—r)(l _ qeit)—(r+1)(_q)l-eit — iprqreit(l _ qeit)—(r+1)
Thus, mean=pu =y, = (— l)—(QX(t))|

r
= (~Dip"qr(1 = )V = prgr(p) D = =

= U=—
p

W, dtz (@X(t)) p rql_[(l_ ) (r+1) lt]

= p"rqi [—(r +1(1- qeit)_(r”)(—qi)ez"t +(1- qeit)_(rﬂ)ieit]



d2

= (0x0)|

= (—0)2p"rqi[(r + Dqip~T*? + p= 1]

Thus, u,’ = (—i)?

= (=02 rqi’p~ "I [(r + 1)q + p]

rq rq
=F(rq+q+p) =p—2(rq+1)

r2q®> 1q

pZ +p2

= Uy =
Thus, the variance is given by

of =" — () = ——+




P2:

Find the characteristic function of uniform U[a, b] distribution and hence obtain
the mean and variance of the distribution.

Solution:

Since X~U(a, b), its p.d.f, is given by

f(x)=b_a,a<x<b

The characteristic function is given by

x b b1 1 ("
— itX] — itx — itx — itx
Ox(t) = E[e'™X] L e f(x)dx ja et~ _adx - _aJa eit*dx

rab
_ 1 e _ 1 (et — gita)
b—al it . (b —a)it
ith _ eita
— 0Oy
1 A A
= thy(t) = = (el“’ — elta) e (D
Differentiating both sides of (1) w.r.t. t, we get
L0 4 (£) + By (t) = ——[(ib)e™ — (ia)eit?] ... )

i(b—a)

Again differentiating both sides of (2) w.r.t. t, we get

(0" (8) + 0’ () + ' (8) = 15— [(D)?e™® — (ia)?e*7]

(ib)zeitb _ (ia)zeita]

1
= t0"x(0) + 205 () =

In general,



k+1

d d B
tW(Q)X(t)) + (k+ 1)@(@){(0) =

[(ib)k+1eitb _ (ia)k+1eita]

1
(b—a)
Ift = 0, then

= - 1 [(ib)k+1 _ (ia)k+1]

(k + 1) (@X(t)) =

= L0 0)| _ = s (@ = (@F] e (3)

From (3), the mean is given by

p=mean=yp, = (—i)%(QX(t))L:O

= (=D 5r—= [()* — ()] = (b? - a®)

1 ————————————

2i(b —a) 2(b—a)
1 b+a

=m(b—a)(b+a)=7

b+a

> U= 5

Again from (3),

k' = (0?55 (0x(0)| _ = (-0 55— (@) - (i)®) =
=—3(b_a)(b—a)(b2+ab+a2)
. b*+ab+a?
= U = 3

Thus, the variance is given by

b2+ab+a®  (b+a)®> _ 4(b*+ab+a?)-3(b*+2ab+a?) _ (b-a)?
3 4 12 12

0% =p' —(u')? =

(b —a)?
12

2:

=0



P3:

Find the characteristic function of exponential E(A) distribution and hence find
its mean and variance.

Solution:
Since X~E(A), its p.d.f. is given by
flx) = le™ x>0,1>0

The characteristic function of X is given by

e f(x)dx = )Lf eitXe=Ax gy = /1[ e~ (A=ix gy
0 0

(0.0)

(Z)X(t) — E[eitX] =j

0

it\ 1

—A(A—i)l = (1—7)

o~ (A-it)x *®
A

—Q-in), A-it

(00]

() -y

© L\ |
=00 =) S

r=0

Thus, u," = coef. of% in Ox(t) = %

Hence, the meanis givenby u = u;" = %

2!

2
Further, u,’ = rrimirT] — and variance is given by

2 1 1

o =‘u2,_(‘u1,)2=ﬁ_ﬁ:ﬁ



P4:

Find the p.m.f. of r.v. whose characteristic function is given by

dx() = -

1-geit

Solution:

Given @y(t) = —— = p(1- qeit)_1

1-qgeit

=p ) (qe")" = ) pgreis
x=0 x=0

= z P(X = x)e'™ = E|e'*X]
x=0

where P(X = x) = pq*,x = 0,1,2, ... which is geometric distribution.



3.3. Characteristic Function

Exercise

1.

Find the characteristic function of a r.v. X whose moments are given by
u = (@r+1)2".

Cf D, (t) = % , then find standard deviation of X.

. Find the characteristic function of a r.v.X, whose p.d.f. is given by

X

f(x):{z , 0<x<2

0 , otherwise

Find the characteristic function and hence obtain the mean and variance of a
r.v.X, whose p.d.f. is given by

_ (2e7%* x>0
fx) = { 0 , otherwise
. Find the characteristic function of a r.v. X whose p.d.f. is given by
1
-, —1<x<?2
o=ff - <2
0 , otherwise

Find the characteristic function and hence find the mean and variance of a
r.v.X whose p.d.f. is given by

f(x)={%e_§ , x=>0

0 , otherwise
1 0<x<k

Ar.v.X has the p.d.f. f(x) = {k ’ :
0 , otherwise

Find the characteristic function, mean and variance of X.

Find the characteristic function and hence find the mean and variance of a

r.v.X whose p.d.f. is given by f(x) = e 72&~®) x > q.
eit

2—eit’

Find the p.m.f. whose characteristic function is given by @, (t) =



Answers:

1
1 @x(6) = (1-2it)2
2. =
3
1 2. . 2.
3. ;(e i _ 2ite?t — 1)
2 1 1
4, @X(t)=m,,u=5,0'2 =3
eZit_eit
5, QX(t)={ el
1 , t=0
6. (1-3it) ', u=3,02=9
eltk—1 k k2
7O =T =50t =g
Aedit al+1 1
8 Ox(O) =7 u="70" =5

9. p(x) = (%)k k=123,..



3.4

Cumulant Generating Function

Just as the moment generating function (m.g.f.) My (t) or characteristic function
(ch.f.) @4 (t) of ar.v.X generates its moments, the logarithm of My (t) or @ (t)
generates a sequence of numbers called the Cumulants of X. Cumulants are of
interest for the following two reasons.

1. Moments in terms of cumulants can be obtained easily when compared to
obtaining them from m.g.f. or ch.f.

2. jth cumulant of a sum of independent r.vs is simply the sum of the jth
cumulants of the summand.

Since the ch.f. exists for every r.v(the m.g.f. need not exist for some r.vs), the
cumulant generating function (c.g.f.) is defined as the logarithm of the ch.f.

Cumulant generating function: Let X be a r.v. with characteristic function
Dy (t) = E[eitx]. The cumulant generating function (c.g.f.) of X is defined by

Kx(t) = In(@x(t)) (1)

for all t in some open interval about 0 in R, provided the RHS can be expanded as
a convergent series in powers of t.

Thus,
Ky (0) = ky (i6) + kp S 4t e, & (2)
Note that, k; = coef of(l%j in Ky (t) and it is called the j** Cumulant of X
We have,
Bx(t) =14 p,'(it) +u2’("2%)2+ ~-+ur’(":!)r . (3)

From (1), (2) and (3), we have



kq(it) + ky,— (lt) =1+ u'(t)+ -+ -]

2 3

, (it)? 1 s , (it)?
5 (@ ' ) =

=OMGH+#22!+"J—§OMGQ+#£WV+W)

2!

X3 4

(~ Iin(1 +x)—x——+———+ ‘)

Comparing the coefficients of like powers of t, we get the relationship between
moments and cumulants. Hence, we have

ki =pu,' =Mean=pandk, = u,’ — (u;')? = variance = 2.
Thus, u = ky and 62 = k,.

Note:

1. From (2), Kx(t) can be written as
it))
Ke(0) = Z g

ity
Thus j™ cumulant = kj = coef. of% in Ky (t).

2. From (2),jth cumulant is obtained as

d/Kx (t)

= (—i)J
k; (—1) TS,

t=0

Example 1: If X~B(n, p), then obtain the c.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~B(n, p), its p.m.f. is given by

p@) = (0)p*q"* x =012,...,n

Then the characteristic function of X is given by



= 0x(t) = (q + peit)n
Thus, the c.g.f. of X is given by
Kx(t) = In(@x(t)) = In[q + 'peit]n

= Kx(t) = nin(q + pe™)

' o ()
=nln q+p<1+(lt)+ T +>]

(it)?
2!

=nlin|1+ (it)p +

(it)

. ? 1( . (it)? i
= Ky(t) =n {(lt)p-l— 5] p+---}—z{(1t)p+ p+---} + -

2
(np —np?) + -

= Ky(t) = G np) + o

i+)2
~ k; = coef. of (it) = np and k, = coef. of (l;) =np —np? =np(1 — p) = npq

Thus mean and variance are givenby u = k; = np and 2 = k, = npq

Example 2: If X~ Poisson P(A), then find the c.g.f. of X and hence obtain its
mean and variance.

Solution: Since X~P(A), , its p.m.f. is given by

e—A X
p(x) = po ,x=0,1,2, ...

The characteristic function of X is given by



Dx(t) = E[eitX] = Z eitp(x) = z ix & M _ —/’li (Af:)x

x=0 x=0 x=0
— e—)leleit — e;{(eit_l)
Thus, @ (t) = pAlett-1)
The c.g.f. of X is given by
Ke () = In(0x(©)) = tn [ X" | = 2(e" — 1)

awi )3
=/1[1+(it)+(l;? +(l2 +o—1

(i)
2!

= Ky(t) = (A +—— 1 + -

Thus, k; = coef. of (it) in Kx(t) = A and k, = coef. of U2 |n Ky (t) =

Hence, mean = variance = A

Example 3: If X~NB(r, p), then find the c.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~NB(r,p), its p.m.f is given by

p) = (" )p (-9, x=012,.

The characteristic function of X is given by

Ox(t) = E[e"™] = Z e p(x) = i tx p( q)*

x=0

prz ( qelt) =p (1 _qelt)
x=0

= 0y (t) = 'pr(l — qeit)_r



The c.g.f. is given by
Kx () = In(0x(t)) = In(p" (1 - qe"t)_r)
=rinp —rin(1 - qe')

irge't

Now, —(KX(t)) = (-1)—

1- qelt T 1-gelt

d
kl = (_l)a(KX — ( ) (l?"q) rpq
And _(KX(t)) qu dt 1 qelt — [(1 qe(i?_i::i_:)ezitqieit:l
vk =(— l) (KX(t)) = (- zq]
=0
rq
= k2 = F

Thus mean and variance are given by
T r .
u=ky= ?q ando? =k, = p—z respectively.

Example 4: If X~N(u, 6%), then obtain the c.g.f. of X and hence find its mean
and variance.

Solution: If X~N (u, 02), then its characteristic function can be shown that

..o 1 2.2
Px(t) = e 727°F (recall!)

Hence, the c.g.f. is given by
. 1
Kx(t) = In [elt”_i"ztz] = ity — %aztz

@* ,
2!

= Ky(t) = (it)u +



~ ky = coef. of (it) in Ky(t) = u and k, = coef. of( ) in Ky (t) = o

Thus, mean = u and variance = g2.

Example 5: If X~E(4), then obtain the c.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~E (1), its ch.f. can be shown that

Dy (8) = Ai.t = (1 —;—t)_l (recall!)

The c.g.f. of X is given by

K () = (@ () = (1) In (1-2) = (-1) [_g_g(i_t)z _ ]

A

(i)* 1
= Ky(t) = (w) gt

f()

Thus, k; = coef. of (it) in Ky(t) = - and k, = coef. 0 in Ky(t) = —.

Thus, the mean and variance are given by u = 1 Lando? = /1—2 respectively.

Properties of Cumulants: Here we develop some useful properties of cumulants.
Let k,,(X) be the n'™" cumulant of a r.v. X.

Theorem 1: k, (cX) = c"k,(X) for some real constant c.
Proof: Consider @.x (t) = E[e"*X] = E[e*)X] = ¢4 (tc)
= Ocx (t) = Oy (ct)
= InQ.x(t) = InOy(ct)
= Kcx(t) = Kx(ct)

Cﬂ,

,wherect =s

Then, ;—;(ch(t))L =

i (Kx(0)| = 35 (Kx ()| _

Therefore, (—i)":—; ch(t))L: = (- l)nCn—(Kx( ))|



= k,(cX) = c"k,(X)

k. X)+b ,if n=1
k,(X) ,if n>1

Theorem 2: k,(X + b) = {
Proof: ®X+b (t) — E[eit(X+b)] — eith[eitX] — eitwa(t)
= Py4p(t) = e P By (1)

= In[@x4p ()] = ith + In[@x ()]

= Ky, (t) = ith + Kx(t)

= (0" 1 (K ®)|_ =0, R

Ifn=1,then K,,(X + b) = b + K,,(X).
Ifn>1, K,(X+b) = K,(X).
Theorem3: If X and Y are independent random variables and S = X 4+ Y, then
ken (S) = ky(X) + kn (Y).
Proof: Since X and Y are independent,
Bs(t) = Bx(0)Dy (t)
= In[0s(0)] = In[@x (O] + In[@y ()] = Ks(t) = Kx(t) + Ky (£)

= (0" 55 (K0)| _ = Comm (ke®)] _ + 0" 5 (K0©)]

atn
= kn(S) = kn(X) + kn(Y)

Generalization: If § = X + --- + X,,, where X, X, ..., X,,, are independent
random variables, then

kn(S) = kn(Xq) + kn(X2) + -+ ky(Xp)



Theorem 4: Let u;’ = E(Xj) be the j™ moment of X about zero for
j=1,2,3,..,nwhere uy’ = 1. Let kq, k5, ..., k,, be the n cumulants of X. Then

r(r
ey = JZ;)[JIUJ k(r+l—j) - (1)
forr=0,1,..,n—1.

Proof: Forj =10,1,2,...,n, we have

= (@X(t))| and k; = (- 1)1—(KX(t))|

dt)
where @y (t) = E[e™X] and Kx (t) = In[@(t)] or equivalently, P (¢) = eXx®),
Differentiating this last identify w.r.t. t gives

Oy (t) = eXxO Ky (1) (2)
and evaluating this at t = 0 gives iy, = ik; = ' = k4 holds for r = 0.

Differentiating (2) for r times, it gives

r

Q)X(r+1) (t) = 2 (7; ) @X(j) (t)KX(r+1—J') (t)

Jj=0
(Use Leibnitz theorem for the nt* derivative of the product of two functions)

and evaluating this at t = 0 gives

r

1 r 1
Hea'= 2 i Hj k(r+1—j) forr=0,1,..,n—1

Note: Takingr = 0,1,2,3 in (1) produces

m' =k )
ty' =ky+ uy'ky } (3)
ps' = ks + 2u1"ky + py'ky

ta' = kg +3u1"ks +3u;"k, + #3”‘1J



These recursive formulae can be used to calculate the (u')s efficiently from
ks and vice versa.

letyu; = E [(X — E(X))j] = E[(X — M1')j] forj = 1,2, ... are unknown as central
moments.

Then formulae (3) simplify to

Ho =Kz, 3 = K3, g = ks + 3k22and ko=t k3 =ps, ky=ps—3u°

Note: Mean = u = k, and variance = u, = % = k,.



P1:

Let X be a.r.v with p.d.f

1
f(x)={ﬂ’ —a<x<a
0, otherwise

Find the c. g. f.of X and hence find its mean and variance.
Solution:

The characteristic function of X is given by

itX ] _ a jtx _1 a jtx
E[e ]_I_ae f(x)dx—z—a _e'%x

1 eitx a 1 . i
= —|= ] = [elta —e lta]
it 1- 2ait

(lta)2 (ita)3 (lta)2

(ita)3

= alt[(1+t + + + - ) (1—lta+

3!

(lta)3 (ita)®

5!

+2

——|2ita + 2 =

(it)? a (it)* a*
= 0y = [1+92 4+ & ?+---]

The c.g.f. of X is given by

KX(t) = ln[¢x(t)] =In [1 + — (lt)z (lt)4 _|_ ]

2

(it)? a? | (it)* a* 1[(it)?>a® | (it)* a*

3!

= KX(t):(Z! ERY ?4_...)_5 2 3 T s ] te

ﬁkl_

Thus, the mean and variance are given by 4 = 0 and g2 = %

)]



P2:

Let X be r.v. with p.d.f

1
f(x) = Ee"x',—oo <x< oo

Find the c.g.f. of and hence find its mean and variance.
Solution:

The characteristic function of X is given by

b ()=E[e™ = e™f(x)dx= 117 et Mgy

2—00

= %Ui(costx +i sintx)e_xdx} = %Zj:(cost x)e Mldx

(Since the integrals in the first and
second integrals are even and odd functions of x repsectively).

®_x
:_[0 e costxdx

1

102 _y
Z—ZJ e " costxdx
t= 90

(On integration by parts)

1 1
=  Ox(@) = 2 Dx(t) = Ox(t) = 1122

1+t2

The c.g.f. is given by Ky (t) = In(@x(t)) = ln[ ! ] =—In(1+t?)

(it)*

T 2 4 ...

= Ky(t) =

= ky = coeff.of (it) in Kx(t) = 0and k, = coeff.of (izL!)zin Ky(t) =2

Thus, the mean and variance are givenby u = 0and g% = 2



P3:
Let X be a.r.v. with p.m.f given by

— qxp ’ x=0,1,2,,0<p<1,q=1_p
p(x)_{ 0 ,  otherwise

Find the c.g.f. and hence find its mean and variance.
Solution:

The characteristic function of X is given by

¢x (t) |: |tXi| Zeltxp geitqup
_ pxzzé(qe")x - p(l—qeit )_1

= 0x(t) = p(1 - geit)™

The c.g.f. is given by Ky (t) = In[@x ()] = Inp — In(1 — qe™)

Now, %(Kx(t)) = et _ = (iq) [1 qew]

1-gqelt

)i =1
_ =0 =2

d
vk = (_i)E(KX

Further, — (KX(t)) = (iq) [(1 qz t);e;:;iw lq] and
ke = (-2 (Kx(w) = (—D2(i )(p+lq)=>k2=pq—2
t=0

Thus, the mean and variance are given by u = % and g2 = % respectively.



P4:
Let X be ar.v. with p.d.f.
f(x) =%exp [#],—oo <x,u<o, >0
Find the c.g.f. and hence obtain its mean and variance.
Solution:
It can be shown that the characteristic function is given by

eitu

1+A2¢t2

Dy (t) =

(doit!)

it
The c.g.f.is given by Ky (t) = In[@x(t)] = In [1;22]
=ity — In(1 + A?t?)
= ity — (A%t* + )
i+)2
= Ky(t) = ity + 222 + -~
= k, = coef.of(it) = uand k, = coef. of(izt—?2 = 27?

Thus, the mean and variance are given by u and 212 respectively.



3.4. Cumulant Generating Function
Exercise

X— )
1. LetU = Ta where a and h are real constants. Obtain the cumulants of U

interms of cumulants of X.

2. For a distribution, the cumulants are given by
k,=n(r—1)!',n>0
Find the ch.f.

3. The p.m.f of X is given by
p(x)=q"1p,r=1,23,..
Find the c.g.f. and hence find its mean and variance.

4. The p.d.f. of X is given by
—-X

e
f(X)zm, —oo < x <o

Find the c.g.f. and hence find its mean and variance.



Answers

B¥)7a o nd k.(U) = &rx)forr =2,3..

1. k,(U) = .

2. (Z)X(t) = (1 - it)_n

1+q

1
3. ,uzgandazz _

2

4. u=0and02=%



3.5

Probability Generating Function

Let X be a non-negative integer valued random variable with p.m.f.
p(x) = P(X = x). Then the probability generating function (p.g.f.) of X is
defined by

(00]

6x(0) = E[t*] = ) £p(®)

x=0
where —1 <t < 1is a dummy variable.

Advantages:

It is easy to compute.
Moments and some probabilities can be obtained easily.
The p.m.f. can be obtained easily from p.g.f.

HwnN e

It is easy to handle with sum of independent r.vs.
Effect of linear transformation of p.g.f:

Theorem 1: Let X be a discrete random variable with p.g.f. Gx(t). Let
Y = a + bX where a and b are real constants. Then Gy (t) = t“GX(tb)

Proof: By the definition of probability generating function, we have,
Gx(t) = E[tX]. Then

Gy () = E[t(@*PX)] = E[t9PX] = t*E[(t2)*] = %G (t?)

= Gy (t) =ty (t?)



Theorem 2: Additive Property: If X and Y are independent random variables,
then for constants a, b, we have

G ax+br) (1) = Gx(t%) + Gy(tP)

Proof: Gayypy(t) = E[t*¥+PY] (by P.g.f.)
= E[(t))*(t")"]
= E[(tY)X]E[(t?)Y] (~ X&Y are indpendent.)
= Gy (t*)Gy (t")

Thus, Gax4+py (1) = Gx(E*)Gy (t?)

Note: In particular, ifa = b = 1, then Gx,y(t) = Gx(t)Gy(t)

Generalization: If X{, X,, ..., X, are independent random variables, then
Gxy+-+x,) (1) = Gx, (£)Gx, () ... Gx (F)

Relationship between p.g.f. and m.g.f:

The p.g.f. and m.g.f. of a random variable X are defined by G4 (t) = E[t*] and
M, (t) = E[e*X] respectively.

Now, My (t) = E[e™*] = E[(e")*] = Gx(e")
= My(t) = Gx(e")
Further, Gy (t) = E[t*] = E[e™(t)] = E[eX"t] = My(Int)
= Gy(t) = My(Int)

Theorem 3: p.m.f. from p.g.f : Let Gx(t) be the p.g.f. of a discrete r.v. X that can
take the values 0,1,2,.... Then the p.m.f. of X is given by

1
p() = P(X =) =—6P0)| _



Proof: By definition, we have

Gx(t) = E(t¥) = Z t*p(x)
x=0

=PX=0)t+PX =Dt'+PX =2)t>+ -+ P(X = x)t* +

It can be observed that the coefficient of t* in Gy (t) is P(X = x). To obtain
coefficient of t¥, differentiate Gy (t), x times and substitute t = 0. Thus,

P =x(x—1D(x—2) 21 PX=0)+ @+ D) +2-1 - PX=x+1) + -

When t = 0, all terms after the first vanish. Thus,
1 1
PX=x)=—6®)| =—6y(0)

Computation of moments using p.g.f:
In the derivation of moments, we use Taylor’s expansion:

Suppose f(x) has derivatives of all orders at x = a. The Taylor’s expansion of
f(x) at the point x = a is givne by

f(a)
n!

F@) = f(@) + (@ —a) + 2 (e - a)? + - X — @)+ -

==Y D -y
i=0

The Taylor’s expansion of f(t) = t¥ about t = 1 is given by

_q (t— )2 (t— )3
=1+ Xt—-1D+XX 1) ———+ XX —1)(X —2) ——=—
= Gy (t) = E[t¥]
_1+(t—1)E(X)+“ D% plx(x — 1] + &2 1) E[X(X — 1)(X —2)] +

Differentiating (1) w.r.t., t r times and setting t = 1, we get



c;y)(t)|t=1 =EXX-1)..(X =1+ 1)]

=S EXX-1)..X-r+1)]=61) (2)

which is known as ™" factorial moment of X. Using these, we can find the
moments about origin as follows:

If r =1in(2), we have
w' = EX) = 6’ (1)
If r = 2in (2), we have
E[X(X —1)] = E[X?> —X] = E(X?) — E(X) = G (1)

= E(X?) = 62 (1) + E(X) = 6,2 (1) + 6P (1)

Thus, the second moment about origin is given by

w' = E(X?) = 671 + 60 (1)
Similarly, we can find any moment about origin.

Computation of mean and variance using p.g.f:

Theorem 4: If the r.v. X has p.g.f. Gx(t), then the mean and variance of X are
given by

1 =EX) =GP (1)and

2
a2 =V(X)=6P 1) +6P1)-[6{P(1)]
respectively.

Proof: From the above, we have
m' =GP W), ' = 6P M) + 6P ()

Thus,the mean u = u,' = G)((l)(l) and variance 62 = u,’ — (uy')?



2
=02 =GP (1) + 6 (1) - (657 (1))
Convolution formula:

Theorem 5: If X and Y are independent integer-valued random variables with

PX=x)=p;(x)andP(Y =y) =p,(y),x=0,1,2,...andy=0,1,2, ..,
then

PX+Y=2)=p@ = ) pi(0)p2z— %)
x=0

Proof: We have,

Gx() = ) P () and Gy(O) = ) P,
x=0 y=0
Now, Gyiy(t) = Gx(t)Gy(t) (Since X and Y are independt)

= (i txp1(x)) i t¥p, ()

x=0 y=0

= Gry (0 = ) ) p@pEH (D
x=0 y=0

LetZ =X +Y.Then

(ee)

6,(8) = E[t?] = ) t*p(2) - (2)

z=0

From (1) and(2), we have

[o0] [o0]

D tr@ =) i P2 (0P, (e

z=0 x=0y=0



= Z tp(2) = Z (Z P2 (P (7 - x)) ¢

= p(z) = z p1(xX)p,(z —x) ,forz=10,1,2, ...
x=0

Example 1: If X~B(n,p), then find the p.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~B(n, p), its p.m.f. is given by
p(x):(Z)pan—x,x=0,1,...,n, 0<p<1’q=1—p

The p.g.f. of X is given by

n n

x=0 x=0

=) (%) @y =@+

= Gx(t) = (q +tp)"

Differentiating both sides w.r.t., t we get

GV () = n(q +tp)"p

= U =mean= U, = G)gl)(l) = np and variance is given by
=62+ 6" - [6°]

But Gy (¢) = np(n — 1)(q + tp)"p

= G)gz)(t) =n(n — 1)p? = n?p? — np?

Therefore, 02 = n?p? —np? + np — n’p? = np(1 — p) = o2 = npq



Example 2: If X~P(A), then find the p.g.f. of X and hence obtain its mean and
variance.

Solution: Since X~P (A1), its p.m.f. is given by

e A
p(x) = — X = 0,1,..andA >0
The p.g.f. of X is given by
[ee] [ee] —AAx [e'e) tl X
Gx(t) = E[tX] = Z t*p(x) = Z txe — = et % — ppth — pAlt-1)
x=0 x=0 X X=0 X:

== Gx(t) = ell(t_l)
Differentiating both sides w.r.t. t, we get
G)gl)(t) = et-D) and G)((Z)(t) = A(t-1))2
Thus, G2 (1) = Aand G2 (1) = A2
Hence, the mean and variance are given by u = G)((l)(l) =1
2 _ @ Wy _ (@D = 22 3 — 32 — :
and 0% =Gy (1) + Gy (1) — |Gy "(1)| =A%+ A — A% = Arespectively.

Example 3: If X~NB(r, p), then find the p.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~P (A1), its p.m.f. is given by

pe) = (" )p*(-a)*,x=012,.

The p.g.f. of X is given by

oo

6x(®) = E[t*] = ) ep(0) = ) ¢ (7)) pr ()

x=0

=p’ Z (7)) (~tey* =p (1 —tq)™

x=0



= Gx(t) =p"(1—-tq)™"
= G (1) =p" (-1~ tq) " (=q) = rqp” (1 — tq)~"*V
= 6”0 =rqp" (- + D)1~ tq)" T (=) =r(r + Dg’p" (1 - tq)" "+

Thus, G)gl)(t) =rqp"p TtV = % and

2
GO =+ Dgpp D = ¢+

2,2 2
r r
q+iz

(2) —
= Gy (t) = 2 >

Thus, 4 = mean = G)((l)(l) = %and

2
0% = variance = G)((Z)(l) + G)((l)(l) — [G;((l)(l)]

r2q2

rq?

2.2
rq rq rq 2 _Tq
—_— = — + = 0° = —
p? p? p p? p? (g +p) p?

Exampled: If X~G(p), then find the p.g.f. of X and hence obtain its mean and
variance.

Solution: Since X~G (p), its p.m.f. is given by
p(x)=q¢*p, x=012,..

The p.g.f. of X is given by

(00] oo

Gx(t) = E[tX] = z t*p(x) = Z t*q*p = pi(tq)" =P

1—1tq

x=0 x=0
= Gx(t) =p(1 —tg)™*

G () = p(-1)(A - tq) 2(=q) = pq(1 — tq) 2



(1) pa 9
=6, (1)=—=-—
X p? p

Now, G2 () = pa(-2)(1 — tq)3(~q) = 2pq?(1 — tq)~3

e’ _ 24"

2 _
= Gy '(1) = 3 e

Hence, the mean pu and variance a2 of X are given by:

U= G)((l)(l) = %and

o2 =GP M) + 6P (1) - [G§1)(1)]2

_2¢* a_4a
p? p p? p

Example 5:The j.p.m.f. of (X,Y) is given in the following table. Prove or diprove

Griy(t) = Gx(t)G,(¢) iff X and Y are independent.

Y 0 1 2 Total
X
0 1 2 0 1
9 9 3
1 0 1 2 1
9 9 3
2 2 0 1 1
9 9 3
1 1 1 1
Total § § §

Solution: Since P(X = 1,Y = 2) = % +#P(X=1)P(Y =2) = §§ = g , it follows

that X and Y are not independent.

Now, Gy (t) = Gy(t) = (1 + t + t2)

letZ=X+Y.ThenZ =0,1,2,3,4. Letp; = P(Z =1),i = 0,1,2,3,4.



po=P(Z=0)=P(X+Y=0)=P(X=0,Y=0)=§

2 2
p1=P(Z=1)=P(X+Y=1)=P(X=0,Y=1)+P(X=1,Y=0)=§+0=§

p,=P(Z=2)=PX+Y=2)=PX=0Y=2)+PX=1,Y=1)+PX=2Y=0)

P3=P(Z=3)=P(X+Y=3)=P(X=1,Y=2)+P(X=2,Y=1):§+0=

P4=P(Z=4)=P(X+Y=4)=P(X=2,Y=2)=%

The p.d.f. of Z = X + Y is given by

1 2 3 2 1
Gyiy(t) = 5+3t+5t2 +3t3 +;t4

2
= Gyyy (D) = %(1 F2t+3t2 42634+ t4) = E(l +t+ tz)]

= Gy.y(t) = Gx(t)Gy(t) but X and Y are not independent. Thus the statement
is disproved.

Example 6: Can Gx(t) = % be the p.d.f. of .r.v. X? Give reasons.

Solution: We have Gy (1) = % = % =1

Further, Gy (t) = 1i+t =201+t T =2(1—t+t2—t3+-)

— Gy(t) = 22(—1)’%"

Thus, p(x) = P(X = x) = coef.of t¥in Gx(t) = 2(—=1)*
=p(x) =2(-1)*,x=0,1,2,..

Note that it takes negative values also. Hence, Gx(t) is not a p.g.f.

2

9



Example 7 : A fair die is thrown n times. Let S be the total number of points.

Showthat P(S=n+5) = (n + 4) (1)n.

5 6
Solution: The p. g.f. of a single throw is given by:
6 6
tx
6x() =) @) =) =
x=1 x=1
t (1-t°)

_1 24 ...46y=1L e 5y =t
—6(t+t+ +t°) 6(1+t+ +t°) P

= GO =-(1-t)(1-7"
Since the n throws are identical and independent,

Gs(t) = [Gs(D)]" = t"@-tﬁgnm-o—n

=> P(S=k+6j+n) g1
k=0



where,

P(S:k+6j+n):inzn:(—1)j[r_]j[n+k_lj
6 =0 J k
Now,P(S=n+5)=P(S=k+6j+n)withj=0andk =5

~s ) ="

n+4)

1
=>P(S=n+5)=6—n( 5



P1:

Urns U, and U, have the following distribution

U1 UZ
X 0] 1 2 3 y 1 2 3
p1(x) 04102 | 01 | 03 p.(¥) 03 | 0.6 | 0.1

A ball is drawn from each urn and the numbers X, Y appearing are added. Find
the p.m.fof X + Y by using p.g.f.

Solution:

Here X and Y are independent. The p.g.fs of X and Y are given by

3
Gy(t) = t'p,(x) = 0.4+ 0.2t + 0.1t* + 0.3t3

x=0
and
Gy(t) = typz(y) = 0.3t + 0.6t% + 0.1¢t3
y=1
respectively. Since X and Y are independent

Gyry (1) = Gx()Gy(t) = (0.4 + 0.2t + 0.1t + 0.3t3)(0.3t + 0.6t% + 0.1t3)

= 0.12t + 0.30t% + 0.19¢3 + 0.17t* + 0.19¢> + 0.03t°



Thus the p.m.f. of X + Y is given by

r

P(X+Y=1)

0.12

0.30

0.19

0.17

0.19

0.03




P2:

Lottery tickets bear numbers from 000000 to 999999. Find the probability
that a ticket bears a number whose sum of the first three digits equals the sum
of the last three digits.

Solution:

Let the ticket bear the number Y, Y, Y;Y,Y:Y,. Obviously, all Y's are identically and
independently distributed with

p(x) = P(YJ x) =1—10, x=20,1,2,..9

The p.g.f. of each Y is given by
Gy(t) = —(1+t+-+1t°)

1 (1-t19)
= Gy(t) :1_0 (1-0t)

LetXl =Y1+Y2+Y3 andXZ =Y4+Y5+Y6.

Then Gy, (t) = Gy, (£)Gy, () Gy, (1)
= (%) a-eora-o

Similarly Gy, (8) = (%) (1 - 81931 - )
Let Gy, (£) = Gy, (8) = G(2)

Then P(X, = 1) = coef.of t" in G(t)

and P(X, = 1) = coef.of t TinG(t™1)

~p=PX, =X,) =coef.of t°inG)G(t™1)



1

- coe.of ein(3) =0 -0 () (1= ) (1-2)
1\3
= p = coef.of t°in (1_0) (1 — t10)6,£727(1 — £)~6

Now, (1 — t10)6 = 1 — (?) £10 4 (g) £20 _ ..

and(l—t)‘6:1+(g)t+(;)t2.|_...(5‘5|‘7”)tr_|_...

p=() (D) - E)+O ()]



P3:
Find the p.g.f. of P(X > n).
Solution:

The p.g.f. of X is defined by

o0

G(t)= Z p(x)t* ,where p(x) is the p.m.f. of X.
x=0

Let f,, = P(X >n)and p(n) = P(X = n)
ConsiderP(X=n+1)=PX>n)—PX>n+1)
= pn+1)=fi— fan

1 1
= () 0 = o+ 1)

= it” f —Eit“ﬂ f.. =Eit””p(n +1) . (1)
n=0 t =0 t =0
et H(t)=> t"f, (@)
n=0
Now, Ztn+1 P(N+1) = tp(1) + £2p(2) + £3p(3) + -
n=0
= Z(;t””p(n+1):(3(t)— p(0) ..(3)
n=
Note that Ztn+l fn+1 =H (t) o f0 -~ (4)
n=0

Butf, =P(X>0)=1—P(X =0)=1-p(0) .. (5)



From (4) and (5), we have

STt (n+1)=H (t)—1+ p(0)
n=0
On substituting (2), (3) and (6) in (1), we get

H(t) —=[H(®) = 1+ p(0)] =

~ | =

[G(t) = p(0)]
tH(t) —H() +1-p(0) = G(®) — p(0)

= (t—1DH@)+1=0G6(t)

G(t)-1
t—-1

1-G(t)
1-t

= H(t) = = H(t) =

... (6)



P4:

Find the p.g.f. of P(X < n).

Solution:

From the relation P(X <n+ 1) — P(X <n) = P(X = n),

we get @, — @, = p(n) where @,, = P(X < n)

PR R RL)

or t HH(t) — @o] — H(t) = G(t)
Since, @, = P(X < 0) = 0, the above result is

t.G(t)

tHH(®) ~ H() = G(6) = (1~ OH(D) = tG(8) = H(O) = ——




3.5. Probability Generating Function

Exercise

1.

N

Let X be ar.v. with the following p.m.f.

. Let Gx(t) =

X 1 2 3 4
1 1 1 3
p(x) 3 6 8 8
Find the p.g.f.
1

fp(x) =PX =x) = forx = 3,4,5, .... Find the p.g.f. of X

ZX—Z

. Let X be ar.v. with p.g.f. Gx(t). Find the p.g.f. of

() X+1
(i) 2X

If G(t) is the p.g.f. of X, then find the p.g.f. of% where a and b are real

constants.

1. 214
(5”5)
t

. What is the range of X? What is its p.m.f.?



Answers

1. Gy(t) = t+-t? 43+t

t3
2. GX(t) - a

3. () tGy(t)

(i) Gx(t?)

4.t_%{?(t%)

5.
X 1 0 1 2
16 37 54 )
p(x) 81 81 81 81 81




Unit-1V
Order Statistics and Limit Theorems
4.1

Order Statistics

Independent and identically distributed random variables:
We say that X;, X,, ..., X;, are independent and identically distributed random
variables (i.i.d.r.vs) if

n
Fy, x, (X1, 0, Xy) = ﬂin(xi) (independent) ..(1)
i=1
and Fy (x) = F(x) Vi = 1,2,...,n (identically distributed) . (2)

where Fy (x) is the c.d.f. of X; fori = 1,2,...,nand Fy  _x (xq,...,x,) is the
j.c.d.f.of Xi, ..., X,,.

For continuous random variables, the c.d.fs are replaced with p.d.fs in equations
(1) and (2) while for discrete random variables the c.d.fs are replaced with
p.m.fs.

Definition: We say that X;, X5, ..., X;, is a random sample from a population with
c.d.f. F(x) (or p.d.f. f(x) or p.m.f. p(x))if X4, ..., X,, are i.i.d.r.vs with common
c.d.f. F(x) (or p.d.f. f(x) or p.m.f. p(x)).

Definition: Let X;, X5, ..., X;, be a random sample from a population with c.d.f.
F(x). Define

X1y = smallest of X, X5, ..., Xp,

X(2) = second smallest of Xy, X5, ..., X,

Xy = r" smallest of X;, X, ..., Xp,,



Xn) = largest of Xy, X5, ..., X.

The ordered values X1) X2)s s X are known as the order statistics (o.s) of the
nrvs Xq,X,, ..., X,.

Note:

1. o.s arer.vs themselves (as functions of X3, ..., X},)

2. o.s.satisfy X(q) < X(g) < - < X

3. X1,X5,...,X, arei.i.d.r.vs but X1y X(2)r s X () are neither independent nor
identically distributed because of order restriction.

Distributions of 0. s. in continuous case:

Let X;, X5, ..., X;, be arandom sample from a continuous population with c.d.f.
F(x) and p.d.f. f(x).

Marginal distributions:

1) The c.d.f. and p.d.f. of X,,, the n™ o.s. are given by

Fx, (x) =[F(x)]™ and fx(n) (x) = n[F(x)]* 1 f(x)respectively.

2) The c.d.f. and p.d.f. of X4, the first o.s. are given by
Fx, (x)=1-[1-F(x)]"and fx(l) (x) =n[1 = F(x)]* 1f(x) respectively.

3) The c.d.f. and p.d.f. of X(jy,1 < j < n, the jth 0.s. are given by

n

Frgy 0 = ) () FGOY[L = FGoI™~ and
i=j
fry ) = T [FGOV 1 = FOI" /£ (%)
respectively.



Joint distributions

4) For1 <i <j<n,thej.p.d.f. of X;;yand X is given by

fX(i)'X(j)(u'v)

n!

— i—-1 _ j—i—1 _ n-—j
oDy F @I F@) = Fw)] [1-F)]"/f)f )
for—oo<u<v<o
5) The j.p.d.f. of k-order statistics Xjr X(jp)r = X(j,) Where

1<n<n<--<n<nandl<k<nisforx; <x, <-- < x; given by
fX(jl)""’X(jk) (1, e X5)
n!
" Gi= DIGz =i = DU Ge— Joet = DI =)t
it (e)[F () = FOe) Ve L [F Gy = F o) Piien™
[[1 = FGedI™ %] fOe) f (e oo f (i)

6) The j.p.d.f. of X(4y, X(2), ..., X(n) is given by

n! f(xy)...f(x,) , —00 < x; << Xy < O
o , otherwise

fX(l),...,X(n) (xl, ,xn) = {

Distribution of Range: Let us obtain the p.d.f. of the r.v. R;; = X(;) — X(;
for i <j.Thej.p.d.f. of X(;y and X;y is given by
fX(i),X(j) (ui U)

_ n!
T -DIG-i-D!(n—j)!

[F)I ' F@) - FV 7 1 = FOI" fFf () ... (1)

Let R;j = X(jy —Xpand X = X;) = rnj=v—uandx =u
= u=xandv =r;+x

The Jacobian of transformation is given by



du Jdu
_ o(wy) ox arl] 1 O _ _
] = ey = ‘av . 1| —1land|/| =1 -(2)
ox 61“11

From (1) and (2), the j.p.d.f. of X(;y and R;; is given by
fX(i)'Rij(x’ rij)

_ n! l 1 j-i- 1
= Sy F @I F(x +1y) = FGO)

[1—F(x+r”)] (x)f(x+rl]) . (3)

From (2), the m.p.d.f. of R;; is given by

fRij (rij)_fooo fx( )R (X ']J)dx (4

Letj = nandi = 1. Then the range is given by W = X(;;y — X(4). From (3) and
(4), the p.d.f. of W is given by

gw) =n(n-1) J [F(x +w) — FQ)I" £ (x + w)f (x)dx
The c.d.f. of wis given by

Gw)=P(W <w) = Jwg(u)du
_ j ! (n(n ~1) j CIFGe+w) — FOOT™2F(x + ) f(x)dx> du
= nf f(x) U m—Dfx+uw)[F(x+u)— F(x)]"'zl dx

= G(w) = njoof(x)[F(x +w) — F(x)]" tdx



Example 1: Let X4, X,, X3, X4 be a random sample of size 4 from uniform [0, 0]
distribution. Find the p.d.f. of X (1), X(3) and X (4,.

Solution: Since each X~U (0, ), its p.d.f. is given by f(x) = % ,0<x < 0andits
c.d.fis given by

F(x)_P(X<x)—j f(t)dt—f ‘dt_[g]:_

The p.d.f. of X4 is given by

4-11

frn @) =11 = FOI" £ (x) = 4 (1 - g) .

4 x\3
=>fX(1)(x)=5(1—5) 0<x<0

The p.d.f of X(5) is given by

4! rx1? 11 12x%*(6 —x)
fry () = 2!1![9] ( _5) 0 94
12x2%(0 — x)

= fpy (X) = o 0<x <6

The p.d.f of X4 is given by

31 4x3
frip ) = nIFCOI11 () = 4(5) 5=9—’i

fX(4)(x) 94 —,0<x<80



Example 2: Let X4, X5, ..., X,, be i.i.d.r.vs with common p.d.f.

1, 0<x<1
f (x)_{O , otherwise

Find (i)pdf.ofX;,1<j<n
(i) j.p.d.f.of Xjy and Xy for1 < j <k <n
(i) p.d.f.of R = X () — X9
Solution: Given
pdf: f(x)=1,0<x<1
cgfi F(x)= foxf(t)dt =x =>Fx)=x0<x<1
(i) The pdf of X(;y is given by

nl .

! _ n—j .
fXU)(xj) - (j—1)!(x—j)!xj] '(1-x) "for0<x<1,1<j<n

(i) The j.p.d.f. of X(;) and Xy is given by

Frgpoxao (% %) = (j—l)!(k—:'u—l)!(n—k)! 177 (e — xj)k_j_l(l — %)™,
0<xj<x,<lwhere 1<j<k<n
The j.p.d.f. of X(4y and X, is given by
fxayxm 1 Xn) = — 1) —2)"72,0 <xy <%, <1
(iii) The p.d.f. of R = X5y — X(q) is given by

gw)=nn—-Dw" 21 -w),0<w<1



Example 3: Let X (1), X(2), X(3) be the o.s. of i.i.d.r.vs X;, X;, X3 with common
p.d.f.

Be*B,x>0>0
0,otherwise

@ =1
LetY; = X3y — X(2) and Y, = X(,) . Show that Y; and Y, are independent.
Solution: The c.d.f. is given by F(x) = foxf(t)dt =1—e*F x> 0.

Then the j.p.d.f. of X(,) and X(3 is given by

3!
fX(z).X(3)(x;y) = 110101 (1 - e_ﬁx)ﬁe_ﬁxﬁe_ﬁy,() <x < y <

Herey;, =y—xandy, = x
= x=Yyandy =y, +,

The Jacobian of transformation is given by

ox  ox
a(x,y) dy1 0y, 0 1
] 0(y1,y2) a_y 6_31 1 1| and Ul
dy1 0y3

The j.p.d.f. of Y; and Y, is given by
f(r,y2) =31B%(1— e PY2)e Pr2eF0nty2) 0 <y, <o0,0<y, <o .. (1)
The m.p.d.f. of Y, is given by

folyz) = 31Be™2hr2(1—e7F72),0 <y, < e (2)
and the m.p.d.f. of Y; is given by

fiy) =Be P, 0<y, <o . (3)

From (1), (2) and (3), Y; and Y, are independent.



Example 4: Let X, X5, ..., X,, be a random samples from a population with
continuous density. Show that Y = min(X, X5, ..., X,,) is exponential with
parameter nA iff each X; is exponential with parameter A.

Solution: Let X; be the i.i.d exponential variates with parameter A and p.d.f.

f(x) = le™ x>0,1>0
— _ [ (XA, A AX
and F(x)=P(X SX)—IO f(u)du —ﬁjo e Mdu=1-e
The distribution function of Y; = min(Xy, ..., X;,) is given by
Frb)=1-[1—F"=1-[1-1+e ] =1 - x

which is the distribution function of exponential distribution with parameter nA.
Thus, Y; ~exp(nA).

Converse: Let Y; = min(Xy, ..., X,,) ~exp(ni)
ThenP(Y; <y)=1—e ™

Now, P(Y; 2y) =1-P(¥; <y)=1—(1—e ™) =™
= P[min(Xy, ..., X,) = y] = e ™

=SPX, 2y, X, 2y, .. X, =y]=e ™

= ILIF’(Xi > y)=e"“y (v~ Xsarei.d.d)
i1

=>P(Xi2y)=€_/1y =>P(XiSy)=1—e_/1y

which is exp(4) distribution. Thus, X;’s are i.d.d Exp(A).



Example 5: For exponential distribution f(x) = e ™, x = 0, show that the c.d.f.
of X,y ina random sample of size n is F,,(x) = (1 — e ®)™. Hence prove that
as n — oo, the c.d.f. of X,, — Inn tends to the limiting form

exp(—exp(—x)),—o < x < .
Solution: Here f(x) =e™, x>0 =>F(x)=PX <x)=1-—-e77".
The c.d.f of X(y,) is given by Fx = [FO)" =1 —e™)"
The c.d.f. of X,y — Inn is given by
Gn(x) = P[Xmy —Inn < x| = P[Xn) < x + Inn]
— [1 _ e—(x+lnn)]" =[1- e—xe—lnn]n

- n
ex

= G,(x) = (1 _ T)

= lim G,(x) = lim (1 - eT)n e ( lim (1 + g)" - ex)

n—-oo n—-oo

Distribution of O.S. in discrete case: In discrete case there is no magic formula to
compute the distribution of any X(; or any of the joint distributions. A direct

computation is the best course of action.

Let X;, X5, ... X;, be a random sample, from a population with p.m.f.
p(x;) = P(X =x)fori=1,2,..

Let I; :kiZ_lp(Xk)-Then P(X(j) < xi): Zn:([(]] rik (1_ri)n—k

P[5 -3} Jr @ -r-r ]



Example 6: Let X;, X,, ... X;; are i.i.d.r.vs with common geometric p.m.f. given by
pkzp(XZk)zqu—l’ k = 1,2,..., O<p< 1, q= 1—p

(i)  Findp.mf.of Xy, 1 <7 <nand
(i)  Show that X; and X3y — X(4) are independent random variables and
X(2) — X(1) has a geometric distribution.

Solution:
(i) Foranyintegerx > landr =1,
P[Xey = x| = P[X¢ry < x] = P[Xery < (x = D)

Now P(X(r) < x) = Plat least rof X s are < x]

DI O (O

and P(X1 ZX):équ_lz(l— p)x_lqu—l
It follows that, P[ = ]:.:r(l) [q (1 q) ( qx_l)i}

x=12,...
(i) Letn=7=2.Then, P[Xp =x]|=pq" ' (pg** +2-2¢""1),x =1
Also, for integers x,y = 1, we have P[X(l) =x, Xz —Xa) = y]
= P[X(l) = x,X(z) =x+ y]
=P[X1 =X,X2 =X+y]+P[X1 =X+y,X2 =X]
= 2pq*'pq* = 2pq***pq”
= P(Xa) = x)P(X) =)

and P(X) = 1, Xz = Xy = 0) = P(X(ny = X»y = 1) = p*



It follows that X,y and X,y — X(4) are independent random variables and,
moreover, that X,y — X(1) a geometric distribution.



AMS570
Order Statistics

1. Definition: Order Statistics of a sample.

Let X1, X2, ..., X,, be arandom sample from a population
with p.d.f. f(x). Then,

X(l) = min(Xl,Xz, ""Xn)
X(n) = maX(Xl,Xz, ""Xn)
and X(l) < X(z) <.-< X(k) <-.-< X(n)

2. pd.f's for Xjand X,

W.L.O.G.(Without Loss of Generality), let’s assume X is
continuous.

n
P(Xy > x) =P(Xy > x,X; > x,..., X, > x) = Hp(xi > x)

i=1
n

=] [ - Pl

i=1
Fxoy () = 1= [TL4[1 — Fy, )]

fir, (®) = =TT [1 = Fx (0] = =<1, [1 - F@)]" =
n[1 — F)]"'f(x)

Fxpy ) = P(Xm < %) = PXy SxXp <%, X, S %) =
i=1 Fyx, ®)=[Fx)]"
iy X = n[FGO" (%)
i.i.d

Example 1. Let X, exp(A),i=1,..,n

Please (1). Derive the MLE of A
(2). Derive the p.d.f. of X(y)
(3). Derive the p.d.f. of X,
Solutions.

(1)
n n
L= 1_[ f(x;) = 1_[(7\6_}"“) =" M Eimx
i=1 i=1
n

[ = InL = nln) — xzxi
i=1



dl n Z —0:>X—1
A LNT ~X

Is A an unbiased estimator of A? E (ﬁ) =7

A
My, (t) = Tt

Myn % ® = (%)

n

Y= z X; ~gamma(A, n)

n

._.
1l
-

fygn, (X = ) Q)" le ™V
Let Y = X;
i=1
B(y) = [ s ie ey
Y o y(n—1)!
— A joo A A n—2 —?\yd
ho1 ), o WTeTdy
A
- n—1

E<1)— (7\)_ nAi 22
)" "\n-1) Tn-1
A is not unbiased

(2) X(l) = min(Xl, Xz, ...,Xn)

P(Xy > x) = [T, P(X; > x) = [TL4[1 = F(0)]=[1 — F()]"
Fy,, () = 1 - [1 = F(]"
fxy %) = n[1 = FGI" (%)
f(x) = Ae™,x > 0 (exponential distribution)
Fo) = [ fwdu = [ AeMdu = [—e X = 1 — e
(X)Jo(u)ufoe u[e]|0 e
fixpy ) = nAe ™1 — (1 — e = nle ™™ (e™™)"1

=nA(e™)"x >0



(3). Xy = max(Xy, Xy, ..., Xp)
Fx ., () = P(Xm < x)=[TL; P(X; < ) = [F(0)]"

fxy ) = n[F)]" (%) = n[1 —e™]"Ae™,x > 0

3. Order statistics are useful in deriving the
MLE's.

Example 2. Let X be arandom variable with pdf.
. 1
f(X)={1,1fXE[e_E,e+1/2]

0, otherwise
Derive the MLE of 0.

Solution.
Uniform Distribution — important!!

L_l—[f( 5o {1 ifall x; € [6_5 0+1/2]

0, otherwise
MLE : max InL -> max L
1
means =>6—ESX1 <0+1/2

0—2<X,<0+1/2

®
Nl)—‘

<X, <0+1/2

Now we re-express the domain in terms of the order
statistics as follows:

1
G—ESX(DSX(Z)S“‘SX(H)SG-F]./Z
1
0<X =
< (1)+2

1
0=Xnm — >
Therefore,
1 1
If B€ [X(n) _E’X(l) +§],then L=1

Therefore, any be [X(n) — %, X(l) + %] is an MLE for 6.



4. The pdf of a general order statistic X

Let X1y, X2y, Xemy denote the order statistics of a random

sample, X;,X,,,X,, from a continuous population with cdf
Fy(x) and pdf fyx(x).Then the pdfof X is
!

n! s i
iy @ = Gy GV L = Bl

Proof: Let Y be a random variable that counts the number of
X1, X5, +, X, lessthan or equal to x. Then we have
Y~B(n, Fy (x)). Thus:

Fr, () =P 2)) =)

n

n
(1) [ GOT¥[L = Ex (1™
k=j
5. The Joint Distribution of Two Order
Statistics X(;) and X

Let X(1),X(2), """, Xy denote the order statistics of a
random sample, X;,X,,-,X,,, from a continuous
population with cdf Fy(x) and pdf fx(x). Then the
joint pdfof X;) and X(;), 1<i<j<mn,is

fX(i),X(j) (uF 17)

n!
TG-DIG-1-DIn—j)
— Fe )P [1 = Ry ()]

for—oo<u<v<oo

fr @) fx W) [Fx ]~ [Fx (v)

6. Special functions of order statistics
(1) Median (of the sample):
X1 fn=2k+1
LNORRITHY
—
(2) Range (of the sample): X,y — X(q)

if n=2k



7. More examples of order statistics

Example 3. Let X1,Xz, X3 be a random sample from a
distribution of the continuous type having pdf f(x)=2x,
0<x<1, zero elsewhere.

(a) compute the probability that the smallest of X1,X2, X3
exceeds the median of the distribution.

(b) If Y1<Y2<Y3 are the order statistics, find the correlation

between Yz and Ys.

Answer:
(@)
F(x) =P(X, <x)=x%

P(min(X,, X,, X;) >t)=P(X, >t, X, >t, X; >t) = P(X, >t)P(X, >t)P(X; >t)

- FOF -0t =2

(b)

Please refer to the textbook/notes for the order statistics pdf
and joint pdf formula. We have
fr,(x) =6%x>0<x<1
fr,(@) =12+ (x* —x*);0<x <1
E(Y3) =6/7,
E(Y,) = 24/35;
fror, (V2 y3) = 24 % (1) % y3,0< y, <y3 < 1

11 r¥3 3
EraYs) =j U yz*y3*24*(yz)3*y3dy21dy3 =5
0 0

var(Y;) = é — <9>2 0

g \7) ~ 392’
1 /24\2
corr(Y,, ¥,) = E(Y,Y3) — E(Y;)E(Y3) e
23 Jvar(Yy)var(Ys) .

Example 4.Let Y; < Y, < Y3 denote the order statistics
of a random sample of size 3 from a distribution with pdf
f(x) =1,0<x<1,zero elsewhere. Let Z = (Y{+Y3)/2 be the
midrange of the sample. Find the pdf of Z.



From the pdf, we can get the cdf : F(x) = x, 0<x<1
Let
W=y,
Z=Y,+Y;)/2

The inverse transformation is:
Yl = W
Y;=2Z-W

The joint pdfof Y; and Y3 is:

_(6(y3—y1), 0<y;<y;<1
Fomys) = {703 Vs
We then find the Jacobian: ]=-2
Now we can obtain the joint pdf of Z, W:

f(z,w) =
{|2|6(22—w—w)=24(z—w), O<w<2z—w<1
0, 0.W.
From 0 <w < 2z —w < 1, we have:
w > 0;
w>2z—1;
w<z

Together they give us the domain of w as:
max(0,2z—-1)<w<z

Therefore the pdf of Z (non-zero portion) is:
Z
j 24(z—w)dw = 12(z — 1)?, 2z—1>0
2z—-1
f(z) =
Z
j 24(z —w) dw = 12(z?), 2z—1<0
0

We also remind ourselves that:
0<z<1
Therefore the entire pdf of the midrange Z is:



f(z)

z
[.f 24(z—w)dw = 12(z — 1)?, 1/2<z<1
2z-1
— VA
f 24(z —w) dw = 12(z?), 0<z<1/2
0
0, otherwise

Example 5. Let Y1 < Y2 < Y3 < Y4 be the order statistics of a
random sample of size n = 4 from a distribution with pdf
f(x) = 2x, 0 <x < 1, zero elsewhere.

(a) Find the joint pdf of Y3 and Ya.
(b) Find the conditional pdf of Y3, given Y4 = y4.

(c) Evaluate E[Y3]|ya4].

Solution:
(a)
fyllyz,y3,y4_(J’1:J’2:3’3»y4) = 4! (2y1)(2y2)(2y3)(2y4)

for 0 <y; <y, <ys; <y, <1l Wehave:

Y2

V3
frsyv, (V3,¥4) = j le_Yz_Y3_Y4_(}’1:3’2'3’3:3’4) dy,dy,
¥2=0"y1=0

= 48y3°y,
for 0<y; <y, <1

(Note: You can also obtain the joint pdf of these two order
statistics by using the general formula directly.)

(b)
frov, (¥3,Y4) _ 48y5°y, _ 6y5°

fr, Va) - 8y,’ Va®

fygnf4 (r3lys) =

for 0 <y; <y,

(c)

E[51Ys = 4] =f Sy, = 2
o Ya



Example 6. Suppose X1, ..., Xn are iid with pdf f(x; 0) =
2x/02,0 <x <0, zero elsewhere. Note this is a nonregular
case. Find:

(a) The mle 6 for 6.

(b) The constant c so that E(c*8) = 6.

(c) The mle for the median of the distribution.

Solution:

vy Tn 2% _ 2P 2" [iL x4
(a)L(?'X) = =1 = 7o = fnaxoore
So 6 = X(n) X(n) = maX(Xl, Xn)

Dear students: note that this is no typo in the
above - the truth is that 8 = X,y -and so the

smallest possible value for 0 is Xy

2
(b) Fx(x) = [ dt == 0<x<6
<2\ x2n
So Fy,,,(X) = (5) =2 0<x<9
f L i 0<x<69
X(n) (X)_ 92n - X=
~ ~ 0 2nx*"~ 2nc
E(cB)=cE(B) =c/; x o dx=-——06=106
2n+1
So c=
2n

x? 1 ¢
(c)LetF(x) = 7z then x = 5

. . .. . 9
So the median of the distribution is 5

The mle for the median of the distribution is
0 Xm V2 <
V2 vz 2 W




Mean Squared Error (M.S.E.)

How to evaluate an estimator?

For unbiased estimators, all we need to do is to compare their
variances, the smaller the variance, the better is estimator.
Now, what if the estimators are not all unbiased? How do we
compare them?

Definition: Mean Squared Error (MSE)
Let T=t(Xy, X2, ..., X,) be an estimator of t(0), then the M.S.E.
of the estimator T is defined as:

MSEt(r(G)) =E [(T — 1:(9))2]: average squared distance from
T to t(6)

=E[(T — E(T) + E(T) — T(B))Z]

=E[(T - E(T))z] +E[(E(T) - r(e))z] + 2E[(T — E(T)) (E(T) —
w®)]
=E[(T - E(T))z] +E[(E(T) - r(e))z] +0
=Var(T) + (E(T) — 1(8) )

Here |E(T) —t(0)| is“thebiasof T~

If unbiased, (E(T) — 1(6))2 = 0.

The estimator has smaller mean-squared error is better.
i.i.d

n ~

Example 1. Let X4, Xz, ..., X N(w, 62)

M.LE. forpis fi=X ;MLE. for 0% is &°

1. M.S.E. of ©°%?

2.M.S.E.of S* asan estimator of o2
Solution.
1.

_ 2iXi-X)?
- n

2
MSE_z(0%) = E [(82 —o?) ] = Var(c?) + (E(8°) — 0?)?
To get Var(&z), there are 2 approaches.

a. By the first definition of the Chi-square distribution.

Ny %2
Note X~N(p, 0%); W = Zl=1(+P<)~

1 n—-1
»5=7)

X,_,> Gamma(A =



S S
E(W) = 1= n—1;Var(W) = z =2(n—1)
. w 4 4
Var(3%) = Var(= o%) = %Var(W) = E—ZZ(n -1)
b. By the second definition of the Chi-squre
distribution.

For Z~N(0,1), W=XY", Z;
Var(Z*) = E [(ZZ - E(ZZ))Z]
o)

= E[(Z* - 1)?]
Since Var(Z) = E(Z*) — E(Z) =
1 from Z~N(0,1), E(Z*) = 1 = E[Z* — 2E(Z%) + 1]
=E(z*) -1
Calculate the 4t moment of Z~N(0,1) using the mgf
of Z;
My (1) = e*/?

M/, (t) = tet’/2

M, () = tet’/2 + t2et/2

M®, (1) = 3tet"/2 + t2et*/2

M@, (0) = 3et/2 + 6t2et/2 4 thet’/2
Set t=0, M¥,(0) = 3 = E(ZY

Var(z))=3-1=2

n—1
Var(W) = Z var(z?) = 2(n — 1)
i=1

02

4
~2 2 o
=—W,V =—2(n-1
o = ar(o ) =) (n—1)

MSE_2(0?) = Var(8%) + [E(6°) — 6?]?
_ Z(Ilnz 1) ot + [E (n%l SZ) _ 02]2
2n—1) ,
=———0

n2

-1 2
+ [n - N 02] (we know E(SZ)
2n—1

10



The M.S.E. of 8% is 22 1g*

n2

We know S? isan unbiased estimator of o2

2
E[(S2 — 62)2] = Var(S?) + 0 = Var<‘y W)

n—1
B o2 \° W) = 20
“\n-—-1 var " n—-1

Exercise:

N X—%)2 n x.—%)2
Compare the MSE of 6% = —21=1(>;1 X" and 8% = §2 = 2= &%

Which one is a better estimator (in terms of the MSE)?

n—1

Solution.
MSE;2(0%) = E[(8° - 02)°| = Var(8?) + (E(6?) — 0?)
Then, we have M.S.E. of 6° is 21:1_;104.

MSEg:2(0%) = E[(S% — 02)?] = Var(5?) + (E(S?) — 0%)?

MSEgz(0%) = Var(S?) + 0 = Var (GZ—W) =

n—-1

(:—2)2 var(W) = 2%1

-1 n

. 2n-1 4 20* _ 1-3n
Y n-1  n2(n-1)
. 2N 2n—-1 4 20* _ 2
o MSE,G\Z(O' )—n—ZO' <E—MSE52(O' )

~ nLXi-X)? . .
. 8= MT) is the better estimator

ot <0

Homework : Read the following chapter/sections from our

textbook: Chapter1, 2, 3 (3.1, 3.2, 3.3), 4 (4.1, 4.2, 4.3, 4.5,
4.6),5 (5.1,5.2,5.3,5.4), 7(7.1,7.2.1, 7.2.2, 7.3.1). These are

materials covered so far in our class.

11



4.1. Order Statistics

Exercise

1.

Let X1y, X(2), - » X(n) be the set of order statistics of independent r.v s with
common p.d.f.

fo={fe™ . | x20

, otherwise
Show that X(,) and X5y — X(, are independent for any s > r.

. Let Xy, X,, ..., X,, bei.i.d .r.vswith p.d.f.

_(y® if 0<y<1
f) = {0 otherwise, a > 0

Show thatj:ﬁ ,i1=1,2,..,n—1and X are independent.
(n)

. Let X;,X,, ..., X,, bei.i.d .r.v s with common p.d.f.

a
f(x)=«a ZH, x> owherea>0, >0

Show that X,y and (X(Z) . X )> are independent.
X X()

Let X(1), X(2), ---» X(n) be the order statistics of n independent r.v.s X, X5, .., X,
with common p.d.f.
if 0<x<1

!
fe) = { otherwise

X X
Show that Y; = (1), Y, =2, .Y, ="2Yand¥, = X, are
1~y X n-1 X n n)
@ 3) ™)

independent.

. An urn contains N identical marbles numbered 1 through N. Form this urnn

marbles are drawn, and let X(;,y be the largest number drawn. Show that

P[X@my = k] _ o) k=nn+1,..,N
(n) (17\{) ) ) Iy
n(N+1)
n+1) ’

and E(X(n)) =



P1:

Find the j.p.d.f of extremes (i.e., X(1) and X,,)).



P1:

Find the j.p.d.f of extremes (i.e., X(1) and X,,)).
Solution:

The j.p.d.f. of X(;) and X(;y is given by

fX(i), X(]) (ur v)

= [FA)IHF@) — F)V ™1 = FO)I"  ff (v)

= (—DIG-i-Din-)!

forl<i<j<nand—-oo<u<v<oo,

Leti = 1andj = n.Then the j.p.d.f. of X1y and X, is given by

frayxay@v) =nn—D[F@) - FW]"* fWf(), —wo<u<v<o



P2:

Find the j.p.d.f. of the mid range M = %[X(l) + X))



P2:
Find the j.p.d.f. of the mid range M = %[X(l) + X))
Solution:

letx =uandy = %(u + v).Thenu = x and v = 2y — x and the jacobian of

transformation is given by

du OJu
_o(uwy) ox 5
S Axy)  |9v ov
dx Oy

_ |1 0]_ _
J =14 2|—2and|]|—2

X1y and X(,) givenin P, the j.p.d.f. of X1y and M is given by
fX(l),M(x' y) = fX(l),X(n) (X, Y) |.]|
=2n(n— D[FQ2y —x) — FG)I"?f () f 2y — x)

The m.p.d.f. of M is given by

o0

fu(y)= j_oo fx(l),M (x,y)dx

n-2

=2n(n-1)[" [F(2y-x)-F(x)] f(x)f(2y—x)dx



P3:

Find the conditional probability density function of X; given X,
for1 <i<j<n.



P3:

Find the conditional probability density function of X; given X,
for1 <i<j<n.

Solution:

The c.p.d.f. of X(;) given Xy is given by

fX i Xei (x,y)
Frlx (X1) = ;;(.(])(y)
)
_ D= PN HFO)—FV L 1-Fo)I" f@)f )
Dy FO T =FO)I™ I £ ()

= I F@ITHFG) - FEV T FO) I f () for y = x



P4:

Find the conditional p.d.f. of X;y given X;, 1)



P4:
Find the conditional p.d.f. of X;y given X;, 1)
Solution:

Letj =i+ 1inP3.Then

Fropon @1¥) = IFCOTIFOf ()



4.2

Convergence of Sequence of Random Variables

In this module we investigate convergence properties of sequences of random
variables. Throughout this module we assume that {X;,X,, ... }or {X,,} is a
sequence of r.vs and X is a r.v. We consider four different modes of convergence
for random variables.

1. Almost sure convergence: It is the probabilistic version of pointwise
convergence known from elementary real analysis. It is also known as
convergence with probability one.

The sequence of r.vs {X,,} is said to converge almost surely to ar.v. X if
P ({w : ,{‘1?0 X,(w) = X(W)}) =1

In this case we write X, 2ux (or X,, — X with probability 1).

2. Convergence in probability: It is essentially mean that the probability that
|X,, — X| exceeds any prescribed strictly positive value, converges to zero.
The basic idea behind this type of convergence is that the probability of an
unsual outcome becomes smaller and smaller as the sequence progresses.
The sequence of r.vs {X,,} is said to converge in probability to a r.v. X if

lim P({|X, ~X| > €)) = 0

P
for every € > 0.It is denoted by X,, — X.

3. Convergence in 1" mean: Let {X,,} be a sequence of r.vs such that
E(|X,|7) < oo for some r > 0. We say that X,, converges in the r'" mean to a
rv. Xif E(|X|") < oo and
E(|X, —X|") » 0asn — o

Tr
and we write X,, — X.



If r = 2, we call it as convergence in quadratic mean and it is denoted by

qm
X,—/™ X

4. Convergence in distribution: Convergence in distribution is very frequently
used in practice, most often it arises from the application of the central limit
theorem (to be discussed in module 4.5). Note that a cumulative distribution
function (c.d.f) is briefly called as distribution function (d.f) also.

Let {F, } be a sequence of cumulative distribution functions (c.d.fs), if there exists
a c.d.f. F such thatasn — oo,

Fo(x) — F(x)
for all x at which F is continuous, then we say that F,, converges weakly to F, and

it is denoted by F,, S F.

If {X,,} is a sequence of r.vs and {F, } is the corresponding sequence of c.d.fs, then
we say that X,, converges in distribution (or law) to X if there exists an r.v X with

d L
c.d.f. F such that E, =, F.Wewrite X,, — Xor X, — X.

Note: It is quite possible for a given sequence of c.d.fs to converge to a function
thatis not a c.d.f.

Example: Let F,(x) = {(1) i i Z
Asn — oo, F,(x) — F(x) = 0 whichis not a c.d.f.

Example 1: Let X4, X5, ..., X, be i.i.d.r.vs with common p.d.f

, 0<x<06,0>0
, otherwise

1
-]
0

L
Let X(,,) = max(Xy, ..., X,,). Then show that X, — X, where X is
degenerateat x = 0.

(Note: We say that ar.v.X is degenerateat x = @ if P(X = 60) = 1)



Solution: Corresponding to p.d.f. f(x) = %, the c.d.f. is given by

X

F(x) = [ f(t)dt = %fo" dt ==

0o , x<0
=F(x)={ 3 , 0<sx<6

1, x =0
Then the c.d.f. of X, is given by

0 , x<0

R =F@I"=] (3) , osx<o

1 , x>0

We see thatasn — oo
0if x<8@

F"(x)zF(x)={1 if x>0
which isthe d.f. of P(X = 6) = 1.i.e., X is degenerateatx = 6 .
L
Thus F, -, Fand hence X,, — X.

The following example shows that convergence in distribution does not imply
convergence of moments.

Example 2: Let F,, be a sequence of c.d.fs defined by

0 , x<0
1
Fo(x) = 1-—, 0<x<n
1 , xX=zn

Show that X, —L> X does not imply E(Xnk) — E(Xk).



Solution: We see thatasn — o

0,x<0
F(x)‘{1,x20

Note that E, is the c.d.f. of the r.v. X, with p.m.f.
1 1
P(Xn = 0) = 1—;,P(Xn =n) =;
and F is the c.d.f. of the r.v. degenerateat 0 i.e.,, P(X = 0) = 1.

L
Thus, F, SN F and hence X,, — X. We have
E(X,") = 0k (1 — %) + nk (%) = n*=1 where k is a positive integer. Also,
E(X*) = 0¥1 = 0. Hence E(X,*) -5 E(X*) asn — oo
L
Therefore, X,, —— Xdoes not imply E(Xnk) — E(X%).

The next example shows that weak convergence of distribution of function does
not imply the convergence of corresponding p.m.fs or p.d.fs.

Example 3: Let {X,,} be a sequence of r.vs with p.m.f.

1
1,if x=2+-
fn<x)=P(xn=x)={ f "o
0, otherwise
Show that F, ., F does not imply f,, — f.
Solution: Note that f,,(x) — f(x) asn — oo, where f(x) = 0 for all x.

The c.d.f. of X,, is given by

0,x<2+%
Fn(x):P(XnSx): 1
1; XZ2+;

which converges to



0, x<2
F(x)‘{1 L x>2

at all continuity points of F. Since F is the c.d.f. of ar.v. degenerate at x = 2
i.e,P(X=2)=1

) (1, x=2
ie, flx)= {0, otherwise

Thus, convergence of distribution functions does not imply the convergence of
corresponding p.m.fs.

Example 4: Let {X,,} be a sequence of r.vs with p.m.fP(X,, = 1) = %and

P
PX,=0)=1- % . Then show that X,, — 0.

P(Xn=1)=%, 0<e<l1

Solution: We have P(|X,| >¢€) = {
, =1

P
It follows that P(|X,,| > €) — 0 asn — oo, and we conclude that X,, — 0

Example 5: Let {X,,} be a sequence of r.vs defined by

P(X,=0)=1 —%, P(X,=1) =% n=12,..

qm
Show that X,, — X ,where P(X = 0) = 1.
Solution: Consider E(|X,, — 0|%) = E(|X,1?) = E(X,*) = 0? (1 — l) + 12 (1)

* n n n n n
=1 5 0asn— o
n

qm
Thus, X,, —— X, where X is degenerate at 0.



Example 6: Let {X,,} be a sequence of independent r.vs defined by

P(Xn=0)=1—%andP(Xn=1)=%, n=12,..
Show that X,, —— 0 but X,, —~> 0
. 2 2 2 1 2 (1 1
Solution: E(|X,, — 02) = E(1X,|?) = 0% (1-3) +12(3) =2 — 0asn — oo

qgm
Hence X,, — 0.

nO _
Also, P(X,, =0 foreverym <n <ng)= H(l—lj = Iﬂn—lwhich converges to
n=m n no
a.s
zero as n — oo for all values of m. Thus, X,, —% 0

Example 7: Let {X,,} be a sequence of independent r.vs defined by

P(an()) = 1—%andP(Xn=n) =%’r22' n=1,2,..

Show that X,, —— 0 but X,, —/ 0.

o
Solution: We have P(X,, =0 for m<n <ny)= H(l—irj
n

n=m

As ny — oo, the infinite product converges to some nonzero quantity, which itself
convergesto 1 asm — oo,

Thatis, P | lim X,, = 0] = 1. Therefore X,, N

n—oo

However, E(IX — 0]") = E(IX|") = 0" (1= %) 4n" x 2 = 1
n n
and hence E(|X|") = 1 as n — oo. Therefore, X,, 7r4> 0

Thus, X, —> 0 but X, —% 0



A sufficient condition for a. s. convergence:

We state a sufficient condition for the a. s. convergence without proof which is

Uan _X|>e
m=n

Example 8: Let {X,,} be a sequence of r.vs with P (Xn =+ %) = % Show that

sometimes to verify.

X, — X < limP =0, Ve>0

n—oo

r a.s
X,—™ 0 andX,— 0

Solution: We have E(|X,, — 0]") = E(|X,,|") = i(1) + i(l) -1 50

n" \2

T
as n — oo and hence X,, — 0. It follows that

0{‘Xj‘>g}:{\xn\>g}

j=n

_ 1
Choosingn > - we see that

o o} [Plil=o]) <2 (5 =025

J=n

= lim P{

0
n—o0
=N

{‘Xj‘>g}}:0 = Xni> 0

j
Implications always valid between modes of convergence

We state the following implications always valid between modes of convergence
without proof.

P d
1) X, — X=X, — X = X, —X

as P d
2) X, —mX = X, — X=X, —X



Counter examples to implications among the modes of convergence

d P
— X #Xn — X (SeeP1)
P r
—X 5 X, — X (SeeP2)

)
)
P a.s
3) X, —>X75Xn —— X (See P3)
r a.s
) Xp — X PH X, —X
a.s r
) X, —— XX, —X

The following theorem is known as Slutsky’s Theorem and is very useful in finding
the limiting distribution of certain r.vs. This theorem is stated without proof.

Theorem 1: Slutsky’s Theorem: Let {X,,,Y,,},n = 1, 2, ... be a sequence of pairs

L P
of random variables and let c be a constant. If X,, — X and Y,, —— ¢, then

L
(i) X,+Y,—X+c
L
(i) X, Y, —cX
X

X L
i) % dfcx0
Y, c

An example presented in P4 as an application of Slutsky’s theorem.



4.2. Convergence of sequences of random variables

Exercise:

1. Let X;,X,,.. be a sequence of r.vs with corresponding d.fs given by

o , x<n
+

E,(x) = % , —n<x<n
0o , xX=n

Does E,, converge to some d.f.

2. LetX;, Xy, ..beaiid U(0,0) r.vs. Let X1y = min(Xy, X5, ..., X) and consider
the sequence Y;, = nX(y). Does Y, converge in distribution to some r.v. Y? If
so, find the d.f. of r.v. Y.

3. Let X;,X;,.. bei.id. r. vs with continuous d.f. F .Let X,y = max(Xy, X,,..X},)

and consider the sequence of r.vs Y,, = n[l — F(X(n))].Find the limiting d.f. of
of Y,,.

4. Let X, X, .. be asequence of i.i.d r.vs with common p.d.f

_(e7*0 if x>0
f(x’e)_{o ,if x<6

—_ 714a
write X, =—ZX,
n /=1
(a) Show that X,, £,1 + 6
P
(b) Show that min{X,, X,,..X,} — 08

P
5. Let X;,X,,..bei.i.d U[0, 8] r.vs. Show that max{X;, X,,..,X,} — 0



Answers:

1. No
0 if y<o0
1—eY/° if y=0

. if y<0
3 F(y)_{l—e‘y if v>0

2. Yes. Y, — Y where F(y) = {



P1:

The j.p.m.f of X and X,, is given by

X 0 0 |PX=x
Xn
0 0 1 1
2 2
1 1 1
2 0 2
P(X, = x) 1 1 1
2 2

d P
Show that X,, — X but X,, -5 0



P1:

The j.p.m.f of X and X,, is given by

X, 0 0 |PX=x
X
0 0 1 1
2 2
1 1 1
2 0 2
P(X, = x) 1 1 1
2 2

d P
Show that X,, — X but X,, -5 0
Solution:
The p.m.fof X,, is P(X,, =0) = % = P(X,, = 1) and its c.d.f is given by

0 , x <0
F()={ ,0<x<1
1, x=>1

Thep.mfof XisP(X =0) = % = P(X = 1) and its c.d.f is given by

0o , x<O0
F(x) = % ,0<x<1
1, x=>1

d
Thus, E,(x) LF(x) asn — oo, Thatis X,, — X
1
But P [an —X| > 5] = P[|X, — X| = 1]
=P[X,=0,X=1]+P[X, =1,X = 0]

+-=1-40asn—o

Il
N | R
N | =

P d P
and hence X, 74 0 . Therefore, X,, — X but X, 74 0



P2:

Let {X,,} be a sequence of r.vs defined by P(X,, =0) =1 — % and
P(X,, =n) =% r>0n=12,...

P r
Show that (i) X,—0 and (ii) X,,—5~0



P2:

Let {X,,} be a sequence of r.vs defined by P(X,, =0) =1 — % and
P(X,, =n) =% r>0n=12,...

P r
Show that (i) X,—0 and (ii) X,,—5~0
Solution:

(i) We have

P(|X, = 0| >€) = P(X, =n) = —

nT
P
Therefore P(|X,, — 0| > €) — 0asn — oo. Thus, X,, — 0

.. 1 1
(i) We have E(|X,, — 0|") = E(|X,|") = 0 (1 - F) +n" (n—) =1
= E(X,—-0[")=1
= limE(|X,—0|") =1
n—oo

=>Xn7ré>0

P
Thus X, — 0 but X,, —%> 0



P3:

For each positive integer n there exist integers m and k (uniquely determined)
such that

n=2k+rm,0<m<2k¥k k=012, ..

Thus, forn =1, wehavek = 0and m = 0; forn = 5, we have k = 2 and
m = 1; and so on. Definer.vs X,, forn =1,2,..nonQ = [0,1] by

1
Xn(w) = { 2k — 2k
0, otherwise

P :
Show that X,, — 0 but X,, ﬁa& 0.



P3:

For each positive integer n there exist integers m and k (uniquely determined)
such that

n=2k+rm,0<m<2k¥k k=012, ..

Thus, forn =1, wehavek = 0and m = 0; forn = 5, we have k = 2 and
m = 1; and so on. Definer.vs X,, forn =1,2,..nonQ = [0,1] by

1
Xn(w) = { 2k — 2k
0, otherwise

P .
Show that X,, — 0 but X,, —> 0.

Solution:

Let the probability distribution of X, be given by

P(I) = length of the interval I € ().
Thus, P(X,, = 2¥) = Zikand P(X,=0)=1- Zik

The limit lim X,,(w) = Igian(W) does not exist for any w € (, so that X,, does
n—-oo —00

not converge almost surely. But

P(1X, — 0| >¢€) =P(X,| >¢€) =P(X,, > ¢€)

0 , e > 2k
%, 0<e<2k
2

and we see that

P(]X,, — 0| > €) — 0 asn (and hence k) — oo.

P a.s
Thus, X;, — 0 but X,, —~ 0.



P4:

Let X1, X5, ... be i.i.d.r.vs with common p.d.f. N(0, 1). Determine the limiting
distribution of the r.v.

AN (x1+ +Xp )

X3+--+X2



P4:

Let X1, X5, ... be i.i.d.r.vs with common p.d.f. N(0, 1). Determine the limiting
distribution of the r.v.

X1+-+X,
W, =n (X§+ +X2)
Solution:
Let U,, = (Xl + -+ X,)and V] = XEHXTH KR Then W, = %
n
t2

Since each X~N(0, 1), the m.g.f. of X is given by My (t) = e2

Then the m.g.f. of U,, is given by

t )4
— Y X.
M,, (t)=E[e"" |=E e[“/ﬁ]i=1 |

n t J
=| |My. (— (~ X s are independent)
M 75
n. .2
_ t</2n .. . . C
=11]e (+ X s are identically distributed)
i=1
t2  t2  t2 2 t2 t2

= e2n.e2n. e2n.e2n ....e2n (ntimes) = ez

t2

= My, (t) = ez whichis the m.g.f. of N(0, 1) r.v. By uniqueness of m.g.f.,
L

U,~N(0,1) i.e., U, — Z, where Z~N(0, 1).

Next, we find the m.g.f. of V}, and identify its probability distribution.

First, the m.g.f. of X2 is given by



1
Jw e—§x2(1—2t)dx

—o0

M Z(t):E[etxz}: ie‘xzf )dx =

X

dx

\/;J._OO 2z

1
Let (V1 —2t)x =y = dx = (1 — 2t)” zdy. Then

R S

(- total probability of N(0,1) is 1)

‘T\H

— Mo(t) = (1 26)"2

Next, MVn(t) — E[etVn] —F e(%) (X12+...+X121)]

(*+ X s are independent)

= My (t) = (1 — %)_E , t< % ,which is the m.g.f. of a Gamma distribution

: 2
with two parameters a = % and f = -

The p.d. f. of Gamma variate with two parameters (a, £) is defined by
1
flx)=—=—e B'x%lforx>0, a>0,8>0

Notation: X~G(a, )
If X~G(a, B) then its m.g.f. is given by My (t) = (1 — pt)™ @

Mean= E(X) = af and variance = V(X) = f?«a



2
The variance of V, is given by V(},) = B?a = (3)

n
n 2

2
n
We have forany e > 0,
V(Vn) , .
P{lV, - 1| > €} < = (By chebychev’s inequality)

2
=— —0asn—o o
ne

P L P
Thus, V;, — 1. We have thus shown thatU,, — Zand |, — 1

If follows by Slutsky’s theorem (iii)
v, L z .
= I=Z’ where Zis N(0,1)

Hence, W,~N (0, 1).



4.3

Weak Law of Large Numbers
— 1 n
Let {X,,} be a sequence of r.vsand let Xp ==Y Xj be the mean of first n r.vs. The
n:
1=1
weak laws deal with limits of probabilities involving X n. The strong laws deal with
probabilities involving limits of Xn.

Definition of Weak Law of Large Numbers

A sequence {X,,} of r.vs is said to satisfy the Weak Law of Large Numbers (WLLN)

if
Sn _ (S_n)
n n

n P
. Sn (Sn)
— - — ﬁ —
forany € > 0, where Sp, i§_1XI yle, E "

limP[

n—oo

<E]=1

Theorem1: Let {X,,} be a sequence of r.vs and let S,, = X; + - + X,, with
By

B, =V(S,) < co. If = — 0asn — oo, then forany € > 0,
. Sn g (Sn _
e 25 (2)] <] =1

i.e.,{X,} satisfies WLLN.

Proof: On applying ChebycheV’s inequality to the variable %” , we have

plle—p (@)= <ot e g
asn — oo. Thus,
e[ —6 ()2 0= tmp [ -£ () <o -1

= {X,,} satisfies WLLN.



Corollary 1: Let {X,,} be a sequence of r.vs, X,, = S:" andu =E (S:")

B
Ifn—'z1 — 0 asn — oo, then

lim P[X,, < k] =

n—oo

{O JAf k<pu
1 ,if k>u

Proof: Since WLLN holds for {X,,}, we have
Jim P[IX; — ul < €] = 1= lim PI[%; — il = ] = 0 (D)
Since {X,, <u—¢€}c{X, —ul =€}, wehave
P(X, <u—e€)<P(X,—ul=e

= lim P(X, Sp—€) < lim P(IX;, —pl 2 €)

:T}E%OP()TnSu—e)zo

:T}E%OP()TnSk)zo,wherekzu—e, i.e.,k < usincee >0

=>nlEréOP(X_nSk)=0ifk<u

Further, P(X,, < u+€) + P(|X,, — u| > €) = 1, since the region is larger than
sample space covered.

= lim Py <p+e) 21 (-.-nnggop(|x_n—u|>e)=o)
:Y}EréoP(X_nSu+e)=1

=>nl£130P(X_nSk)=1 wherek = u+e€i.e.,k > psincee >0
:>nliréoP(X_nSk)=1 ifk>u

0, k<u

Thus, nlE,réoP(Xn <k) ={1 k> p



Variations of the WLLN

The following are some special cases of Theorem1 which are stated without
proof.

Theorem 2: (Bernoulli’s WLLN)

Let {X,,} be a sequence of Bernoulli trials with probability of success equal to p. If
S,, is the number of successes in n trials, then

Sn_np
n

lim P

n—oo

|<e]=1, Ve>0

Theorem 3: (Khinchine’s WLLN)
Let {X,,} be a sequence of i.i.d.r.vs with E(X;) = u < oo,i = 1,2, ..., then the
WLLNSs holds i.e.,

. Sn
lim P[|——u| >e] =0
n

n—oo

Theorem 4: (Bernstein’s WLLN)

Let {X,,} be a sequence of random variables for which var(X,) = 0,2 <k, Vi,
where k is independent of n. If ;; = COU(Xi,Xj) — Qas|i—j| — o
(Asymptotic uncorrelatedness) then the WLLN holds.

Example 1: Let {X,,} be i.i.d.r.vs with mean u and variance o7, if

X12 +X22 + "'+Xn2 P
n

c

as n — oo for some constant c(0 < ¢ < ), then find c.
Solution: Here E(X;) = uand V(X;) = 62 V i.
LetS, = X;% + X,% + -+ X,,% . Then

E(S,) = nE(Xlz) (~+ Xsarei.i.d.r.vs)



=n |V + (E()’|
= E(S,) =n(o? + u?

Since E(X?) =V(X) + (E(X))2 = 02 + u? exists for each X2 in S, by
Khinchine’s WLLN, we have

Sn X124+ Xo 2+ +Xp?
n n

E(X,%) = p* + o?
Thus, ¢ = u? + o2.

Example 2: If the i.i.d. r.vs X, (k = 1,2, ...) assume the value 2727 wijth

probability % , examine if the WLLN holds for the sequence {X,}.

Solution:

E(Xk)= ngr_ZInr A i (2_2)|nr _ i(%jhw

=
00 In4 0
1 : 1 :
=> (—j converges since In4=1.39>1 LZ — converges if p>1
r _ np
r=1 n=1
Thus E(Xk)<oo

Since {X, } are i.i.d.r.vs with E (X)) < oo, the WLLN holds for the sequence, by
Khinchine’s theorem.

Example 3: Let {X,,} be a sequence of i.i.d U(0, 1) r.vs. For the geometric mean
1 P
G, = (X1.X,.....X,,)n, show that G,, — c where c is some constant. Find c.

Solution: Let Y = — [n X where X~U(0,1). The c.d.f. of Y is given by

FF(y)=P(Y<y)=P(—-InX<y)=PX=e™?Y) =f ldx=1—-e7

e~y



= Fy(y) =1 — e and the p.d.f of Y is given by

fry) = :—X(Fy(y)) =e Y fory > 0.
ThenE(Y) =V(Y) = 1.

Thus, the sequence {Y,,} is i.i.d with finite mean E(Y,,) = 1. Hence, by Khinchine’s
WLLN

n v, b
Z——> E(Y,) =1 (1)
i=1n
n n
X; Y;
But lnanzm—:—Z—
. n . n
=1 =1
n
ZYi InG 2
= —inG, @

i=1
From (1) and (2), we have

P . P
—-InG,— 1 i.e, G,— €
1
Thus, c=-.

Example 4: Let X; can have only two values i* and —i“ with equal probabilities.

If {X;} is a sequence of independent r.vs, then show that WLLN holds if a < % .
Solution: Here E(X;) = i“% — i“% = 0 and

V(X) = E(X?) = 29~ + (%~ = 2@

n
Let S, = D Xk .Then
k=1



n
B, =V(S,) = Z V(X;) (v X;s are independent)
i=1

n

=2i2a=12a+22a+”.+n2a
i=1

n
= f x?*dx (Euler — Maclaurion formula)
0

n2a+1 Bn n2a+1

. 1
= B, = === — O0asn - owifa <=
2a+1 n 2a+1 2

B 1
Thus,n—’z‘—>0asn—>oowhena<5

Therefore, {X,,} holds WLLN when a < %



4.3. Weak Law of Large Numbers

Exercise:

1) For the following sequence of independent r.vs, does the WLLN hold?
1 1
a) Py =%k) =5 P(X,=0)=1—-—
1 1
b) P(X, = +£2F) =W,P(Xk =0)= 1_ﬁ

I 7( =) =;
d) P(X, = +Vk) =~

2

2) Examine if WLLN holds for the sequence {X;} of i.i.d.r.vs with

6

m2K2’

Plx; = (1)1 k] = k=1,2,3,.., i=1,2,..

Hint: log, 2 = 1—l+1—1+1—---
2 3 4 5
3) Let Xy, X5, ..., X, be jointly normal with E(X;) = 0,E(X;)? = 1 forall i and

v — P, |] - ll =1
cov(X;, X;) = {O . otherwise
Examine if WLLN holds for the sequence {X,,}.

ANSWERS
a) No
b) Yes
c) Yes
d) No
e) No

2) Yes

3) Yes



P1:

A variate X, has the distribution
2 _
P =0)=1- (g,zTn) P(X) = £3%) = 372

If {X,}is a sequence of independent r.vs, then show that {X; } obeys WLLN



P1:

A variate X, has the distribution

2 _
P =0)=1- (B,zTn) P(X) = £3%) = 372

If {X,}is a sequence of independent r.vs, then show that {X; } obeys WLLN
Solution:
Here E(X,) = 3%.37(k+2) _ 3k 3-(2k+2) — () and

V(X,) = E(X2) = 32k3-(k+2) 4 32k 3-(2k+2)

=2, 32k3—(2k+1) — Z
9

k=1
n
B, =V (Sh)=>.V(X) (= X, s are independent)

k=1

_y2
=9 9

andhenceB—TZ‘=2—nZ=i — 0asn—0

n 9n In

Since i—’z‘ — 0asn — oo, {X;} obeys the WLLN.



P2:

Let {X,,} be a sequence of independent r.vs such that
P(X,=11)=>(1-2"), P(X,=+2"") =271

Does the WLLN hold for this sequence?



P2:

Let {X,,} be a sequence of independent r.vs such that
P(X,=+1)=2(1-27"), P(X,=+27") =2""1
Does the WLLN hold for this sequence?

Solution:

Here E(X,) =>(1—27") = (1—2"") + 2.2 1 -2 271 =

and V(X,) = E(X2) = %(1 —27™) +§(1 —27") 4 2721 p-n=1 4 p=2n p—n-1
=(1-2")+273n

=VX,)=2"3"-2"+1

n
Let S, :in . Then
i=1

V(S,)=DV (X)) (~ X; s are independent)
i1
nooo nooooan
=Y (2% -2 +1) =D 2% - > 2 4
i=1 i1 i1
= B, =V(S)==(1-8")—-(1-2")+n=——+——24n
" T 78n ' on 7

B 1 1 6
:)—n—

L 0
n2 — 7n2gn ' n22n 72 + n —vasn—®

Since i—’; — 0 asn — oo, WLLN holds for the given sequence.



P3:

Show that WLLN holds to the mean of a sequence of independent r.v s X,
specified by

P(X; = +VInk) = -

2



P3:

Show that WLLN holds to the mean of a sequence of independent r.v s X,
specified by

P(X; = +VInk) = -

2

Solution:
Here E(X;) = VIn .%— Vin ,% = 0 and

VX = EQXE) =5k +5nk = Ink

n
Let S, =ZSk . Then
k=1

n
V(S,)=D.V(Xy) (~ X 's are independent)

n
:ZInkz Inl1+Mn2+--+Inn=In(n!

= V(S,) = B, = In(n!) . (1)
By Stirling’s approximation
1
n! =\2me ™ n"*2 . (2)

1
ln(\/Zne_n.nn+7) —n+(n+%) In n+in v2m

Bn
We have — = g, = —

=(ln\/j_+n)+:—l(1+%)lnn
_In jg_n+(1+%)ln(n1/”)—>Oasn—>00 ( 7liﬁnolonl/” =1)

Hence lim 2 = 0. Thus, the sequence {X,, } holds WLLN.

n—oo n?



P4:

The variates X, X5, .. have equal expectations and finite variations. Is WLLN
applicable to this sequence if all covariances ag;; are negative?



P4:

The variates X, X5, .. have equal expectations and finite variations. Is WLLN
applicable to this sequence if all covariances ag;; are negative?

Solution:
We have
V(aX + bY) = a?V(X) + b?>V(Y) + 2ab cov (X,Y)
= a’0f + b?c# + 2aboyy
< a’0f + b?cf (= oxy <0)

= 0 < V(aX + bY) < a’0f + b0}

n
osv(mjs% SV (X)<2 (1)
n n’ & n

where A is the upper boundof V(X;,) Vi=1,2,...n

Now By _ V (X1+"‘+Xn

, == )<§—>Oasn—>00. (from (1))

n

Thus, WLLN is applicable to this sequence.



4.4

Strong Law of Large Numbers

Definition: A sequence of r.vs {X,,} is said to satisfy the strong law of large
numbers (SLLN) if

[Sn_E (Sn)

a.s
] > Qasn —
n

We state the following theorems without proof which are useful in checking
whether a given sequence satisfies SLLN or not.

Theorem1: (Kolmogorov’s SLLN)

This theorem is helpful when the r.vs in the sequence are independent but not
identically distributed.

Statement: Let {X,,} be a sequence of independent r.vs with E(X;) = u and

2

2 Sk’
V(X)) =02 <ofor=1,2,...If ZF < 0, then the SLLN holds for the
k=1
sequence {X,,}.
Theorem 2:

This theorem is helpful when the r.vs in the sequence are independent and
identically distributed (i.i.d).

Statement: The sequence {X,,} of i.i.d.r.vs holds SLLN iff E(X,,) exists.
Theorem 3: (Borel’s SLLN):
This theorem is helpful when the sequence consists of Bernoulli trials.

Statement: For a sequence of Bernoulli trials with constant probability of
success, the SLLN holds.



Example 1: Let {X,,} be a sequence of independent random variables with p.m.f.

given by
J— ny — —_ —_ 1
P(Xn - -—|_2 ) - 2(2n+1) 1P(Xn - 0) == 1_ﬁ
Does the SLLN hold for {X,}?
Solution: We have E(X,,) = 2" 22n+1 - 2" 22n+1 = 0 and
=V(Xp) = E(an) =2 — 22n+1 +2°" 22n+1 =1

2o &1 1 :
Further, > =1 =% = converges (- Z—p converges if p > 1).

n=1 N n=1N =N

Hence, the SLLN holds for {X,,}.

Example 2: For what value of a does the SLLN hold for the sequence

1
P(Xy = k%) =

Solution: We have E(X;) = k% % — k“% = 0 and
2 _ _ 2\ _ ,2al 2al _ 1,2a
o> =V(X) =E(X.°) =k k¥ o=k

2 kZa

o0 o0 o0 1
Further, Zi—"z = Z::—Z = kZ:; %

—. convergesif2 —2a >1
k=1 k=1

(Zi converges if p > 1).
=k®

=>2a<1=>a<%

Thus, SLLN holds if a < %



Example 3: Let {X,,} be a sequence of independent r.vs with p.m.f. given by

1 1
P(Xu=ty)=5

Check whether SLLN holds for {X,,} or not.

Solution: We have E(X,,) = %% — %% = 0 and

2 _ 1
=V(X,) = E(X, )_— +——_§
0 2 0 1
Further, > =" ="~ converges (Z—p converges if p > 1).
=n* Mn =1k

Therefore, {X,,} obeys SLLN.

Example 4: Let {X,,} be a sequence of independent r.vs with p.m.f. given by

Pty - 24 -

Check whether SLLN holds or not.
Solution: Here E(X) = 27% % — 2"‘% =0and
o> = V(X,) = E(X,.2) = 272k = 4 272k = = 22k
2 2
2 0 o0

Further ia—kzz Y 2a*= Z
=

k=1 k:

- converges. Therefore, {X,} obeys the SLLN.



Example 5: Let {X,,} be i.i.d.r.vs with mean u and variance 6% and asn — o,

X12 + -+ an as
n

c
for some constant ¢ (0 < ¢ < ), then find c.

Solution: Here E(X;) = pand V(X;) = 62 V i.

Let S, = X, + -+ X, . Then

E(S») = nE(X,2) = n[V(X) + (E(XD) | = n(o? + 1?)
= E(S,) =n(c? + u?)

— () =0t

By Theorem 2,

a.s
2 E(2) = @+
n

n

X12+...+Xn2 a.s
n

¢, where ¢ = g2 + u?.

Example 6: If the i.i.d.r.vs {X,,} assume the value 272" with probability % for
r = 1,2, ..., examine if the SLLN holds for the sequence {X,,}.

Solution: By Theorem 2, SLLN holds for i.i.d.r.vs {X,,} if E(X) exists V k.

Here we have to verify whether E (X} ) is finite or not.

We have

e}

1 < o (1
E(Xk) — z 2r—21nr2_r — Z 2-2Inr _ z (Z)
1 r=1

r=1 r=

— i Tln(%) ( qlnn = pln a)

r=1

Inr



© In 4

-2

r=1

=1
_ Em where In4 =1.39 > 1
r=1

which converges.

Thus, E(X) is finite and hence the SLLN holds for {X,,}.



4.4. Strong Law of Large Numbers

Exercise:
For the following sequences of independent r.vs, does the SLLN hold or not?
1. P(X, = £2F+1) = 27043 p(x, =0) =1 —27*+2)

1
2k+1 7

2. Py = +27%) = - P(X = 1) =2 (1 - 27%)

3. Examine if SLLN holds for the sequence {X;} of i.i.d.r.vs with

PIX; = (=1)k k] = k=123, ..i=12,..

m2k2’

4. LetX,,X,,..., X, bejointly normal with E(X;) = 0 ,E(Xl-z) = 1 forall i and

cov(X,, X;) = {0, otherwise

Examine if SLLN holds for the sequence {X;}.

Answer

No
Yes
Yes

il A S

Yes



P1:

Investigate the a.s. convergence of { Tn } to 0 where X,;s are independent and

1 1
P(X,=0)=1—-—P(X,=+1) =



P1:

Investigate the a.s. convergence of { Tn } to 0 where X,;s are independent and
P(X,=0)=1——-,P(X,=+1) = —
n— o n’ n— - T 2n
Solution:

HereE(Xn)=0(1—%)+ - - %=0 and

2n

1 1 1
o2 = V(X,) = E(X?) = 02 (1 —;) +12.14+12 2=

2n n

Thus, we have

=N p=nn” p3n n
S,) 1_(< 13 Sn _ o

But E| X |=—E ZXI :—Z(XI):O and — = n
n n k= N3

— a.s .
Therefore, X;, — 0



P2:

A variate X, has the distribution

PX,=0)=1- (L)' P(X, = +3K) = 3-2k+2)

32k+2

If {X,}is a sequence of independent r.vs, then show that {X, } obeys SLLN.



P2:

A variate X, has the distribution
_ _q1_(_2 _ kY —_ 2-(2k+2)
P(X; = 0) =1~ (573), P(X, = £3¥) = 3
If {X,}is a sequence of independent r.vs, then show that {X, } obeys SLLN.
Solution:
Here E(X,) = 3% 3-(2k+2) _ 3k 3-(2k+2) — ( and
O-k%, — V(XK) — E(szl) — 32k3—(2k+2) + 32k 3—(2k+2) =§

Then we have
['s) 2 o)
1 2 1
Zﬂ— =— » — Converges.

Thus {X,,} obeys the SLLN.



P3:

Let {X,,} be a sequence of independent r.vs such that
1
P(Xp = 11) =5(1-27"),P(X, = +27") = 27"

Does the SLLN hold for this sequence?



P3:
Let {X,,} be a sequence of independent r.vs such that
1
P(Xp = 11) =5(1-27"),P(X, = +27") = 27"

Does the SLLN hold for this sequence?

Solution:
Here E(X,) = 1%(1 —2 M -1 %(1 — 27 42 Mol _p-mp-n-l =
and 67 = V(X,) = E(X2) = 122(1 —27) + 122 (1 — 27") + 27217201
_|_2—2n 2—n—1
=2-(1—-2"+2.27mp 1

— o2 =1-27 4279

Further, we have Z_:Z_z Zzn > Z PE converges.
- — n

n=

Thus {X,,} obeys SLLN.



4.5

Central Limit Theorem

n
Let {X,,} be a sequence of independent random variables. Let S = Z X, . Inlaws
i=1

, S S L
of large numbers we considered convergence of:n toE (f) which is a constant

either in probability (in case of WLLN) or almost surely (in case of SLLN). Here we

. . L Sp ¢ .
consider some different situations, namely, 7” —> Z,where Z is a normal

S, 4 S
variate. If the sequence 7" — 7 ,7" is said to follow the central limit theorem

(CLT) or normal convergence. In this module we consider different Central Limit

Theorem:s.

Definition: A sequence of independent r.vs {X;} with mean E (X;) = u; and
V(X;) = 0;2 V i is said to follow Central Limit Theorem (CLT) under certain
conditions, if the random variable §,, = X; + X, + --- + X,, is asymptotically

n n
normal (AN) with mean u and variance a2 where = Z,ui and o’ = ZGiZ :
=1 =1

Notation: S,,~AN (i, ). Read as S,, follows asymptotically normal with mean u
and variance o2.

Note:

1. §, isasymptotically normal means S,, follows normal distribution as n — co.
Sp— . .
2. IfZ, = % , then Z,, follows asymptotically standard normal with mean 0

and variance 1 and we write Z,~AN (0, 1).



Variations of the CLT
The following are some variations of the CLT which are stated without proof.

Theorem 1 (De Moivre-Laplace CLT) : If {X,,} is a sequence of Bernoulli trials
with constant probability of success equal to p, then the distribution of the r.v.
S, = Xq + -+ X,, where X;’s are independent, is asymptotically normal (i. e,.

S,isAN(np,np(1 —p))
Theorem 2 (Lindeberg-Levy CLT) : This CLT theorem is for i.i.d.r.vs.

If {X;} is a sequence of i.i.d.r.vs with mean E(X;) = u; and variance
V(X;) = 0,%forall i, then the sum S,, = X, + --- + X,, is asymptotically normal
with mean u = nu, and variance 6? = no>.

Theorem 3 (Liapounoff’s CLT): This CLT theorem is for independent but not
identically distributed random variables.

Let {X;} be a sequence of independent random variables with mean E(X;) = y;
and variance V(X;) = 0, V i. Let us assume that third absolute moment, say

p;3 of X; about its mean exists i.e., p;> = E{|X; — p;|3}fori =1,2,..,nis
n

. . 3 L 3 4 2 2 lim »
finite. Let p° => p°, u=> p and 6> =) o’ .If = = 0, then the sum
= = '

= ' n— oo
n
S,=> X, is AN(u, 0?%).
=1
Example 1: If {X;} are i.i.d.r.vs with p.m.f (X; = +1) = %, find the asymptotic
n
distribution of S, =) _X;.
=1
Solution: Here E(X;) = 1.% — 1.% = 0 and

— 2y —q2 1 1_
VX)) =E(X*)=1%_+1%-=1



Since mean and variance exist for {X;}, by Lindeberg-Levy CLT, S,,~AN(0,n) or

Sn
2 ~AN(0,1).
Example 2: If {X;} are i.i.d. with E(X;) = 0, V(X;) = 6%, 0 < 6% < © and
- n
X, :12 X., then show that for any € > 0

ni=

>¢e)=-2 ¢ 252
P(X, =€) st Pasn—w

Solution: Let S, = X; + -+ X,,. Then E(S,)=>E(X;)=0 and
i=1

n
\Y (Sn): ZV (Xi ) =no?. Since {X;} are i.i.d with finite mean and variance, then
=)

we have S,,~AN[0,no?] (by Lindeberg-Levy CLT).

— s _
Let X,, = ;n.Then EX,) = %E(Sn) = % = 0 and

- 1 2 2
V&) = 5V(S) == =

n2

Thus, X, ~AN [0,Z]

We have P(X,, > €) = P (Xn_o > 620) =P (Z > %) where Z~N(0,1)
N

%
=1-P(z=X)



= P(X,=¢€) = 1—¢(CE) fore > 0 (1)

ZZ
But 1 — ®(2) =§\/%e_7 - (2)

(A result in normal distribution)

From (1) and (2), we have

1 TLEZ

ﬁP(XnZE)_ " 202

POy =0 =1- 029 o ke

Example 3: Examine if CLT holds for the sequence {X,} with p.m.f
P(X) = +2F) =270 (x, =0) =1 - 272,

Solution: Since it is a non identically distributed sequence of r.vs, for CLT to hold,
we have to verify the Liapounoff’s condition.

We have p;, = E(X,,) = 2k - 27Gk+D) _ 2k . 2-Ck+1) —
a2 =V(X,) = E(sz) — 22k . p—(2k+1) 4 22k . 2-(2k+1) = { and
3 = E{|X), — 0|3} = E(|X,,|?) = 23k - 27(2k+1) 4 23k . p—(2k+1)
= 2 .23k . >=(2k+1) — 9k

Further, we have



p3 22" —1)
3 3
(02)2 nz

: 3 : n_
Thus, im  _p s = lim 20 3 D _ 0o, Thus, the Liapounoff’s condition is not
n — oo (0_2)5 n — oo nz

satisfied and hence we cannot say that CLT holds for {X,}.
Example 4: Examine if CLT holds for the sequence {X,} with p.m.f
P(X; = +k®) =2 k24 P(X, =0) =1- k"2 a <.

Solution: Since it is a non identically distributed of r.vs, for CLT to hold, we have
to verify the Liapounov’s condition.

We have uyx = E(Xy) = k“.%.k‘zcZ — k“.%.k‘za =0,

o =V(X,) = E(X2) = kZ“é. k2% 4 kz"‘.%. k2e =

N |

+1=1and
2

pi = E(X, — 01} = B{(IX, [*} = k3.2 k2% + k3.2

k—2a
=~ k% +2k% = k¢
2 2

Further, we have

n n
“:Zuk ZZOZO ’
o R |
n n n n
o’=Y c,=>1=n and p’=) p;=>k*=1"+2"+..+n"
o R o o R e |

Note that p? < n.n%* = n**!

Now lim LA lim nt lim n“_% —0 if a<=
n—oo (0'2)3/2 ~ nooo ni/2 n—oo ! 2

. 3 . 1

Thus 7llll£zo G2 0if a<-

Therefore, CLT holds for the sequence {X,}.



Applications of central Limit Theorem:

In case of Bernoulli, Binomial and Poisson distributions, evaluation of probabilities

using p.m.f. are tedious. Using normal approximation for large samples to these

distributions, the probabilities can be easily evaluated.

(a) Let {X,,} be a sequence of i.i.d Bernoulli variate i.e., B(1,p).
LetS, = X, + -+ X,,

Then S,,~B(n,p), where E(S,,) = np and V(S,)) = np(1 — p) = npq
By Lindeberg Levy CLT for large n, S,,~AN (E(Sn), V(Sn))

= S,~AN (np, np(1 — p))

Sp—np

Vnp(1-p)

d
Then from (1), Z,, — Z where Z is N(0, 1)

Let Z,, =

1,
. Sp—np _ _ 2’
Thus, lim P (a <2 < b) P(a<Z<b) dz

n—->0o

1 (b -
——| e
\2m Ja
and the RHS can be evaluated using standard normal tables for given real
numbers a and b.

(b) Let {X,,} be a sequence of i.i.d Binomial variates . e, B(r, p).
LetS, = X, + -+ X,

Then E(S,)= E(iz;:xi]:

n n
E(X;)=> rp=nrp
=1 i=1

(+E(X) =1pVi

and V(S,)=V [i Xij: iv (X)) (+ X;s are independent)

(1)



(+ V&) =rp(1-p))
Thus E(S,)) = nrpand V(S,) = nrp(1 — p)
By Lindberg — Levy CLT, for large n, we have

Sn~AN(nrp, nrp(1 — p))

d
Then Z,, — Z where Z~N(0,1)

Thus, lim P(a <SP o b) =P(@a<Z<bh)= Lj’be‘ifdz
' nsoo - Jnrp(1-p) T -0 = V2m Ja

and the RHS can be evaluated using standard normal tables for given real
numbers a and b.

n
(c) Let {X,,} be a sequence of i.i.d Poisson variates . e., P(1). Let S, = Z X,
i=1

Here E(X;) = V(X;) = AV i. Then E(Sn):zn:E(Xi):nk
=]

n n
and V (S,)=V [Z X, j =>V(X;) =na (+ X; s are independent)
= i

Thus, by Lindeberg — Levy CLT, for large n, S,,~AN(na,nAl)

_ d
Let Z,, = S:L/n_?, Then Z,, — Z, where Z~N (0, 1)
1,
pes- . Sp—ni _ _ 1 b _EZ
The probabilities rlll_T)?;Lo P (a < Ny < b) =Pa<Z<b)= = jae dz



and the RHS can be evaluated using standard normal for given real numbers a
and b.

Example 5: A sample of 100 items is taken at random from a batch known to
contain 40% defectives. What is the probability that the sample contains

(i) at least 44 defetives,
(ii) exactly 44 defectives?
Solution:

1 , if the it" item is defective
LetXi={ f f ,fori=1,2,..

if the it" item is nondefective
It is given that P(defective) = P(X; =1) = 40% = 0.4
Then X; follows Bernoulli distribution i. e., B(1,0.4)
Let S, = X; + -+ X,,. Then S,~B(n, p)
Sincen = 100 and p = 0.4, S,~B(100,0.4)

Since n is large, computation of probabilities using binomial formula is difficult.
Hence, by CLT, we use normal approximation to compute the probabilities of S,,
instead of binomial distribution.

Here E(S,,) = np = 100.(0.4) = 40 and
V(S,) =np(1—p) = 100 X 0.4 X 0.6 = 24

vy V2d 49

Let Z,

d
Then by Lindeberg Levy CLT, we have Z,, — Z , where Z is N(0, 1).



(i) It should be noted that the continuous normal distribution is approximating
the discrete binomial distribution so that the continuity correction has to
be taken into account in determining the various probabilities. So finding
the probability of at least 44 defectives in a sample of 100 items requires
finding the area under the normal curve from 43.5 to 100.5

Therefore, the probability of at least 44 defectives is given by

<Z<
4.9 4.9

P(43.5<S, <100.5) =P (43-5—40 100.5—40)

= P(0.7143 < Z < 12.347)
=P(0<Z<12347)—-P(0< Z<0.7143)
=0.5-0.2624

(See the standard normal distribution table)

= 0.2376

(i)  The probability of exactly 44 defectives is
P(S, = 44) = P(43.5< S, < 44.5)

—p (43.5—40 <7< 4-4-.5—4-0)
4.9

4.9
= P(0.7143 < Z < 0.9184)
=P(0<Z<09184) — P(0 < Z < 0.7143)
= 0.3208 — 0.2624 (See table)

= 0.0584

100

1 _
Note: Using the binomial distribution, P(S, >44)= )" ( EOJ(OA)I‘ (0.6)""
K=24

100

and P(S,, = 44) = (44

) (0.4)**(0.6)>° = 0.0576 (Using Binomial tables).



As can be seen by comparing the answers, both sets of answers are remarkably
close.

Example 6: Let X;, X,, ... be i.i.d. Poisson variables with parameter A. Use CLT to
estimate P(120 < §,, < 160),whereS,, = X; + -+ X,,A=2andn =75
Solution: Since X; sarei.id P(A),E(X;)) =A=V(X;)fori =1,2,..n
n n
~E(S,)=D E(X;)=>_A=n\ and
i=1 i=1
n

v(sn)=v(2xij:gv(xi):nx

i=1
Hence by Lindberg — Levy CLT, for large n, we have

S,~AN(nA, nl) = AN(150, 150). After applying the continuity correction, the
required probability is

p=P(1195 < S, 160.5) = P (= < 7 < =220,

where Z~N(0,1)
= P(—-2.45<7 <£0.82)
=P(-245<7Z<0)+P(0<7Z<082)
=P(0<7Z<245)+P(0<7Z<0.82)
= 0.4929 + 0.2938 (From standard normal table)

= 0.7868



4.5. Central Limit Theorem

Exercise:

1.

The lifetime of a certain brand of an electric bulb may be considered as ar.v.
with mean 1200 hrs and standard deviation 250 hrs. Find the probability,
using CLT that the average lifetime of 60 bulbs exceeds 1250 hrs.

A distribution has unknown mean p and variance 62 equal to 1.5. Use CLT to
find how large a sample should be taken from the distribution in order that the
probability will be at least 0.95 that the sample mean will be within 0.5 of the
population mean.

. Arandom sample of size 100 is taken from a population whose mean is 60 and

variance is 400. Use CLT, with what probability can we assert that the mean of
the sample will not differ from u = 60 by more than 47.

The guaranteed average life of a certain type of electric light bulb is 1000 hrs
with a standard deviation of 125hrs. It is decided to sample the output so as
to ensure that 90% of the bulbs do not fall short of the guaranteed average by
more than 2.5%. Use CLT to find the minimum sample size.

. IfX;,i=1,2,..,50 are independent r.vs, each having a Poisson distribution

with parameter A = 0.03 and S,, = X; + - + X,, , evaluate P(S,, = 3), using
CLT.



Answers:

0.0606

at least 24
0.9544

41

0.1112

R wN e



P1:

Show that WLLN follows from CLT for the sequence of i.i.d.r.vs .



P1:

Show that WLLN follows from CLT for the sequence of i.i.d.r.vs .
Solution:

Let {X,,} be a sequence of i.i.d.r.vs with E(X;) = u and V(X;) = 02 Vi.
Then {X,,} obeys WLLN if

lim
n — ©O

— ,u| > E] = 0 (By Khinchine’s WLLN)

n
fore >0and S, =) X,.
=

lim
=
n — oo

— u| < 6] =1 e (D
Since € > 0 is fixed, for any positive constant k, we have

kovn < en . (2)

for all sufficiently large values of n (because any large multiple of v/n is negligible
in comparison with any small multiple of n)

From (2), we have |S,, — nu| < kavn = {|S, — nu| < en}

|Sp—np|

. Sp—nu
Le, = = <k= |<e

|Sn—nu| Sp—nu
Therefore, P{ s < k} { | < }
; lim |Sp—nul lim Sp—nu
L.e,n_)ooP{ s <k} n_)OOP{ |<e} .. (3)

. Spn—nu .

Asn — oo, by Lindeberg-Levy CLT, Z = s ~N(0,1) i.e., standard normal
variate. Then, we can choose large k such that

lim |Sp—nu| _ _

n_wop{—aﬁ <k}_P(|Z|<k)_1 ()



From (3) and (4), we have

lim Sn _

nroP i -ul<ef=1

= lim P{ Sn _ ,u| < E} = 1 (~ Probability can’t be more than 1) which is 1.
n — oo n

Therefore, WLLN holds.



P2:

Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = tk*) = % :



P2:

Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = tk*) = % :
Solution:

We have u;, = E(X;,) = k’li— k’li =0,

012 = V(X;) = k?A =+ k22~ = k?* and

P = E{IX, — 01} = E(IX,([®) = k32 -~ 4+ k3% -~ = k32

n n n
Let Snzkz_lxk.Thenwe have ,Lzzkzi,ukzo,azzz

k=1 k=1
n n
,03 :Zpks :ka and

=i =i

3 32 n 1

3 n a+

o kZ::lk 4 071 ) ke :J ey = N
= (2 k=1 ’ a+l

Euler — maclaurian formula

= X

; T 31+1

(02)2 (n 21)2

k
_ (24 +1)§ n(31+1)—(24+1)g
(314+1)

(22+41)

=" " pn2s50asn—ow
(31+1)

Since Liapnounoff’s condition is satisfied, CLT holds.



P3:

_ 1
Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = +27%) = >



P3:

Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = +27%) = % .

Solution:

Wehave,uk=E(Xk)=2‘k-§—2‘k-%=0,

02 = V(X)) = E(X,”) = 272 -2 4 272k .2 = 272k and

1

P’ = E{|X, — 03} = E(|X,|*) = 273k '%"‘ 273k .~ = 273k

N

n n
Let S, =kz_1xk . Then we have ,u:kz_;,uk =0

= = E2k A4 4° 4"
n n1 o1 1 1 1
t= =2 =y ="t o4+ -=2(1-8") and
e e kzzlsk 8 & g" 7( )

(Gz)ﬁ [2(1‘4_” )}2 3

Since Liapounoff’s condition is not satisfied, we can’t say CLT holds or not.



P4:

Let X4, ..., X,, be i.i.d. standardized variates with E(X;") < oo. Find the limiting
distribution of
V(X Xy + X3X4 + o+ Xon_1X2n)

(Xlz + XZZ + + inz)

n



P4:

Let X4, ..., X,, be i.i.d. standardized variates with E(X;") < oo. Find the limiting
distribution of
V(X Xy + X3X4 + o+ Xon_1X2n)

(X12 + XZZ + + inz)

n

Solution:

Since X;s are i.i.d standardized variates, we have
EX)=0,VX)=E(X?)=1,i=12,..,n

LetY; = X,;_1Xy; ,i=12,...,n

= EY;)) =EX5_1)EX5) =0 (v X;s are independent)

and V(Y)) = E(Y;?) = E[X0i-1” X2:°] = E[X2i1 ] E[X2%] =1-1=1

HenceY;,i = 1,2,...,nare alsoi.i.d.r.vs. Hence CLT holds for S =ZYi . Further,

E(Sn):iE(Yi)=0and

V(Sn):ZV(Yi):n

i=1
Then by CLT

_ Sn—E(Sn) _ X1 Xot+Xon_1Xon

oSy Vn
Also E(X;*) = 1 (finite), i = 1,2, ...,n.

L Z where Z~N(0,1) asn — oo.

Hence, by Khinchine’s theorem, WLLN applies to the sequence {Xiz},
i =1,2,..,2n so that

X 24X+ 4+ X502 P
V, = L2 2 E(X;*)=1asn — oo.

2n




Hence, by Slutsky’s theorem, we have

2Vn(X. X, + -+ X, _. X L Z
lim (Un'Vn): ( 142 2n—1 Zn) T=Z~N(0,1)

n—oo X12 ++Xn2

V(X1 X2+ +X2n—1X2n)

Thus
’ X124+ Xp 2

L
»Z~N (0,5) (If Z~N(0,1), then cZ~N(0,c?)).



UNIT 16 BASIC CONCEPTS OF SAMPLING

Structure

16.0  Objectives
16.1 Introduction
16.2 Census and Sample Survey
16.2.1 Population and Census
16.2.2 Sample and Sample Survey
16.3 Some Concepts
16.3.1 Parameter
16.3.2 Statistic
16.3.3 Estimator and Estimate

16.4 Non-Sampling and Sampling Errors
16.4.1 Non-Sampling Error
16.4.2 Sampling Error
16.5 Advantages of Sample Survey |
16.6  Types of Sampling
16.6.1 Probability Sampling
16.6.2 Non-Probability Sampling
16.6.3 Mixed Sampling
"16.7 Sampling Distribution
16.8  Standard Error of a Statistic
16.9 Desirable Properties of an Estimator .
16.9.1 Unbiasedness
16.9.2 Minimum Variance

16.9.3 Consistency and Efficiency -
16.10 Let Us Sum Up |
16.11 Key Words
16.12 Some Useful Books |
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16.0 OBJECTIVES

After going through this unit you should be able to: _

e explain the concepts of population, sample, parameter, statistic, estimator and |
;- estimate; : :

¢ distinguish between a census and a sample rsurvel’y;

¢ explain the advantages of a sample survey;

o distinguish between sampling error and non-sampling error;

e - explain the concept of sampling distribution; and

e explain the concept of standard error.
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16.1 INTRODUCTION

We need data for the construction of national income accounts, input-output tables,
various production indices, price indices and a host of other quantitative indicators.

~ Itis very clear that without the relevant data, we will not be able to formulate policy

objectives for a complex economy like ours. In a sense, modern society is
increasingly becoming an information society. In this society, various economic and
social processes are represented by certain quantitative characteristics that require
various kinds of information in the form of data.

The task of collecting data is getting increasingly complex and difficult. The total
numberof units to be consulted and investigated for the required information may
be too large and our resources in terms of money, time or personnel may be limited.
Moreover, obtaining error-free information from such a large-scale investigation
makes the job even more daunting. As a result, very often we try to obtain the
required information from a smaller group that is easier to handle and control. Here,
however, it is important to ensure that this smaller group is truly representative of

 the entire c»llection of relevant units. The subject matter of sampling provides a

mathematical theory for obtaining such kind of a representative group.

162 CENSUS AND SAMPLE SURVEY

In this Section, we will distinguish between the census and sampling methods of
collecting data. We will try to explam the meaning and coverage of census survey
and sample survey. :

16.2.1 Population and Census

We have a collection of units relevant for-a particular enquiry. A unit, in this
connection, is an entity on which we can make observations according to a well-
defined procedure. The entire collection of such units is called a population or
universe. Thus, we may have a population of human beings, cattle, trees, prices,
production, etc.

You can make out that a population can be finite or infinite. If the number of units
is finite, it is a finite population and if the number of units is infinite, it is an example

- of an infinite population. Usually in practice, we are concerned with a finite

population.

When an inquiry is based upon obtaining information from all the units of a
population, the procedure is known as the complete enumeration method or the
census method.

16.2.2 Sample and Sample Survey

When we have a collection of a part or section of the population, it is called a
sample. A census, as we have seen earlier, is based upon obtaining information
from every member of the population. However, in order to obtain information
about certain characteristic of the population, we need not always resort to a census.
In practice, we get quite satisfactory results by studying an appropriate sample
from the population. The procedure of obtaining a sample is known as sample
survey. In the case.of a census, we examine the entire population; on the other
hand, when we take a sample, we consider a representative fraction of the
nopulation and use the samble information to infer about the entire povulation.



16.3 SOME CONCEPTS

+

We explain below some of the concepts frequently used in sampling theory.
16.3.1 Parameter

In a statistical inquiry, our interest lies in one or more characteristics of the
. population. A measure of such a characteristic is called a parameter. For example,
we may be interested in the mean income of the people of some region for a
particular year. We may also like to know the standard deviation of these incomes
of the people. Here, both mean and standard deviation are parameters.-

Parameters are conventionally denoted by Greek alphabets. For example, the
population mean can be denoted by 4 and population standard deviation can be
denoted by o .

It is important to note that the value of a parameter is computed from all the
population observations. Thus, the parameter ‘mean income’ is calculated from
all the income figures of different individuals that constitute the population. Similarly,
for the calculation of the parameter ‘correlation coefficient of heights and weights’,
we require the values of all the pairs of heights and weights in a population. Thus,
~ we can define a parameter as a function of the population values. If 0 is a

parameter that we want to obtain from the population values X, X,,--- X, then

0=f(X,, Xy Xy)
16.3.2 Statistic

While discussing the census and the sample survey, we have seen that due to various
constraints, sometimes it is difficult to obtain information about the whole population.
[n other words, it may not be always possible to compute a population parameter.
[n such situations, we try to get some idea about the parameter from the information
obtained from a sample drawn from the population. This sample information is
summarised in the form of a statistic. For example, sample mean or sample median
or sample mode is called a statistic. Thus, a statistic is calculated from the values
of the units that are included.in the sample. So, a statistic can be defined as
a function of the sample values. Conventionally, a statistic is denoted by an
English alphabet. For example, the sample mean may be denoted by x and the
sample standard deviation may be denoted by s. If T is a statistic that we want

to obtain from the sample values x,,x,,:--x, , then
T=f(%,%, %)
16.3.3 Estimator and Estimate

The basic purpose of a statistic is to estimate some population parameter. The

procedure followed or the formula used to compute a statistic is called an estimator

and the value of a statistic so computed is known as an estimate.
x+x,++x, 1

If we use the formula x = =— Z x, for calculating a statistic, then
n

. =1 .
this formula is an estimator. Next, if we use this formula and get ¥ =10, then this
‘10’ is an estimate.

Basic Concepts of
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164 NON-SAMPLING AND SAMPLING ERRORS

As mentioned above the basic purpose of sampling is to draw inferences about
the population on the basis of the sample. For example, we have to find out the
per capita income of a village. Due to shortage of time, money and personnel
we do not undertake a complete census and opt for a sample survey. In this case
it is very likely that the per capita income obtained from the sample is not equal
to the actual per capita income of the village. This discrepancy could arise because
of two reasons:

1)  Since we are collecting data from only a part of the population (i.e., the sample
selected by us), sample mean (per capita income in this case) is not equal
to population mean. If at all both are equal, it is a rare coincidence! If we
take sample mean as population mean we are committing an error called
sampling error.

1) A second source of error could arise because of wrong reporting or recording
or tabulation or processing of data. This type of error is termed non-sampling
error. Remember that non-sampling error, as its name suggests, has nothing
to do with our sampling process. Wrong reporting or recording or processing

- of data can take place in a sample survey also.

We explain the sources of these errors below.
16.4.1 Non-Sampling Error
Various sources of non-sampling error are given below:

1) Error due to measurement

It is a well-known fact that precise measurement of any magnitude is not possible.
If some individuals, for example, are asked to measure the length of a particular
piece of cloth independently up to, say, two decimal points; we can be quite sure
that their answers will not be the same. In fact, the measuring instrument itself may
not have the same degree of accuracy.

In the context of sampling the respondents of an inquiry, for example, may not
be able to provide the accurate data about their incomes. This may not be a
problem with individuals earning fixed incomes in the form of wages and salaries.
However, self-employed persons may not be able to do so.

2) Error due to non-response

Sometimes the required data are collected by mailing questionnaires to the
respondents. Many of such respondents may return the questionnaires with
incomplete answers or may not return them at all. This kind of an attitude may
be due to:

a) the respondents are too casual to fill up the answers to the questions asked

b) they arenotina position to understand the questions, or
¢) they may not like to disclose the information that has been sought.

We should note that the error due to non-response may also arise because of the |
possibility of the questionnaire being lost in transit.

If the data are collected through personal interviews, some of the reasons for the
error due to non-response peointed out above may not arise. However, in that case
this error may arise because some of the individuals:



a) may not like to give the information, or

b) may not simply be available even afier repeated visits.

3) Error in recording

This type of error may arise at the stage when the investigator records the answers
or even at the tabulation stage. A major reason for such error is the carelessness
on the part of the investigator.

4) Error due to inherent bias of the investigator

Every individual suffers from personal prejudices and biases. Despite the provision

of the best possible training to the investigators, their personal biases may come

into play when they interpret the questions to be put to the respondents or record
the answers to these questions.

" In complete enumeration the extent of non-safnpling error tends to be significantly
large because, generally, a large number of individuals are involved in the data
collection process. We try to minimise this error through

i) a careful planning of the survey,
1) providing proper training to the investigators,
i) making the questionnaire simple.

However, we would like to emphasize that complete enumeration is always prone

to large non-sampling errors.
16.4.2 Sampling Error

By now it should be clear that in the sampling method also, non-sampling error
may be committed. It is almost impossible to make the data absolutely free of such
errors. However, since the number of respondents in a sample survey is much
smaller than in census, the non-sampling error is generally less pronounced in the
sampling method. Besides the non-sampling errors, there is sampling error in a

sample survey. Sampling error is the absolute difference between the parameter -

and the dorresponding statistic, that is, |T —GI.

Sampling error is not due to any lapse on the part of the respondent or the
investigator or some such teason. It arises because of the very nature of the
procedure. It can never be completely eliminated. However, we have well

developed sampling theones with the help of which the effect of sampling error

can be minimised.

16.5 ADVANTAGES OF SAMPLE SURVEY

There are important advantages of a sample survey over complete enumeration
or census method. Some of these advantages are mentioned below.

i) Practicability

Sometimes, a census may not be practicable due to the enormity of the task

required in the collection of data of a large population. In such a situation, a sample

survey may be quite practicable.

i) Speed

e n T D . & I . L . I . L A . T Y S S
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g:'r“vl’e'y'“ %e:'::?;:e:"d census. This may be an important advantage, particularly, when the information
is urgently needed. '
iil) Accuracy

In any survey, census or sample, the required information is obtained by filling in

the questionnaires. It has been observed that more accurate results are achieved

when the investigators themselves fill in the questionnaire instead of the respondents
filling it. Again, personal interviews may result in more accurate information than

sending the questionnaires to the respondents by post and requesting them to fill

in these questionnaire. Normally, the pumber of investigators involved in an inquiry
varies directly with the number of r;ondents covered in the inquiry. As a result,

personal interviews prove to be easier in the case of a sample survey than in a

census. In fact, a sample survey has a greater scope to employ more efficient and

better-trained investigators. In the case of a sample survey, the investigators can

devote more time to each respondent. Thus, although a sample survey can have

less coverage than a census, it may have greater accuracy of the results.

iv) Cost

It is obvious that a sample survey results in less expenditure than a complete
enumeration. After all, in a survey only part of the population is involved. The cost
components of an inquiry are:

a) Overhead cost of the organisation conducting the survey,
b) Cost of collecting the data, '

c) Cost of processing and tabulating the daﬁ, and

d) Cost of publication of results of the survey.

In this cost break-up, items (b) and (c) are in the nature of variable costs, whereas
(a) and (d) are the fixed cost items. As a result, items (b) and (c) will definitely
be much smaller in a sample survey than for a census. We should note that the
designing of a proper sample survey and the selection of an appropriate sample
may entail considerable expenditure. However, generally it has been observed that
a sample survey is less costly than complete enumeration.

Check Your Progress 1

1) Define the following concepts:
a) Population
b) Samp}»\e=
c) Parameter
d) Statistic

...................................................................................................................

2) Distinguish between the following:
a) Estimator and Estimate |
'b) Census and Sample Survey

o) Sampline error and non-sampling error
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...................................................................................................................

16.6 TYPES OF SAMPLING

The method of selecting a sample from a given population is called sampling.
Basically there are two types of sampling, viz., probability sampling and non-
probability sampling. In probability sampling the sampling units are selected
according to some chance mechanism or probability of selection. On the other
hand, non-probability sampling is based on judgement or discretion of the person
making a choice. Thus in non-probability sampling certain units may be selected
because of convenience or they serve a purpose or the researcher feels that these
units are representative of the population. No random selection on the basis of
chance mechanism is involved here.” -

16.6.1 Probability Sampling

It is-also called random sampling. It is a procedure in which every member of the
population has a chance or probability of being selected in the sample. It is in this
probabilistic sense that the sample is random. The word ‘random’ does not mean
that the sample is obtained in a haphazard manner without following any rule.

Random sampling is based on the well-established principles of probability theory.

"There are quite a few variants of the random sampling, viz., simple random
sampling, systematic random samp]mg and stratified random samplmg We discuss
these types below.

a) Simple Random Sampling

If there is not much variation in the characteristics of the members of a population,
we can follow the method of simple random sampling. In this method, we consider
the population in its entirety as a homogeneous group and follow the prmc1p1e of
random sampling to choose the members for the sample.

There are two variants of simple random sdinpling, viz., simple random sampling
with replacement (SRSWR) and simple random sampling without replacement
(SRSWOR). This difference pertains to the way the sample units are selected.
According to the procedure of simple random sampling with replacement
(SRSWR), we draw oné¢ unit from the population, note down its features and put
it back to the whole lot in the sense that the unit again becomes eligible for selection.
In this way, the total number of units in the population always remains the same.
In other words, the composition of the population remains unchanged, and each
member of the population has the same chance or probability of being selected

Basic Concepts of
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in the sample. In fact, if N is the size of the population, this probability is N

On the other hand, in the case of simple random sampling without replacement,
the unit once selected is not returmed to the population in the sense that it becomes
ineligible for selection again. As a result, after each siccessive draw, the composition
of the population changes. Therefore, for subsequent draw from the population
the probability of any particular unit being picked up also gets changed. Let us
try to understand this. Suppose, the population size is N and we want to draw
a sample of size n from it by the principle of SRSWOR. Before the first unit is

1
drawn, each unit of the population has the same chance (W) of being selected

in the sample. Once the first member of the sample is selected, each of the

1
remaining N-1 members of the population has an equal chance of N_1 of

selectioﬁ in the sample. Finally, before the n* member of the sample is chosen,

each of the remaining members of the population has an equal chance of

1 - 1 AN Lo .
N—(+l) N-n-1 of being included in the sample.

We should note that from a population of size V, the number of samples of size
n that can be drawn with replacement is )" and the number of samples that can

be drawn without replacement is ¥

Example 16.1

Suppose a population consists of the following 5 units (4, 5, 7, 9, 10). How many
samples of size 2 can be drawn from it?

i) If we follow the procedure of SRSWR the number of samples that can be
selected is

=N"=5%=25.

The possible samples are given by

(4, 4), (4,5), 4,7, (4,9), 4, 10), (5, 4), (5, 5), 5, 1, (5, 9), (5,-10),
(7,4),(1,5), (7, 7, (1, 9), (7, 10), (9, 4), (5, 5), 9, D), (9, 9), (9, 10),
(10, 4), (10, 5), (10, 7), (10, 9), (10, 10).

We should note that in sampling with replacement, the order in which the units

are selected also matters. Thus, (4, 10) and (10, 4) are considered as two
different samples.
i) If we follow the pmcedure of SRSWOR the number of samples that can be

selected is
N s 5! St 5x4 20

= = = . = —_'_—O
G aTuso 23 2x1 2

The possible samples are given by
@, 5), (5, D, (7,9, (9, 10), (4, 7), (4, 9), (4, 10), (5, 9), (5 10), (7, 10).

We should note that in sampling without replacement, once a member is
selected, it cannot be selected again. Thus, samples like (4, 4), (5, 5) etc.

- cannot be selected. Similarly, if a sample like (4, 5) is sclected, then another
camnle lilke (8 4) cannot he cselected




b) Systematic Random Sampling

In this variant of random sampling, only the first unit of the sample is selected at
random from the population. The subsequent units are then selected by following
some definite rule. For example, suppose, we have to choose a sample of
agricultural plots. In systematic random sampling, we begin with selecting one plot
at random and then every 10" plot may be selected.

c) Stratified Random Sampling

Stratified random sampling is the appropriate method if the population under
consideration consists of heterogeneous units. Here, first we divide the population
into certain homogeneous groups or strata. Secondly, from each stratum some units
are selected by simple random sampling. Thirdly, after selecting the units from each
stratum, they are mixed together to obtain the final sample.

Let us consider an example. Suppose, we want to estimate the per capita income
of Delhi by a sample survey. It is common knowledge that Delhi is characterised
by rich localities, middle class localities and poor localities in terms of the income
groups of the people living in these localities. Now, each of these different localities
can constitute a stratum from which some people may be selected by adopting
simple random sampling procedure.

d) Multi-Stage Random Sampling

Let us consider a situation where we want to obtain information from a sample

~ ofhouseholds in a large city, say, Delhi. Sometimes, it may not be possible to directly -

take a sample of households because a list of all the households may not be easily
obtained. In such a situation, one may resort to take samples in various stages.
Generally, the city is divided into certain geographical areas for administrative
purposes. These areas may be termed as city blocks. So in the first stage, some
of such blocks may be selected by random sampling. In the next stage, from each
of the selected blocks in the first stage, some households may be selected again
by the principle of random sampling, In this way, ultimately a sample of households

from a large city may be obtained. The above-mentioned example is the case of -

a two-stage random sampling. However, if the nature of the inquiry so demands,
the method of sampling can be extended to more than two stages.

16.6.2 Non-Probability Sampling

We have considered the method of random sampling and some of its variants
above. It should be clear that the basic objective of the principle of random
sampling is to eliminate or at least minimise the effect of the subjective bias of the
investigator in the selection of the population sample. But for certain purposes, there
is a need for using-discretion. For example, suppose a teacher has to choose 4
participants from a class of 30 students in a debate competition. Here, the teacher
may select the top 4 debaters on the basis of her own conscious judgement about
the top debaters in the class. This is an example of purposive sampling. In this
method, the purpose of the sample guides the choice of certain members or units
of the population. '

16.6.3 Mixed Sampling

In mixed sampling, we have some features of both non-probability sampling and
random sampling. Suppose, an institute has to send 5 students for managerial training
in a company during the summer vacation. Initially it may shortlist about 20 students
who are considered to be suitable for the training by applying its own discretion.
Then from these 20 students, 5 students may finally be selected by random sampling.

Basic Concepts of
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16.7 SAMPLING DISTRIBUTIUON

By now it should be clear that generally the size of a sample is much smaller than
the parent population. Consequently, many samples can be selected from the same
population which are different from one another. Since an estimate of a parameter
depends upon the sample values, and these values may change from one sample
to another, there can be different estimates or values of a statistic for the same
parameter. This variation in values is called sampling.fluctuation. Suppose, a
number of samples, each of size n, are drawn from a population of size N and
for each sample, the value of the statistic is computed. If the number of samples
is large, these values can be arranged in the form of a relative frequency distribution. -
When the number of samples tends to infinity, the resultant relative frequency
distribution of the values of a statistic is called the sampling distribution of the
given statistic.

Suppose, we are interested in estimating the population mean (which is a

parameter), denoted by 1. A random sample of size n is drawn from this population

-1 ,
(of size N). The sample mean X = ;Zx, is a statistic corresponding to the

population mean g. We should note that ¥ is a random variable as its value changes
from one sample to another in a probabilistic manner,

Example 16.2

Consider a population consisting of the following 5 units: 2, 4, 6, 8, and 10.
Suppose, a sample of size 2 is to be selected from it by the method of simple
random sampling without replacement. We want to obtain the sampling distribution
of the sample mean and its standard error.

The number of samples that can be selected without replacement.

1 !
e <o = EE 5"4_-23_10
2(5-2)! 23 2x1 2

The possible samples along with the correspondmg sample means (¥) are
presented in Table 16.1.

Table 16.1 : Possible Samples and Sample Means

Sample - Sample Mean (1)

2.4

@2, 6)

@, 8)

2, 10) |

(4, 6) .
(4, 8)

(4, 10)

(6, 8)

(6, 10)

(8, 10)

Voo ~I~ITAWULMAWL bH W

Now, we can have a frequency distribution of the sample means:




Table 16.2: Frequency Distribution of Sample Means

Sample Mean Frequency
(%) f)
3 1
4 1
5 2
6 2
] 7 2
8 1
| 9 1

From the frequency distribution given in Table 16.2, we can present the probability
distribution of the sample mean as given in Table 16.3.

Table 16.3: Sampling Distribution of Sample Means

Sample Mean (x ) Probability (—f—]
2f

3 1
10
4 1

10
5 2
10
6 2
10
y 2
10
2 1
10
0 1o

We note here that 3, £, which, from the frequency distribution of the sample mean

presented earlier, is equal to 10. In Table 16.3, we have used the relative frequency
for the calculation of the probabilities.

16.8 STANDARD ERROR OF A STATISTIC

In the previous Section we learnt that we can draw a number of samples depending
upon the population and sample sizes. From each sample we get a different value
for the statistic we are looking for. These values can be arranged in the form of
a probability distribution, which is called the sampling distribution of the concermed
statistic. The statistic is also similar to a random variable since a probability is
" attached to each value it takes. In Table 16.3 in the previous Section we have
presented the statistic along with its probability.

Basic Concepts of
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L%

We have learnt in Unit 14 that mathematical expectation of a random variable is
equal to its arithmetic mean. Let us find out the mathematical expectation and
standard deviation of the sampling distribution. |

We notice two important properties of the sampling distribution.

1) The expectation of the sampling distribution of the statistic is equal to the
population parameter. Thus if we have the sampling distribution of sample
means, then its expected value is equal to poﬁulation mean. Symbolically,
E(x)=pu. '

2) The standard deviation of the sampling distribution is called ‘standard error’
of the concemned statistic. Thus if we have sampling distribution of sample
means, then its standard deviation is called the ‘standard error of sample
means’. Thus standard érror indicates the spread of the sample means away
from the population mean. In Block 7 we would see that standard error is
used for hypothesis testing and statistical estimation.

Example 16.3
Find out the standard error of the sampling distribution given in Table 16.3

We know that standard error of the sample mean is standard deviation of the
sampling distribution. Thus,

0, =JE®? -[EG)]

Now, |

E(f)=3><L+4xi+5x—2—+6x-—2—+7x£+8x-!-+9x_1_=§9 =6
10 10 10 10 10 10- 10 10

and .

1 1 2 2 2 11 390
E(FY =90X—+16X—+25X — +36X—+ 49X — 4+ 64X — + 81X —="—
(%) 107710 10 107710 10 1010

= 39,
“NE@E?! -[E@YF =439-36 =3 =173.

Thus, the standard error of the sample mean in this case is 1.73.
Now a question may be shaping up in your mind.

Do we have to draw all possible samples to find out standard error? In Example
16.3 above we first noted down all the possible samples, arranged these in a relative
frequency distribution form and thereafter calculated the standard deviation. In
Example 16.3 the population size and sample size were quite small, and thus the
task was manageable. But, can you imagine what would happen when we have
much larger population and sample sizes? It is too difficult and cumbersome a
task. In fact the entire advantages of sampling disappears if we start selecting
all possible samples! .

Secondly, is it possilﬁle to fit a theoretical probability distribution (discussed in
Block 5) to the sampling distribution? In fact, the Central Limit Theorem says

that, “if samples of size n are drawn from any population, the sample medns are

approximately normally distributed for large values of n”. Thus whatever be the
distribution of the population, the sampling distribution of ¥ will be approximately
normal for large enough sample sizes. If the population is normal] then sampling




distribution of ¥ is normal for any sample size. If population is approximately
normally distributed than sampling distribution of ¥ is approximately normal even
for small sample size. Moreover, even if population is not normally distributed,
sampling distribution of ¥ is approximately normal for large sample sizes.

Thirdly, what is the relationship between standard deviation of the population from
which the sample is drawn and the standard error of ¥ ? Obviously, the spread
of ¥ will be less than the spread of the population units. The standard error of
X 1s given by

O:; =—7= _ where 0, is standard error of ¥ and ¢ is standard deviation

of the original population.

Thus standard error is always smaller in value than standard deviation of the
population, because standard error is equal to the standard deviation of the
population divided py square root of the sample size..

The above is true for simple random sampling with replacement. When sampling
is without replacement in that case we have to make some finite papulation

6 N-n
. . . G— =—X
correction and standard error is given by Oz In N-1

n -
When the ratio N is very small both the procedures give almost similar results.

But when sample size is not negligible compared to population size the correction
factor needs to be applied.

How do we interpret the standard error? As mentioned earlier it shows the spread
of the statistic. Thus, if standard error is smaller then there is a greater probability
that the estimate is closer to the concerned parameter.

Example 16.4

Consider the population: 2,5,8,13

i) Calculate the population mean and the population standard deviation.

i) Construct a sampling distribution of the sample mean when random samples
of size 2 are selected from the population :

a) with replacement, and

b) without replacement. Find the mean and the standard error of the
distribution in each case.

i) Verify that in the case of random sampling with replacement, E(Xx)=p and

c ,
O; =7—; and in the case of random sampling without replacement, E(x) = u

o} —_O_ 1- n—l
Answer:

We have the population: 2,5,8,13; population size N = 4; sample size n = 2.
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Population standard deviation:
J Z(X -7 +(5-7) +@-7) +(13-7)
B N

B {25+4+1'+36_ ’@——m%%

i) (a) Number of possible samples with replacement Nt =16.

'I_'he samples:

22), 25, @38),

(5,2, (55, (5.8),

(82), (85), (8.3),
(13,2), (13,5), (13,8), (13, 13)

The sample means
2, 35, 5,

35, 5, 65,

5, 65, 8

75,9, 105,

(2,13),
(5,13),
(8,13),

7.5,
9,
10.5,
13.

Samiiling Distribution of Sample Means:

X f Xf[-=P(Probability)
. 1
2 1 I
3.5 2 2
. 16
5 | 3 16
6.5 2 2
16
75 2 2
e 16
8 ! =
16
| 9 2 16
10.5 2 2
o 16
13 ! =
16
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Mean of the sampling distribution: Samoling

E(X)= Y, P% (where %, is the mean of " sample)

i=l

=T%(Z+7+15+13+15+8+18+21+13)

=Ll 2=7
16

« Standard error of the distribution:

= VEGE) - {E@)

Now,

E(fz) = 2 I)i'.x-iz'
i=|

=IlTs(1><22 +2x3.57+3x52 +2x6.57 +2x 7.5 +1x82 +2x9” +2x10.5? +1x13%)

1 ,
“‘«=G(1><4+2><12.5+3x25+2><42.25+2><56.25+1><64+
2 x 81 +2 X 1105 + 1 x 169)

=—116-(4+25+75+84.5+112.5+64+81+ 2214+169)

=-1—x748=57.31,
16

And,
{E@®F =7"=49 -
o, =57.31-49 =/831=2.83.

Thus, the mean and the standard error of the sampling distribution in the case of
random sampling with replacement are 7 and 2.83 respectively.

b) Number of possible samples without replacement = ¥ C, =* C, =6

The samples:

(2,5), (2,8), (2,13), (5,8), (5,13), (8,13).
Sample means:

3.5,5,75,6.5,9, 10.5.

Sampling Distribution of Sample Means:

X - f -1{[' =P(Probability)
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Mean of the population:

E®)=Y P5,

i=]

1
:_6-(3'5+5+7'5+6"5+9+10'5)

=l x42="7.
6
Standard error of the distribution

o, =VEGY) -{E®}F

Now,

E(X) =) Px}

i=1

- %(3.524 52 +7.57 +6.5? +9% +10.5%)
=%(12.25+ 25+56.25+42.25+81+110.25)

=-1—><327 =54.5
6
And we already know,
{E®f =7"=49
=4/54.5=49=+55=235

Thus, the mean and the standard error of the sampling distribution in the case of
random sampling without replacement are 7 and 2.35 respectively.

iii) In the case of random sampling with replacement,

E®)=T=u
o 406 4.06

=l =12 D 9872283,
Jn o 2 1414

as we have independently obtained from the sampling distribution of the sample
means.




In the case of random sampling without replacement, Basic C"S““P‘l{ of
ampling
E@)=T=p

N-n N-n _ 1648 2 |
,/ ‘f 8.24%0.67 =~/5.52 = 2.35,
J‘ N 1 = v

as we have mdependently obtained from the samphng distribution of the sample
mean
Hence, our results are all verified.

16.9 DESIRABLE PROPERTIES OF AN ESTIMATOR

Suppose, 0 is an unknown population parameter that we are interested in. We
may want to estimate 6on the basis of a random sample drawn from the population.
For this purpose we may use a statistic 7' (which is a function of the sample values).
Here T 1s an estimator of 8 and the value of T that is obtained from the given
sample is an estimate of 0. In fact, the value is known as a point estimate in
the sense that it is one particular value of the estimator (see Unit 18 for details).

Earlier, we have discussed the concepts of sampling and non-sampling errors. We
recapitulate here that the absolute difference (ignoring the sign) between a sample

measures the extent of the

statistic and the population parameter, i.e.,

sampling error. We may note here that an estimator is essentially a formula for
computing an estimate of the population parameter and there can be several potential
estimators (alternative formulag) that may be used for this purpose. So, there should
be some desirable properties on the basis of which we can select a particular
estimator for estimating the population parameter. A very simple requirement for

T to be a good estimator of @ is that the difference [T —9| should be as small
as possible. Various approaches have been suggested to ensure this.

16.9.1 Unbiasedness

We have already noted that the value of a statistic varies from sample to sample
due to sampling fluctuation. Although the individual values of a statistic may be
different from the unknown population parameter, on an average, the value of a
statistic should be equal to the population parameter. In other words, the sampling
distribution of 7 should have a central tendency towards 6. This is known as the
property of unbiasedness of an estimator. It means that although an individual value
of a given estimator may be higher or lower than the unknown value of the
population parameter, there is no bias on the part of the estimator to have values
that are always greater or smaller than the unknown population parameter. If we
accept that mean (here, expectation) is a proper measure for central tendency, then

T is an unbiased estimator for 0 if E(T)=86.

16.9.2 Minimum-Variance

It 1s also desirable that the average spread of all the possible values of an unbiased.
estimator around the population parameter is as small as possible. It will reduce
the chance of an estimate being far away from the parameter. If we accept that
variance is a proper measure for average spread (dispersion), we want that among
all the unbiased estimators, T should have the smallest variance. Symbolically,

V(T)<V(T') where, V stands for variance and T is any other unbiased estimator.

21
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An estimator 7, which is unbiased and among all the unbiased estimator has the
minimum variance, is known as a minimum-variance unbiased estimator. Let
us consider an example. Suppose, we have a random sample of size n from a

B - 1 n
given population of size N. In this case, the sample mean is given by * = - Zx,
=]

" where x, is the /™ member of the sample. It can be proved that it is an unbiased

estimator of the population mean y. Symbolically
E@)=p

‘ I -
- However, it can'be shown that the sample variance defined as § = 2 (x, -Xx )2

i=1

is not an unbiased estimator of the population variance 2. Symbolically,
E@H)zot

P SR AU
On the - ontrary, if we define the sample variance as § Pz 2 (x, —-x )2 , then

n-1 =

N
. . ) 2 1 -
s'? is an unbiased estimator of 0> = —— X, (x,=%)".

Suppose further that the sample values are not only random but also independent
(random sample with replacement) and the underlying population is normal. It can
be shown that the sample mean ¥ is not only an unbiased estimator of the
population mean g but also it has the minimum variance among all the unbiased
estimators of .

16.9.3 Consistency and Efficiency
Another approach may be to suggest that the estimator T should approximate the

‘unknown population parameter 0 as the sample size 7 increases. Since T itself

is a random variable, we may express this requirement in probabilistic or stochastic
terms as the statistic T should converge to the parameter 6 stochastically (i.e., in
probability) as n — oo . A statistic T with this property is called a consistent
estimator of 6.

In real life, a large number of consistent estimators of the same parameter ¢ have
often been found. In such a situation, obviously, some additional criterion is needed
to choose among these consistent estimators. One such criterion may be to demand
that not only 7 should converge stochastically to @ but also it should do so quite
rapidly. Without going into the details, we may mention here that some times an

“estimator assumes the form of a normal distribution when the sample size n

increases indefinitely. Such estimators are called asymptotically normal. If we
focus on consistent estimators that are asymiptotically normal, the rapidity of their
convergence is indicated by their respective asymptotic variances. In fact, the
convergence is the fastest for the estimator that has the lowest asymptotic
variance. Such kind of an estimator is known as an efficient estimator among
all the asyniptotically normal consistent estimators of a population parameter..

Check Your Progréss 2

1) Define the following concepts:
a) Simple Random Sample




b) Sampling Distribution
¢) Standard Error

...................................................................................................................

2) Distinguish between the following:

a) Simple random sampling with replacement and Simple random sampling
without replacement

b) Simple random sampling and stratified random sampling

...................................................................................................................
...................................................................................................................
...................................................................................................................

...................................................................................................................

3) Given a population: 1, 2, 5, 6. Bring out all possible samples of size 2
i) with replacement, and
. ii) without replacement.

...................................................................................................................

4) Given a population: 2, 4, 6. Suppose a sample of size 2 is to be selected
from this population by the method of random sampling without replacement.

"a) Present the sampling distribution of sample mean.
b) Compute the standard error. '

-------------------------------------------------------------------------------------------------------------------
.....................................................................................................................
...................................................................................................................

....................................................................................................................

16.10 LET US SUM UP

In this unit, we dlstmgulshed between the census method and the sample method
of conducting a statistical inquiry. We have seen that on account of various resource
constraints, census method cannot be undertaken always. Moreover, due to the
enormity of the task involved, the chances of committing non-sampling errors in
a census are at times quite high. A sample survey, on the other hand, has some
definite advantages. A properly conducted sample survey is generally less error
prone. A sample survey has a sound scientific basis. As a result, the sampling
distribution of the relevant statistic (obtained from random samples) forms an
objective basis of assessment about a population parameter.

Basic Concepts of
Sampling
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16.11 KEY WORDS

Estimate

Estimator

Parameter

Population

Random Sampling

Sample

Sampling Distribuﬁon
Sampling Error
Sampling Fluctuation

Simple Random Sampling

Standard Erxror

Stati.stic

Statistical Inference

: Itis the particular value that can be obtained

from an estimator.

: Itis the specific functional form of a statistic or -

the formula involved in its calculation. Generally,
the two terms, statistic and estimator, are used
interchangeably.

: It is a measure of some characteristic of the

population.

: Itis the entire collection of units of a specified -

type in a given place and at a particular point
of time.

: Itis a procedure where every member of the

population has a definite chance or probability’
of being selected in the sample. It is also called
probability sampling.

: It is a sub-set of the population. Therefore, it

is a collection of some units from the population.

: It refers to the probability distribution of a

statistic.

: The absolute difference between population

parameter and relevant sample statistic.

It is the variation in the values of a statistic
computed from different samples.

: This is a sampling procedure, in which, each

member of the population has the same chance
of being selected in the sample.

: It is the standard deviation of the sampling |

distribution of a statistic.

: Tt is a function of the values of the units thé.t are

included in the sample. The basic purpose of
a statistic is to estimate some population
parameter.

: It is the process of drawing conclusions about

an unknown population characteristic on the
basis of a known sample drawn from it.

16.12 SOME USEFUL BOOKS
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Delhi, Chapter 9.

Goon, A. M., Gupta, M. K. and Dasgupta, B., 1971, Fundamentals of Statistics,




Volume 1 (Fourth Edition), The World Press Private Limited, Calcutta, Chapters
14, 15 and 16. :

16.13 ANSWERS/HINTS TO CHECK YOUR PROGRESS
EXERCISES

Check Your Progress 1

1) Read the text and define these terms in one or two sentences each.
2) Read the text and distinguish in a few sentences, .

3) Read'the text and answer in a few sentences.
Check Your Progress 2

1) Read the text and define these terms in a few sentences.
2) Read the text and distinguish in a few sentences.

3) Go through Example 16.2 in the text and attempt yourself.
4) 0.82.

Basic Concepts of
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Chi-square Distribution

A square of a standard normal variate is known as a
chi-square variate with 1 degree of freedom. If REIU(¥ed

_ , (X=uYP : :
Then RS “NN(o,l) and is a chi-square variate
(o2

with 1 degree of freedom (d. f ).
If (i=1,2...n) are n independent normal variates with

meansm and variances then zZ:i(xf‘”fj isa chi-square
i=1 i

(o)

variate with ‘n” degree of freedom.




Chi-square Distribution

The Probability density function of chi-square distribution

with ‘n’ degrees of freedom is given by

, other wise

Remark: If then
2 2




Chi-square Distribution

Properties:

1.

If n =1 normal distribution is a particular case
of Chi-Square distribution.

If n = 2 exponential distribution is a particular
case of Chi— Square distribution.

Mean = n , Variance = 2n, Mode = (n-2)

8 2
Measures of skewness: [iuidyt :2\/%

WEEENCENIR OIS 5, =3+12/n = y,=12/n




Chi-square Distribution

Applications:
To test if the hypothetical value of the population
variance Is
2. To test the goodness of fit.
3.
4

1.

To test the independence of attributes.

. To test the homogeneity of independent estimates of

the population variance.

. To test the equality of several population correlation

coefficients.




t’-Distribution — Student’s ‘t’ distribution

If the sample size n is small, the distribution of the
various statistics [EESREr] are far from normality
o/\n \nPQ

and as such ‘normal test’ cannot applied if nis small.
In such cases exact sample tests, pioneered by
W.S.Gosset (1908) who wrote under the pen name of
Student, and later on developed and extended by
Prof. R. A .Fisher(1926),are used.

Assumptions :

1. The parent population from which the sample is drawn is
normal

2. The population observations are Independent.

3. The sample variance IS unknown.




t’-Distribution — Student’s ‘t’ distribution

(a5 be a random sample of size n from a normal

population with mean @ and varignce . Then
studentt is defined by the statisticﬁ wherem
Is the sample mean and B is an unbiased estimator o
the population variance and it follows student’s ‘t' —

distribution with (n -1) degrees of freedom.
The Probability density function of Students’ t- distribution

IS given by

other wise;v=n-1




t’-Distribution — Student’s ‘t’ distribution

Properties

1.Students ‘t’ is a particular case of fisher’s ‘t'.
2.'t" distribution is symmetrical about the origin.
3.All moments of odd order are zero

4.The mean of t distribution is zero

5.Variance =
6.Measure of skewness =

n—-2)\
/.Measure of kurtosis =

8. Mode of t — distribution lies at the origint =0
9. M.G.F of ‘t’ -distribution does not exist.




t’-Distribution — Student’s ‘t’ distribution

Application

1. t — distribution is used to test whether the
sample mean to a specified value of population
mean or not.
To test the significance of the difference between
two sample means.

To test the significance of an observed sample
correlation coefficients and sample regression
coefficient.

To test the significance of observed partial
correlation coefficient.




F — Distribution (Snedecor’s F distribution)

If X and Y are two independent chi-square variates
with & degrees of freedom respectively, then
F — statistic is defined byﬂ i.,e. F is defined as the
ratio of two independent chi-square variates divided by
their respective degrees of freedom and it follows
Snedecor’s F distribution with [(B8] degrees of freedom

with probability density function is given by




F — Distribution (Snedecor’s F distribution)

Properties

1. F —distribution extends along abscissa from O to .

2. F —distribution curve wholly lies in the first quadrant.

3. Shape of the curve depends on the degrees of freedom.

4. F — distribution curve is a positive skew curve and is
highly positively skewed when is small

The curve is unimodel and its mode is at the point
5 3 VI(V2+2)

mode is always less than unity for

Mean of F — distribution is

Variance of F —distribution is
M.g.f. of F — distribution does not exist.

F distribution is highly positively skewed




F — Distribution (Snedecor’s F distribution)

Applications

1. F-distribution is used to test the equality of two
population variances.

2. F-distribution is used to analysis of variance.
To test the equality of several regression

coefficients.

To test the equality of several population
means.

To test the significance of an observed multiple
correlation coefficient.

To test the significance of an observed sample
correlation ratio.




If t has d.fand F has degrees of freedom

then

In distribution if we let then
2 2
X =nmF-~y




TEST OF HYPOTHESIS

POPULATION: The collection of objects about a particular characteristic which we are going to study is called
population

Example: 1. All engineering colleges Andhra Pradesh.
2. Number of vehicles in Tirupati.

POPULATION SIZE: Number of objects in the given population is defined as population size. It is denoted with
‘N’. Depend upon population size, There are two types

1. Finite population
2. Infinite population
1. Finite population:
A population is said to be finite if the population size is countable

Example: Number of pens

2. Infinite population
A population is said to be infinite if the population size is uncountable.

Example: Stars in the sky
SAMPLE: A finite subset of a population is called a sample
Example: 1. Number of engineering colleges in Tirupati.
2. Number of two-wheelers in Tirupati.

SAMPLE SIZE: Number of objects in a given sample is defined as sample size. It is denoted with ‘n’. Depend
upon Sample size, there are two types

1. Large sample
2. Small sample
1. Large Sample:

If the sample size n > 30, then the sample is called a large sample
2. Small Sample:
If the sample size n <30, then the sample is called a small sample

PARAMETER: The statistical constants obtained by using population data is called a parameter

Example: 1. Population mean = p
2. Population variance = ¢
3. Population Standard Deviation = ¢
STATISTIC: The statistical constants obtained by using statistical data is called statistic

2

Example: 1. Sample mean = X (or) Ho
2. Sample variance = S°
3. Sample Standard Deviation = S

PROBABILITY & STATISTICS



STATISTICAL HYPOTHESIS :

%+ To make decisions about a population with the basis of sample information. Such decisions may or
may not be true are called a statistical hypothesis
% It is simply a statement about the statistical hypothesis. They are of two types
1. Null hypothesis
2. Alternative hypothesis
1. Null Hypothesis: A definite statement about the population parameter is called the null hypothesis (Ho).
Ho is a commonly accepted fact.

A null hypothesis the hypothesis which asserts that there is no significant difference between the statistic and
the population parameter and whatever observed difference is there is merely due to fluctuations in sampling
from the same population.

Ho—H =Ho ;0 =00

2. Alternative hypothesis: A hypothesis which is complementary to the null hypothesis is called the alternative
hypothesis(H,).

Hi—u # no ;0#00
—H > Ho
—>H < Ho:

++ Based on the alternative hypothesis, the test is divided into two types
i. Two-tailed test
ii. One-tailed test

> Two-Tailed Test:

If the alternative hypothesis is “not equal to” type, then the critical region completely lies on both sides of the curve
having area ‘0/2’ on both sides.

» One-tailedtest:One-tailed test is of two types
a) Right-tailed test
b) Left-tailed test

> Right-Tailed Test:

If the alternative hypothesis is of “greater than type(Hy :) > W), then the critical region completely lies on the
right side of the curve having area ‘o °.

> Left-tailed test:

If the alternative hypothesis is of “less than” type (Hy L < Ho), then the critical region completely lies on the left
side of the curve-handling area ‘o ’.

PROBABILITY & STATISTICS
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ERRORS IN SAMPLING:

The main objective of sampling theory is to draw or obtain a valid inference (information) about population When a
statistical hypothesis is tested, there are four possibilities.

1. The Hypothesis is true and the Test is accepted (Correct Decision)
2. The Hypothesis is false and the Test is rejected (Correct Decision)
3. The Hypothesis is true and the Test is rejected (Typel Error)

4. The Hypothesis is false and the Test is accepted (Type 2 Error)

This can be shown in the following table

Ho Accept Reject
. Type 1 Error
True Correct Decision .
(Producer’s Risk)
Type 2 Error ..
False Correct Decision
(Consumer’s Risk)

Note:

1. Type 1 Error (Probability ‘a’): The error involves rejecting Ho even though it is true. Is also known as

“Producer’s Risk”.

2. Type 2 Error (Probability ‘B’): This error involvesaccepting Hy even though it is false. This error is also known

as “Consumer's Risk™.

» CRITICAL REGION:

The region in which the null hypothesis is rejected is called critical region.

» ACCEPTANCE REGION

The region in which the null hypothesis is accepted is called the acceptance region.

» LEVEL OF SIGNIFICANCE

The maximum probability of Type 1 error isa. Here ‘o’ is called Level of Significance.

¢ It generally expressed in “%’.
¢ It measures errors associated with making decisions.

We take a=1%, which is used for high accuracy.

a =5%, which is used for moderate accuracy

PROBABILITY & STATISTICS



Procedure for Testing of Hypothesis

Setup Null Hypothesis

Setup Alternate Hypothesis
Fix Level of Significance
Choose suitable Test Statistic
Interpretation

akrwdE

UNIT-II

Test of Significance for Large Samples

|
: Difference of Single Difference of

UNIT-111

Test of Significance for Small Samples

' I !
W F-TEST Chi-Square TEST

Difference of Means Independence of
attributes

Paired Samples

PROBABILITY & STATISTICS



UNIT-II
Z Test for Single Mean

Let x be the sample mean of the large sample size 2’ drawn from the normal population having mean u and

standard deviation ‘G’

Null Hypothesis Ho:

There is no significant difference between the sample mean and population mean X = u (or)

The sample is drawn from the normal population
Alternative Hypothesis Hj:

There is a significant difference between the sample mean and population mean

X # u(TwoTailed)
X<

} .. (or)
(OneTailed)
X >

The sample is not drawn from the normal population
Level of Significance a.:

Choose the level of significance based on the problem. Default 5%

Test Statistic:

:‘X_ﬂ‘,ifaisknown; Z:M,ifaisnotknown

7@ @

If Z-calculated value < Z critical value or table value at a% level of significance then we accept Ho.

s

SE=Standard Error z= —
SE(X)

: Z
Conclusion:

Otherwise we reject Hy

Confidence Limits or Fudicial limits: Z=x+Z SE(i)

Problems:

1. A sample of 64 students have a mean weight of 70kgs, can this be regarded as a sample from a
population with mean weight 56 kgs and standard deviation 25kgs.

2. An oceanographer wants to check whether the depth of the ocean in a certain region is 57.4 fathoms as
had previously been recorded. What can he conclude at 0.05 level of significance, if readings taken at
40 random locations in the given region yielded a mean of 59.1 fathoms with a standard deviation of
5.2 fathoms.

3. A sample of 900 members has a mean of 3.4 cms and S.D. 2.61 cms. Is this sample has been taken
from a large population of mean 3.25 cms and S.D.2.61 cms. If the population is normal then test the
hypothesis with 95% fudicial limits.

PROBABILITY & STATISTICS



4. A sample of 400 items is taken from a population whose S.D. is 10. The mean of the sample is 40, test
whether the sample has come from a population with mean 38. Also calculate 95% confidence limits

for the population.

5. An ambulance service claims that it takes on the average less than 10 minutes to reach its destination
in emergency calls. A sample of 36 calls has a mean of 11 minutes and the variance of 16 minutes.

Test the claim at 0.05 level of significance.

6. An insurance agent has claimed that the average age of policy holders who issue through him is less
than the average for all agents which is 30.5 years. A random sample of 100 policy holders who had

issues through him gave the following age distribution.

Age 16-20 | 21-25 | 26-30 | 31-35 | 36-40
No. of Persons | 12 22 20 30 16

Z Test for Difference of two Means

Let xiand x> be the two sample means of the large sample sizes ‘n;’and ‘ny’ drawn from two normal

populations having mean g4 and x, and standard deviation o, and o,

Null Hypothesis Ho:

There is no significant difference between the two population means 4 =, (or)

The two samples are drawn from same population

Alternative Hypothesis Hj:

There is a significant difference between the two population means
u # w1, (TwoTailed)

<l
>

}(OneTaiIed) (on)

The two samples are not drawn from same population
Level of Significance a.:
Choose the level of significance based on the problem. Default 5%

Test Statistic: SE=Standard Error

‘Xl_XZ‘
L=————""—,
SE (u—xz )
‘Xl—Xz‘ . ] ‘Xl_XZ‘
Zzz—,lf o,,0,isknown ; z= = =
o~ o S S
91, 9% S1 o, V2
nl n2 nl n2
‘Xl_XZ‘ . .
1=———, if 0, =0, =clisknown
1
o [—+—
nl r']2

, If oy, 0, isnot known;

PROBABILITY & STATISTICS



Conclusion:
If Z-calculated value < Z critical value or table value at % level of significance then we accept Ho.

Otherwise we reject Hy
Confidence Limits or Fudicial limits: Z =[x —Xe|+Z,SE (X - x2)

Problems:

1. The mean yield of wheat from a district A was 210 pounds with S.D. 10 pounds per acre from a
sample of 100 plots. In another district B the mean yield was 220 pounds with S.D. 12 pounds from a
sample of 150 plots. Assuming that the S.D. of yield in the entire state was 11 pounds, test whether
there is any significant difference between the mean yields of crops in the two districts.

2. The research investigator is interested in studying whether there is a significant difference in the
salaries of MBA grades in two metropolitan cities. A random sample of size 100 from Mumbai yields
on average income of Rs. 20,150/-. Another random sample of 60 from Chennai results in an average
income of Rs. 20,250/-. If the variances of both the populations are given as Rs. 40,000/- and Rs.
32,400/- respectively.

3. A simple sample of the height of 6400 Englishmen has a mean of 67.85 inches and a S.D. of 2.56
inches while a simple sample of heights of 1600 Austrians has a mean of 68.55 inches and S.D. of 2.52
inches. Do the data indicate the Austrians on the average taller than the Englishmen? (Use 0.01).

4. The average mark scored by 32 boys is 72 with a SD of 8, while that for 36 girls is 70 with a SD of 6.
Does this indicate that the boys perform better than girls at level of significance 0.05?

5. A company claims that its bulbs are superior to those of its main competitor. If a study showed that a
sample 40 of its bulbs have a mean life time of 647 hrs of continuous use with a SD of 27 hrs. While a
sample of 40 bulbs made by its main competitor had a mean life time of 638 hrs of continuous use
with a SD of 31 hrs. Test the significance between the differences of two means at 5% level and
fudicial limits.

Z Test for Single Proportion

Let »’ be the sample proportion of the large sample size ‘»n’ drawn from the normal population having
proportion ‘P’

Null Hypothesis Ho:
There is no significant difference between the sample proportion and population proportion p = P (or)
The sample is drawn from the normal population
Alternative Hypothesis Hj:
There is a significant difference between the sample proportion and population proportion
p # P (Two Tailed);
p <P (or) p>P (One Tailed)
(or)
The sample is not drawn from the normal population

Level of Significance a.:
PROBABILITY & STATISTICS



Choose the level of significance based on the problem. Default 5%
Test Statistic:
SE=Standard Error Q=1-P,gq=1-p

,if Pisknown ; z=

[p—P|
= R .

if Pisnotknown;

Conclusion:
If Z-calculated value < Z critical value or table value at a.% level of significance then we accept Ho.

Otherwise we reject Hy
Confidence Limits or Fudicial limits: Z=p*Z,SE(p)

Problems:

1. A manufacturer claimed that atleast 95% of the equipment which he supplied to a factory confirmed to
specifications. An examinations of sample of 200 pieces of equipment revealed that 18 were faulty.
Test his claim at 5% level of significance.

Given n=200 ; P=95%=0.95; p=182/200=0.91; Q=5%=0.05
P=5%=0.05; p=18/200=0.09, Q=0.95

Ho: mu=95%

H1: mu>95%

Alpha= 5%

Z=2.5974

Z table value=1.645

Z cal > z table then reject Ho

2. In asample of 1000 people in Karnataka 540 are rice eaters and the rest are wheat eaters. Can we
assume that both rice and wheat are equally popular in this state at 1% level of significance?
n=1000; P= 0.5; p= 540/1000=0.54; Q=0.5
Z=2.5316
Z table value 2.58

3. Inabig city 325 men out of 600 men were found to be smokers. Does this information support the
conclusion that the majority of men in this city are smokers?

4. A die was thrown 9000 times and of these 3220 yielded as 3 or 4. Is this consistent with the hypothesis
that the die was unbiased?
n=9000 U+or n*and

p=3220/9000

P=1/6+1/6=1/3=0.3333

5. Arandom sample of 500 pineapples was taken from a large consignment and 65 were found to be bad.
Find the percentage of bad pineapples in the consignment.

6. A social worker believes that fewer than 25% of the couples in a certain area have ever used any form
of birth control. A random sample of 120 couples was contacted, twenty of them said that they have
used. Test the belief of the social worker at 0.05 level?
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n=120; p=20/120; P=25%; Q=75%

Z Test for Difference of two Proportions

Let p; and p, be the two sample proportions of the large sample sizes ‘n;’and ‘ny’ drawn from two normal
populations having proportions P; and P,

Null Hypothesis Ho:
There is no significant difference between the two population proportions P, = P, (or)
The two samples are drawn from same population
Alternative Hypothesis Hj:
There is a significant difference between the two population proportions
P1 # P, (Two tailed) or
P1 <P or Py > P, (One tailed)
(or)
The two samples are not drawn from same population
Level of Significance a.:
Choose the level of significance based on the problem. Default 5%

Test Statistic: SE=Standard Error Q; = 1-P1, g1 = 1-p1, Q2 = 1-P, 2 = 12

7 — |p1_ pz | .
SE(p.—p,)
Z:M, if P, P, isknown ; ZZM, if P, P, isnotknown;
LQl_}_ P,Q, PG B0,
n n, n - n
7= ||01—lp2 |1 , if P,,P, isnotknown (Method of pooling)
pg| =+
s )
where, p = 2P 1Py

n, +n,
Conclusion:
If Z-calculated value < Z critical value or table value at a.% level of significance then we accept Ho.
Otherwise we reject Hy

Confidence Limits or Fudicial limits: Z=|p,—p,|+Z,SE(p,— P, )
Problems:
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1. Random samples of 400 men and 600 women were asked whether they would like to have a flyover
neat their residence. 200 men and 325 women were in favour of the proposal. Test the hypothesis that
proportions of men and women in favour of the proposal are same at 5% level.

2. On the basis of their total scores, 200 candidates of a civil service examination are divided into two
groups, the upper 30% and the remaining 70%. Consider the first question of the examination. Among
the first group 40 had the correct answer whereas among the second group 80 had the correct answer.
On the basis of these results can one conclude that the first question is not good at discriminating
ability of the type being examined here?

3. Inacity A, 20% of a random sample of 900 school boys has a certain slight physical defect. In another
city B, 18.5% of a random sample of 1600 school boys has the same defect. Is the difference between
the proportions significant at 0.05 level of significance.

4. A machine puts out 9 imperfect articles in a sample of 200 articles. After the machine is overhauled
(service) it puts out 5 imperfect articles in a sample of 700 articles. Test at 5% level whether the
machine is improved?

5. Before an increase on excise duty on tea 500 people out of a sample of 900 found to have the habit of
having tea. After an increase on excise duty 250 are have the habit of having tea among 1100. Is there
any decrease in the consumption of tea. Test at 5% level.

6. During a country wide investigation the incidence of tuberculosis was found be 1%. In a college of
400 students 3 reported to be affected whereas in another college of 1200 students 10 were affected.
Does this indicate any significant difference?

Unit-111
Degrees of Freedom:
It is a number which indicates how many of the values of a variable may be independently or freely chosen.
Example:

If we have chosen any four numbers freely then we may choose 11, 6, 14, 28 or any other set of four numbers.
As in this case all the four have freedom to vary we say that the degree of freedom is 4.

If we impose a restriction on the numbers say the sum is 50 then we can choose three numbers freely and the
fourth number is such that the sum is 50. As in this case three numbers are free and fourth number is
dependent then the degrees of freedom is 3 (4-1)

In general, the number of degrees of freedom is equal to the total number of observations less the number of
independent constraints imposed on the observations.

Student’s t — test for Single Mean

Let x be the sample mean of the small sample size ‘»’ drawn from the normal population having mean x and

standard deviation ‘G’

Null Hypothesis Ho:

There is no significant difference between the sample mean and population mean X = u (or)
The sample is drawn from the normal population

Alternative Hypothesis Hj:
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There is a significant difference between the sample mean and population mean

X # u(TwoTailed)

X < or
"=\ (oneTailed) (on)
X> u

The sample is not drawn from the normal population

Level of Significance a.:

Choose the level of significance based on the problem. Default 5%

Test Statistic:
x=u| o
t= —; ~t—distributionwith n—21degreesof freedom
SE(X)
_ x4 _ x4

SE=Standard Error t , iIf oisknown ; t , iIf oisnotknown

7 Y
n-1 n-1

where S = M—(i)z

Conclusion:

If t-calculated value < t critical value or table value at 0% level of significance with n—1 degrees of freedom
then we accept Ho.

Otherwise we reject Hy
Confidence Limits or Fudicial limits: t= >_<J_rtaSE(§)

Problems:

1. A mechanist is making engine parts with axle diameters of 0.7 inch. A random sample of 10 parts
shows a mean diameter of 0.742 inch with a SD of 0.04 inch. Compute the statistic you would use to
test whether the work is meeting the specification at 0.05 level of significance?

2. A sample of 26 bulbs gives a mean life of 990 hours with a SD of 20 hrs. The manufacturer claims that
the mean life of bulbs is 1000 hrs. Is the sample not upto the standard.

3. A random sample of 10 boys had the following IQ’s: 70, 120, 110, 101, 88, 83, 95, 98, 107 and 100.

a) Do these data support the assumption of a population mean 1Q of 100?
b) Find a reasonable range in which most of the mean 1Q values of samples of 10 boys lie.

4. Producer of gutkha claims that the nicotine content in his gutkha on the average is 1.83mg. Can this
claim accepted if a random sample of 8 gutkha of this type have the nicotine contents of 2, 1.7, 2.1,
1.9,2.2,2.1,2,1.6mg? Use a0.05 level of significance.

5. A random sample of 8 envelopes is taken from the letter box of a post office and their weights in
grams are found to be: 12.1, 11.9, 12.4, 12.3, 11.5, 11.6, 12.1 and 12.4
a) Does this sample indicate at 1% level that the average weight of envelopes received at their post

office is 12.35 gms.
b) Find 95% confidence limits for the mean weight of the envelopes received at that post office.
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6. Random samples of 10 bags of pesticide are taken whose weights are 50, 49, 52, 44, 45, 48, 46, 45, 49,
45 (in kgs). Test whether the average packing can be taken to be 50 kgs.

Student’s t — test for Difference of two Means

Let xiand x» be the two sample means of the small sample sizes ‘n;’and ‘n,’ drawn from two normal
populations having mean g4 and g, and standard deviation o, and o,

Null Hypothesis Ho:

There is no significant difference between the two population means =, (or)

The two samples are drawn from same population

Alternative Hypothesis Hj:

There is a significant difference between the two population means
u # u, (TwoTailed)

< i,
>

}(OneTaiIed) (on)

The two samples are not drawn from same population

Level of Significance a.:

Choose the level of significance based on the problem. Default 5%
Test Statistic: ~ SE=Standard Error

=]

SE(Xl—XZ)

X1—X2
t= ‘ , Where S = /ns N5, (or);
S n,—2

l

. Z(x1I —Ql) +Z(x2i —;2)

n+n,—-2

t= ; ~t—distributionwith n +n, —2degreesof freedom

3

Conclusion:

If t-calculated value < t critical value or table value at a% level of significance with n; + n, —1 degrees of
freedom then we accept Ho.

Otherwise we reject Hy
Confidence Limits or Fudicial limits: t=|x: = xe| £1,SE (% - X2

Problems:
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1. Below are given the gain in weights of pigs fed on two diets A and B:
Diet A|25|32]30|34|24|14]32(24|30|31|35]|25
DietB |44 |34 |22 |10 |47 |31[40(30(32(35[18 (2135|2922
Test if the two diets differ significantly as regards their effect on increase in weight.

2. Two horses A and B where tested according to the time (in seconds) to run a particular track with the
following results:

Horse A |28 |30 |32|33|33|29]| 34
Horse B | 29 |30 | 30|24 |27 | 29
Test whether the two horses has the same running capacity

3. To examine the hypothesis that the husbands are more intelligent than the wifes, an investigator took a
sample of 10 couples and administered them a test which measures the 1Q and the results are as
follows:

Husband | 117 | 105 | 97 | 105 | 123 | 109 | 86 | 78 | 103 | 107
Wife 106 |98 |87 104|116 |95 |90|69 |108 |85
Test the hypothesis with a reasonable test at the level of significance at 0.05

4. To compare two kinds of bumper guards 6 of each kind were mounted on a car and then the car was
run into a concurrence wall. The following are the costs of repairs

Guard 1 | 107 | 148 | 123 | 165 | 102 | 119
Guard 2 | 134 | 115 | 112 | 151 | 133 | 129
Use the 0.01 the level of significance to test whether the difference between two sample means is
significant.

5. Random samples of specimens of coal from two mines A and B are drawn and their heat producing
capacity (in millions of calories / ton) where measured yielding the following results:

Mine A | 8350 | 8070 | 8340 | 8130 | 8260 | -
Mine B | 7900 | 8140 | 7920 | 7840 | 7890 | 7950
Is there significant difference between the means of these two samples at 0.01 level of significance.

Student’s t — test for paired samples

Paired observations arise in many practical situations where each homogenous experimental unit receives both
population conditions. As a result each experimental unit has a pair of observations.

Example:

To test the effectiveness of drug some 11 persons blood pressure is measured before and after the intake of
certain drug.

If (X1,y1), (X2,¥2), (X3,¥3), ..., (Xn,Yn) be the pairs of sales of data before and after the sales promotion in a
business concern then we apply paired t- test to examine the significance of the difference of two situations.

Null Hypothesis Ho:

There is no significant difference in the performance between the before and after sample data s, = u, (or)

The sample is drawn from the normal population
Alternative Hypothesis Hj:

There is no significant difference in the performance between the before and after sample data
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 # 1, (TwoTailed)
H < K,
H > Hy

}(OneTaiIed) (on)

The sample is not drawn from the normal population
Level of Significance a.:
Choose the level of significance based on the problem. Default 5%

Test Statistic:

t=———; ~t-—distributionwith n—21degreesof freedom

S b
SE=Standard Error / n-1

2
where, a:—di; d=x-y; S= Zdi _(a)z
n n

Conclusion:

If t-calculated value < t critical value or table value at 0% level of significance with n—1 degrees of freedom
then we accept Ho.

Otherwise we reject Hy

Confidence Limits or Fudicial limits: t=d=+t

Problems:

1. Ten workers were given a training program with a view to study their assembly time for a certain
mechanism. The result of the time and motion studies before and after the training program are given

below:

Workers | 1 2 3 4 5 6 7 8 9 10
X 15 18 20 17 16 14 21 19 13 22
Y 14 16 21 10 15 18 17 16 14 20

X = Time taken for assembling before training; Y = Time taken for assembling after training;
Test whether there is significant in assembling times before and after training.
2. Scores obtained in a shooting competition by 10 soldiers before and after intensive training are given

below:
Before | 67 24 57 55 63 54 56 68 33 43
After 70 38 58 58 56 67 68 75 42 38

Test whether the intensive training is useful at 0.05 level of significance
3. The blood pressure of 5 women before and after intake of certain drug are given below:

Before 110 120 125 132 125

After 120 118 125 136 121

Test whether there is significant change in Blood Pressure at 0.01 level of significance.
4. Memory capacity of 10 students were tested before and after training. State whether the training was
effective or not from the following scores:

Before | 12 14 11 8 7 10 3 0 5 6

After |15 16 10 7 5 12 10 2 3 8
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5. The average losses of workers, before and after certain program are given below. Use 0.05 level of
significance to test whether the program is effective (paired sample t — test). 40 and 35, 70 and 65, 45
and 42, 120 and 116, 35 and 33, 55 and 50, 77 and 73.

F-Test

When testing the significance of the difference of the means of two samples, we assumed that the two samples
came from the same population or from populations with equal variances. If the variances of the populations
are not equal, a significant difference in the means may arise. Hence, before we apply the t-test for the
significance of the difference of two means, we have to test for the equality of population variances using F-
Test of significance.

If S,°and S, are the two sample variances with sample size n; and n, drawn from the normal populations.

Null Hypothesis Ho:
There is no significant difference between the two population variances o} = o> (or)

The samples are drawn from the same population

Alternative Hypothesis Hj:

There is a significant difference between the two population variances
o} # o (TwoTailed)
le ) GZZ}(OneTailed) (o)
o, >0,

The samples are not drawn from the same population

Level of Significance a.:

Choose the level of significance based on the problem. Default 5%

Test Statistic:

_ Greater Variance

~ Smaller Variance
2
F= 8—12; if 7 >S; ~ F —distrubution with (n, —1,n, —1)deg reesof freedom
SZ

2
822 ; if S > S ~ F —distrubutionwith (n, —1,n, —~1)deg reesof freedom

1
where, S} :M; S? :z(y‘—_y)z
n -1

F =

—\2
Z(xi - x) = the sum of squares of the deviations from the sample mean
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Conclusion:

If F-calculated value < F critical value or table value at a% level of significance with (n;—1, n-1) or
(n2—1, n;—1) degrees of freedom then we accept Ho.

Otherwise we reject Hy
Problems:

1. In one sample of 8 observations from a normal population, the sum of the squares of deviations of the
sample values from the sample mean is 84.4 and in another sample of 10 observations it was 102.6.
Test at 5% level whether the populations have the same variance.

2. It is known that the mean diameters of rivets produced by two firms A and B are practically the same
but the standard deviations may differ. For 22 rivets produced by firm A, the S.D. 2.9mm, while for 16
rivets manufactured by firm B, the SD is 3.8mm. Compute the statistic you would use to test whether
the products of firm A have the same variability as those of firm B and test its significance.

3. The nicotine contents in milligrams in two samples of tobacco were found to be as follows:

Sample A | 24 | 27 | 26 | 21 | 25

SampleB | 27 | 30 | 28 | 31 | 22 | 36
Can it be said that the two samples have come from the same normal population.

4. Two independent samples of 8 and 7 items respectively had the following values of the variables.

Samplel |9 | 1113 |11|16|10| 12|14

Sample 11 | 111311 |14]10|8 |10 --
Do the estimates of the population variance differ significantly.

5. The measurements of the output of two units have given the following results. Assuming that both
samples have been obtained from the normal populations at 10% significant level, test whether the two
populations have the same variance.

Unit-A | 14.1 | 10.1 | 14.7 | 13.7 | 14

Unit-B | 14 | 145|137 [ 12.7 | 141

CHI-SQUARE test (x° — test)

When a fair coin is tossed 100 times, the theoretical considerations lead us to expect 50 heads and 50 tails. But
in practice, these results are rarely achieved i.e., the results obtained in an experiment do not agree exactly
with the theoretical results.

The magnitude of discrepancy between the theory and observation is given by the quantity .

If a set of events A; (i=1,2,...n) are observed to occur with frequencies O; (i=1,2,...n) respectively and
according to probability rules A; (i=1,2,...n) are expected to occur with frequencies E; (i=1,2,...n) respectively
with O; (i=1,2,...n) are called observed frequencies and A; (i=1,2,...n) are called expected frequencies.

x? — test is used to test whether difference between observed and expected frequencies are significant and
mainly used in:

1. Test the goodness of fit
2. Test the independence of attributes

x? — TEST — THE GOODNESS OF FIT
Null Hypothesis Ho:
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There is no significant difference between the observed and expected frequencies (or)

The sample is drawn from the same population

Alternative Hypothesis Hj:

There is a significant difference between the observed and expected frequencies (or)

The sample is not drawn from the same population

Level of Significance a.:

Choose the level of significance based on the problem. Default 5%

Test Statistic:

(O-E)
7%= % ~ x* —distrubution with (n—1)deg rees of freedom

Expected frequencies will be computed as the average value of the observed frequencies or the probability
value or a criteria specified in the problem.

Conclusion:

If y*-calculated value < y? critical value or table value at 0% level of significance with (n —1) degrees of
freedom then we accept Hy.

Otherwise we reject Hy

Problems:

1.

The number of automobile accidents per week in a certain community are as follows: 12, 8, 20, 2, 14,
10, 15, 6, 9, 4. Are these frequencies in agreement with the belief that accident conditions were the
same during this 10 week period.

A sample analysis of examination results of 500 students were made, it was found that 220 students
has failed, 170 ha secured third class, 90 were placed in second class and 20 got first class. Do these
figure commensurate with the general examination result which is in the ratio of 4:3:2:1 for the various
categories respectively.

A pair of dice are thrown 360 times and the frequency of each sum is indicated below:

Sum 2|3 |4 |5 |6 |7 |8 |9 |10]11]|12
Frequency | 8 |24 | 35|37 |44 |65 |51 |42 |26 |14 |14
Would you say that the dice are fair on the basis of the Chi-square test at 0.05 level of significance
4 coins were tossed 160 times and the following results were obtained.

No of Heads 0 |1 |2 |3 |4
Observed frequencies | 17 | 52 | 54 | 31 | 6
Under the assumption that coins are balanced, find the expected frequencies of 0, 1, 2, 3, or 4 heads
and test the goodness of fit.

Fit a Poisson distribution to the following data and for its goodness of fit at 0.05

x|0 1 2 3 |4
f | 419|352 | 154 |56 | 19

x? — TEST — THE INDEPENDENCE OF ATTRIBUTES
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Attribute: Literally, an attribute means a quality or characteristic.
Ex: Drinking, Smoking, Blindness, Honesty, Beauty, etc.

An attribute may be marked by its presence or absence in a number of a given population. Let the
observations be classified according to two attributes and the frequencies O; in the different categories be
shown in a two-way table called contingency table.

To test the two attributes are independent we apply chi-square test:

Null Hypothesis Ho:

There is no significant difference between the observed and expected frequencies (or)
The two attributes are independent

Alternative Hypothesis Hj:

There is a significant difference between the observed and expected frequencies (or)
The two attributes are dependent

Level of Significance a.:

Choose the level of significance based on the problem. Default 5%

Test Statistic:

RowTotal *Column Total

Corresponding Expected frequency = Grand Total

Sample: Let A, B, C, D be the four attributes then a, b, c, d are observed frequencies and aj, by, ¢y, d; are
expected frequencies then the contingency table is:

Observed frequencies Expected frequencies
A | B Total A B Total
c .| B a+b c =(a+b?\l(a+c) b1=(a+b)l\§b+d) a+by
D | ¢ | D c+d D |- W‘]‘{Lﬂ d, - (°+0')Nﬂ _—
Total | a+c | b+d | N=a+b+c+d Total atcy bi+d; N
(O-E)
P ITI ~ z* —distrubutionwith[ (m-1).(n-1) ]deg reesof freedom

I
m = number of rows; n = number of columns in the contingency table
Conclusion:

If y2-calculated value <  critical value or table value at a% level of significance with (m-1, n—1) degrees
of freedom then we accept Ho.

Otherwise we reject Hy

Problems:
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. On the basis of the information given below about the treatment of 200 patients suffering from a
disease state whether the new treatment is comparatively superior to the conventional treatment.

Favourable | Not Favourable
New 60 30
Conventional | 40 70

. Given the following contingency table for hair colour and eye colour. Find the value of Chi-square. Is

there good association between the two?

Eye Colour _ Hair Colour
Fair | Brown | Black
Blue 15 5 20
Grey 20 10 20
Brown 25 15 20

. Two researchers adopted different sampling techniques while investigating some group of students to
find the number of students falling into different intelligence level. The results are as follows:

Researchers | Below average | Average | Above Average | Genius
X 86 60 44 10
Y 40 33 25 2

Would you say that the sampling techniques adopted by the two researchers are significantly different?
From the following data, find whether there is any significant liking in the habit of taking soft drinks
among the categories of employees.

Soft drinks Clerks Teachers Officers
Pepsi 10 25 65
Thumsup 15 30 65
Fanta 50 60 30
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SAMPLING TECHNIQUES

Basic concepts of sampling

Essentially, sampling consists of obtaining information from only a part of a large group or
population so as to infer about the whole population. The object of sampling is thus to secure a
sample which will represent the population and reproduce the important characteristics of the
population under study as closely as possible.

The principal advantages of sampling as compared to complete enumeration of the population
are reduced cost, greater speed, greater scope and improved accuracy. Many who insist that the
only accurate way to survey a population is to make a complete enumeration, overlook the fact
that there are many sources of errors in a complete enumeration and that a hundred per cent
enumeration can be highly erroneous as well as nearly impossible to achieve. In fact, a sample
can yield more accurate results because the sources of errors connected with reliability and
training of field workers, clarity of instruction, mistakes in measurement and recording, badly
kept measuring instruments, misidentification of sampling units, biases of the enumerators and
mistakes in the processing and analysis of the data can be controlled more effectively. The
smaller size of the sample makes the supervision more effective. Moreover, it is important to
note that the precision of the estimates obtained from certain types of samples can be estimated
from the sample itself. The net effect of a sample survey as compared to a complete enumeration
is often a more accurate answer achieved with fewer personnel and less work at a low cost in a
short time.

The most ‘convenient’ method of sampling is that in which the investigator selects a number of
sampling units which he considers ‘representative’ of the whole population. For example, in
estimating the whole volume of a forest stand, he may select a few trees which may appear to be
of average dimensions and typical of the area and measure their volume. A walk over the forest
area with an occasional stop and flinging a stone with the eyes closed or some other simple way
that apparently avoids any deliberate choice of the sampling units is very tempting in its
simplicity. However, it is clear that such methods of selection are likely to be biased by the
investigator’s judgement and the results will thus be biased and unreliable. Even if the
investigator can be trusted to be completely objective, considerable conscious or unconscious
errors of judgement, not frequently recognized, may occur and such errors due to bias may far
outweigh any supposed increase in accuracy resulting from deliberate or purposive selection of
the units. Apart from the above points, subjective sampling does not permit the evaluation of the
precision of the estimates calculated from samples. Subjective sampling is statistically unsound
and should be discouraged.

When sampling is performed so that every unit in the population has some chance of being
selected in the sample and the probability of selection of every unit is known, the method of
sampling is called probability sampling. An example of probability sampling is random
selection, which should be clearly distinguished from haphazard selection, which implies a strict
process of selection equivalent to that of drawing lots. In this manual, any reference to sampling,
unless otherwise stated, will relate to some form of probability sampling. The probability that



any sampling unit will be selected in the sample depends on the sampling procedure used. The
important point to note is that the precision and reliability of the estimates obtained from a
sample can be evaluated only for a probability sample. Thus the errors of sampling can be
controlled satisfactorily in this case.

The object of designing a sample survey is to minimise the error in the final estimates. Any
forest survey involving data collection and analysis of the data is subject to a variety of errors.
The errors may be classified into two groups viz., (i) non-sampling errors (ii) sampling errors.
The non-sampling errors like the errors in location of the units, measurement of the
characteristics, recording mistakes, biases of enumerators and faulty methods of analysis may
contribute substantially to the total error of the final results to both complete enumeration and
sample surveys. The magnitude is likely to be larger in complete enumeration since the smaller
size of the sample project makes it possible to be more selective in assignment of personnel for
the survey operations, to be more thorough in their training and to be able to concentrate to a
much greater degree on reduction of non-sampling errors. Sampling errors arise from the fact
that only a fraction of the forest area is enumerated. Even if the sample is a probability sample,
the sample being based on observations on a part of the population cannot, in general, exactly
represent the population. The average magnitude of the sampling errors of most of the
probability samples can be estimated from the data collected. The magnitude of the sampling
errors, depends on the size of the sample, the variability within the population and the sampling
method adopted. Thus if a probability sample is used, it is possible to predetermine the size of
the sample needed to obtain desired and specified degree of precision.

A sampling scheme is determined by the size of sampling units, number of sampling units to be
used, the distribution of the sampling units over the entire area to be sampled, the type and
method of measurement in the selected units and the statistical procedures for analysing the
survey data. A variety of sampling methods and estimating techniques developed to meet the
varying demands of the survey statistician accord the user a wide selection for specific situations.
One can choose the method or combination of methods that will yield a desired degree of
precision at minimum cost. Additional references are Chacko (1965) and Sukhatme et al, (1984)

The principal steps in a sample survey

In any sample survey, we must first decide on the type of data to be collected and determine how
adequate the results should be. Secondly, we must formulate the sampling plan for each of the
characters for which data are to be collected. We must also know how to combine the sampling
procedures for the various characters so that no duplication of field work occurs. Thirdly, the
field work must be efficiently organised with adequate provision for supervising the work of the
field staff. Lastly, the analysis of the data collected should be carried out using appropriate
statistical techniques and the report should be drafted giving full details of the basic assumptions
made, the sampling plan and the results of the statistical analysis. The report should contain
estimate of the margin of the sampling errors of the results and may also include the possible
effects of the non-sampling errors. Some of these steps are elaborated further in the following.

(1) Specification of the objectives of the survey: Careful consideration must be given at the outset
to the purposes for which the survey is to be undertaken. For example, in a forest survey, the area



to be covered should be decided. The characteristics on which information is to be collected and
the degree of detail to be attempted should be fixed. If it is a survey of trees, it must be decided

as to what species of trees are to be enumerated, whether only estimation of the number of trees
under specified diameter classes or, in addition, whether the volume of trees is also proposed to
be estimated. It must also be decided at the outset what accuracy is desired for the estimates.

(i) Construction of a frame of units : The first requirement of probability sample of any nature is
the establishment of a frame. The structure of a sample survey is determined to a large extent by
the frame. A frame is a list of sampling units which may be unambiguously defined and
identified in the population. The sampling units may be compartments, topographical sections,
strips of a fixed width or plots of a definite shape and size.

The construction of a frame suitable for the purposes of a survey requires experience and may
very well constitute a major part of the work of planning the survey. This is particularly true in
forest surveys since an artificial frame composed of sampling units of topographical sections,
strips or plots may have to be constructed. For instance, the basic component of a sampling
frame in a forest survey may be a proper map of the forest area. The choice of sampling units
must be one that permits the identification in the field of a particular sampling unit which has to
be selected in the sample. In forest surveys, there is considerable choice in the type and size of
sampling units. The proper choice of the sampling units depends on a number of factors; the
purpose of the survey, the characteristics to be observed in the selected units, the variability
among sampling units of a given size, the sampling design, the field work plan and the total cost
of the survey. The choice is also determined by practical convenience. For example, in hilly
areas it may not be practicable to take strips as sampling units. Compartments or topographical
sections may be more convenient. In general, at a given intensity of sampling (proportion of area
enumerated) the smaller the sampling units employed the more representative will be the sample
and the results are likely to be more accurate.

(iii) Choice of a sampling design: If it is agreed that the sampling design should be such that it
should provide a statistically meaningful measure of the precision of the final estimates, then the
sample should be a probability sample, in that every unit in the population should have a known
probability of being selected in the sample. The choice of units to be enumerated from the frame
of units should be based on some objective rule which leaves nothing to the opinion of the field
worker. The determination of the number of units to be included in the sample and the method of
selection is also governed by the allowable cost of the survey and the accuracy in the final
estimates.

(iv) Organisation of the field work : The entire success of a sampling survey depends on the
reliability of the field work. In forest surveys, the organization of the field work should receive
the utmost attention, because even with the best sampling design, without proper organization
the sample results may be incomplete and misleading. Proper selection of the personnel,
intensive training, clear instructions and proper supervision of the fieldwork are essential to
obtain satisfactory results. The field parties should correctly locate the selected units and record
the necessary measurements according to the specific instruction given. The supervising staff
should check a part of their work in the field and satisfy that the survey carried out in its entirety
as planned.



(v) Analysis of the data : Depending on the sampling design used and the information collected,
proper formulae should be used in obtaining the estimates and the precision of the estimates
should be computed. Double check of the computations is desired to safeguard accuracy in the
analysis.

(vi) Preliminary survey (pilot trials) : The design of a sampling scheme for a forest survey
requires both knowledge of the statistical theory and experience with data regarding the nature of
the forest area, the pattern of variability and operational cost. If prior knowledge in these matters
is not available, a statistically planned small scale ‘pilot survey’ may have to be conducted
before undertaking any large scale survey in the forest area. Such exploratory or pilot surveys
will provide adequate knowledge regarding the variability of the material and will afford
opportunities to test and improve field procedures, train field workers and study the operational
efficiency of a design. A pilot survey will also provide data for estimating the various
components of cost of operations in a survey like time of travel, time of location and
enumeration of sampling units, etc. The above information will be of great help in deciding the
proper type of design and intensity of sampling that will be appropriate for achieving the objects
of the survey.

Sampling terminology

Although the basic concepts and steps involved in sampling are explained above, some of the
general terms involved are further clarified in this section so as to facilitate the discussion on
individual sampling schemes dealt with in later sections.

Population : The word population is defined as the aggregate of units from which a sample is
chosen. If a forest area is divided into a number of compartments and the compartments are the
units of sampling, these compartments will form the population of sampling units. On the other
hand, if the forest area is divided into, say, a thousand strips each 20 m wide, then the thousand
strips will form the population. Likewise if the forest area is divided into plots of, say, one-half
hectare each, the totality of such plots is called the population of plots.

Sampling units : Sampling units may be administrative units or natural units like topographical
sections and subcompartments or it may be artificial units like strips of a certain width, or plots
of a definite shape and size. The unit must be a well defined element or group of elements
identifiable in the forest area on which observations on the characteristics under study could be
made. The population is thus sub-divided into suitable units for the purpose of sampling and
these are called sampling units.

Sampling frame : A list of sampling units will be called a ‘frame’. A population of units is said to
be finite if the number units in it is finite.

Sample : One or more sampling units selected from a population according to some specified
procedure will constitute a sample.

Sampling intensity : Intensity of sampling is defined as the ratio of the number of units in the
sample to the number of units in the population.



Population total : Suppose a finite population consists of units Uy, U, ..., Un. Let the value of
the characteristic for the ith unit be denoted by yi. For example the units may be strips and the
characteristic may be the number of trees of a certain species in a strip. The total of the values yi
(i=1,2,...,N), namely,

N
¥= :

1

=1 (5.1)

is called the population total which in the above example is the total number of trees of the
particular species in the population.

Population mean : The arithmetic mean

=
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(5.2)

is called the population mean which, in the example considered, is the average number of trees of
the species per strip.

Population variance : A measure of the variation between units of the population is provided by
the population variance
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which in the example considered measures the variation in number of trees of the particular
species among the strips. Large values of the population variance indicate large variation
between units in the population and small values indicate that the values of the characteristic for
the units are close to the population mean. The square root of the variance is known as standard
deviation.

Coefficient of variation : The ratio of the standard deviation to the value of the mean is called the
coefficient of variation, which is usually expressed in percentage.
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The coefficient of variation, being dimensionless, is a valuable tool to compare the variation
between two or more populations or sets of observations.

Parameter : A function of the values of the units in the population will be called a parameter.
The population mean, variance, coefficient of variation, etc., are examples of population



parameters. The problem in sampling theory is to estimate the parameters from a sample by a
procedure that makes it possible to measure the precision of the estimates.

Estimator, estimate : Let us denote the sample observations of size n by ys, yo, ..., yn. Any
function of the sample observations will be called a statistic. When a statistic is used to estimate
a population parameter, the statistic will be called an estimator. For example, the sample mean is
an estimator of the population mean. Any particular value of an estimator computed from an
observed sample will be called an estimate.

Bias in estimation : A statistic t is said to be an unbiased estimator of a population parameter q if
its expected value, denoted by E(t), is equal to g . A sampling procedure based on a probability
scheme gives rise to a number of possible samples by repetition of the sampling procedure. If the
values of the statistic t are computed for each of the possible samples and if the average of the
values is equal to the population value g, then t is said to be an unbiased estimator of q based on
sampling procedure. Notice that the repetition of the procedure and computing the values of t for
each sample is only conceptual, not actual, but the idea of generating all possible estimates by
repetition of the sampling process is fundamental to the study of bias and of the assessment of
sampling error. In case E(t) is not equal to g , the statistic t is said to be a biased estimator of g
and the bia s is given by, bias = E(t) - g . The introduction of a genuinely random process in
selecting a sample is an important step in avoiding bias. Samples selected subjectively will
usually be very seriously biased. In forest surveys, the tendency of forest officers to select typical
forest areas for enumerations, however honest the intention may be, is bound to result in biased
estimates.

Sampling variance : The difference between a sample estimate and the population value is called
the sampling error of the estimate, but this is naturally unknown since the population value is
unknown. Since the sampling scheme gives rise to different possible samples, the estimates will
differ from sample to sample. Based on these possible estimates, a measure of the average
magnitude over all possible samples of the squares of the sampling error can be obtained and is
known as the mean square error (MSE) of the estimate which is essentially a measure of the
divergence of an estimator from the true population value. Symbolically, MSE = E[t - q ]°. The
sampling variance (V(t))is a measure of the divergence of the estimate from its expected value. It
is defined as the average magnitude over all possible samples of the squares of deviations of the
estimator from its expected value and is given by V(t) = E[t - E(t)]%

Notice that the sampling variance coincides with the mean square error when t is an unbiased
estimator. Generally, the magnitude of the estimate of the sampling variance computed from a
sample is taken as indicating whether a sample estimate is useful for the purpose. The larger the
sample and the smaller the variability between units in the population, the smaller will be the
sampling error and the greater will be the confidence in the results.

Standard error of an estimator : The square root of the sampling variance of an estimator is
known as the standard error of the estimator. The standard error of an estimate divided by the
value of the estimate is called relative standard error which is usually expressed in percentage.



Accuracy and precision : The standard error of an estimate, as obtained from a sample, does not
include the contribution of the bias. Thus we may speak of the standard error or the sampling
variance of the estimate as measuring on the inverse scale, the precision of the estimate, rather
than its accuracy. Accuracy usually refers to the size of the deviations of the sample estimate
from the mean m = E (t) obtained by repeated application of the sampling procedure, the bias
being thus measured by m - q .

It is the accuracy of the sample estimate in which we are chiefly interested,; it is the precision
with which we are able to measure in most instances. We strive to design the survey and attempt
to analyse the data using appropriate statistical methods in such a way that the precision is
increased to the maximum and bias is reduced to the minimum.

Confidence limits : If the estimator t is normally distributed (which assumption is generally valid
for large samples), a confidence interval defined by a lower and upper limit can expected to
include the population parameter g with a specified probability level. The limits are given by

Lower limit=t-z ”I}m (5.5)
Upper limit=t + z *-"T’?m (5.6)

where ¥ (*/is the estimate of the variance of t and z is the value of the normal deviate
corresponding to a desired P % confidence probability. For example, when z is taken as 1.96, we
say that the chance of the true value of g being contained in the random interval defined by the
lower and upper confidence limits is 95 per cent. The confidence limits specify the range of
variation expected in the population mean and also stipulate the degree of confidence we should
place in our sample results. If the sample size is less than 30, the value of k in the formula for the
lower and upper confidence limits should be taken from the percentage points of Student’s t
distribution (See Appendix 2) with degrees of freedom of the sum of squares in the estimate of
the variance of t. Moderate departures of the distribution from normality does not affect
appreciably the formula for the confidence limits. On the other hand, when the distribution is
very much different from normal, special methods are needed. For example, if we use small area
sampling units to estimate the average number of trees in higher diameter classes, the
distribution may have a large skewness. In such cases, the above formula for calculating the
lower and upper confidence limits may not be directly applicable.

Some general remarks : In the sections to follow, capital letters will usually be used to denote
population values and small letters to denote sample values. The symbol ‘cap’ (*) above a
symbol for a population value denotes its estimate based on sample observations. Other special
notations used will be explained as and when they are introduced.

While describing the different sampling methods below, the formulae for estimating only
population mean and its sampling variance are given. Two related parameters are population
total and ratio of the character under study (y) to some auxiliary variable (x). These related
statistics can always be obtained from the mean by using the following general relations.
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where ¥= Estimate of the population total

N = Total number of units in the population

£ = Estimate of the population ratio

X = Population total of the auxiliary variable

Simple random sampling

A sampling procedure such that each possible combination of sampling units out of the
population has the same chance of being selected is referred to as simple random sampling. From
theoretical considerations, simple random sampling is the simplest form of sampling and is the
basis for many other sampling methods. Simple random sampling is most applicable for the
initial survey in an investigation and for studies which involve sampling from a small area where
the sample size is relatively small. When the investigator has some knowledge regarding the
population sampled, other methods which are likely to be more efficient and convenient for
organising the survey in the field, may be adopted. The irregular distribution of the sampling
units in the forest area in simple random sampling may be of great disadvantage in forest areas
where accessibility is poor and the costs of travel and locating the plots are considerably higher
than the cost of enumerating the plot.

Selection of sampling units

In practice, a random sample is selected unit by unit. Two methods of random selection for
simple random sampling without replacement are explained in this section.

(i) Lottery method : The units in the population are numbered 1 to N. If N identical counters with
numberings 1 to N are obtained and one counter is chosen at random after shuffling the counters,
then the probability of selecting any counter is the same for all the counters. The process is
repeated n times without replacing the counters selected. The units which correspond to the
numbers on the chosen counters form a simple random sample of size n from the population of N
units.



(i1) Selection based on random number tables : The procedure of selection using the lottery
method, obviously becomes rather inconvenient when N is large. To overcome this difficulty, we
may use a table of random numbers such as those published by Fisher and Yates (1963) a sample
of which is given in Appendix 6. The tables of random numbers have been developed in such a
way that the digits 0 to 9 appear independent of each other and approximately equal number of
times in the table. The simplest way of selecting a random sample of required size consists in
selecting a set of n random numbers one by one, from 1 to N in the random number table and,
then, taking the units bearing those numbers. This procedure may involve a number of rejections
since all the numbers more than N appearing in the table are not considered for selection. In such
cases, the procedure is modified as follows. If N is a d digited number, we first determine the
highest d digited multiple of N, say N’. Then a random number r is chosen from 1 to N’ and the
unit having the serial number equal to the remainder obtained on dividing r by N, is considered
as selected. If remainder is zero, the last unit is selected. A numerical example is given below.

Suppose that we are to select a simple random sample of 5 units from a serially numbered list of
40 units. Consulting Appendix 6 : Table of random numbers, and taking column (5) containing
two-digited numbers, the following numbers are obtained:

39, 27, 00, 74, 07

In order to give equal chances of selection to all the 100 units, we are to reject all numbers above
79 and consider (00) equivalent to 80. We now divide the above numbers in turn by 40 and take
the remainders as the selected strip numbers for our sample, rejecting the remainders that are
repeated. We thus get the following 16 strip numbers as our sample :

39, 27, 40, 34, 7.
Parameter estimation

Let ys, y2,... ,yn De the measurements on a particular characteristic on n selected units in a sample
from a population of N sampling units. It can be shown in the case of simple random sampling
without replacement that the sample mean,
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is an unbiased estimator of the population mean, ¥ . An unbiased estimate of the sampling
variance of ¥ is given by
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where * -1 (5.13)

Assuming that the estimate Yis normally distributed, a confidence interval on the population
mean X can be set with the lower and upper confidence limits defined by,

_J*
Lower limit S \“'_ (5.14)

Upper limit " (5.15)

where z is the table value which depends on how many observations there are in the sample. If
there are 30 or more observations we can read the values from the table of the normal
distribution (Appendix 1). If there are less than 30 observations, the table value should be read
from the table of t distribution (Appendix 2), using n - 1 degree of freedom.
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The computations are illustrated with the following example. Suppose that a forest has been
divided up into 1000 plots of 0.1 hectare each and a simple random sample of 25 plots has been
selected. For each of these sample plots the wood volumes in m®were recorded. The wood
volumes were,

710747

88875

26978

671188

73877

If the wood volume on the ith sampling unit is designated as y; , an unbiased estimator of the
population mean, is obtained using Equation (5.11) as,

=)= 25 = 25

7 T+E+2+ ... +7 175

=7m?

which is the mean wood volume per plot of 0.1 ha in the forest area.



An estimate ( 52-1’ ) of the variance of individual values of y is obtained using Equation (5.13).

a_ (7- 79 +(8-T¥ + .. H7-7F
o 25-1

%
= 24 =3833

Then unbiased estimate of sampling variance of is

= 0.1495 (m?)?2
SE(FY = JU1435 = 5 3867 m?3

SEE}’ ) (100)

The relative standard error whichis ¥ IS a more common expression. Thus,

:

0.14%

RSE(T ) =
7 (100)=5.52 %

The confidence limits on the population mean  are obtained using Equations (5.14) and (5.15).

Lower limit <z = 7= [2.064)-/0.1435

=6.20 cords
Upper limit Fr = T4 (2.064)/01495

=7.80 cords

The 95% confidence interval for the population mean is (6.20, 7.80) m®. Thus, we are 95%
confident that the confidence interval (6.20, 7.80) m® would include the population mean.

An estimate of the total wood volume in the forest area sampled can easily be obtained by
multiplying the estimate of the mean by the total number of plots in the population. Thus,



F=701000) = 7000 m*

with a confidence interval of (6200, 7800) obtained by multiplying the confidence limits on the
mean by N = 1000. The RSE of 7 ‘however, will not be changed by this operation.

Systematic sampling

Systematic sampling employs a simple rule of selecting every kth unit starting with a number
chosen at random from 1 to k as the random start. Let us assume that N sampling units in the
population are numbered 1 to N. To select a systematic sample of n units, we take a unit at
random from the first k units and then every kth sampling unit is selected to form the sample.
The constant k is known as the sampling interval and is taken as the integer nearest to N / n, the
inverse of the sampling fraction. Measurement of every kth tree along a certain compass bearing
is an example of systematic sampling. A common sampling unit in forest surveys is a narrow
strip at right angles to a base line and running completely across the forest. If the sampling units
are strips, then the scheme is known as systematic sampling by strips. Another possibility is
known as systematic line plot sampling where plots of a fixed size and shape are taken at equal
intervals along equally spaced parallel lines. In the latter case, the sample could as well be
systematic in two directions.

Systematic sampling certainly has an intuitive appeal, apart from being easier to select and carry
out in the field, through spreading the sample evenly over the forest area and ensuring a certain
amount of representation of different parts of the area. This type of sampling is often convenient
in exercising control over field work. Apart from these operational considerations, the procedure
of systematic sampling is observed to provide estimators more efficient than simple random
sampling under normal forest conditions. The property of the systematic sample in spreading the
sampling units evenly over the population can be taken advantage of by listing the units so that
homogeneous units are put together or such that the values of the characteristic for the units are
in ascending or descending order of magnitude. For example, knowing the fertility trend of the
forest area the units (for example strips ) may be listed along the fertility trend.

If the population exhibits a regular pattern of variation and if the sampling interval of the
systematic sample coincides with this regularity, a systematic sample will not give precise
estimates. It must, however, be mentioned that no clear case of periodicity has been reported in a
forest area. But the fact that systematic sampling may give poor precision when unsuspected
periodicity is present should not be lost sight of when planning a survey.

Selection of a systematic sample
To illustrate the selection of a systematic sample, consider a population of N = 48 units. A

sample of n = 4 units is needed. Here, k = 12. If the random number selected from the set of
numbers from 1 to 12 is 11, then the units associated with serial numbers 11, 23, 35 and 47 will



be selected. In situations where N is not fully divisible by n, k is calculated as the integer nearest
to N / n. In this situation, the sample size is not necessarily n and in some cases it may be n -1.

5.3.2. Parameter estimatio n

The estimate for the population mean per unit is given by the sample mean

& (5.16)
where n is the number of units in the sample.

In the case of systematic strip surveys or, in general, any one dimensional systematic sampling,
an approximation to the standard error may be obtained from the differences between pairs of
successive units. If there are n units enumerated in the systematic sample, there will be (n-1)
differences. The variance per unit is therefore, given by the sum of squares of the differences
divided by twice the number of differences. Thus if y1, Y2, ...,y are the observed values (say
volume ) for the n units in the systematic sample and defining the first difference d(y;) as given
below,

Ay )= Yooy — Yoy -
(%) =Yery N0, i=1,2, . n-1), (5.17)
the approximate variance per unit is estimated as

n-1

P = EM(H Fl[ )] -

As an example, Table 5.1 gives the observed diameters of 10 trees selected by systematic
selection of 1 in 20 trees from a stand containing 195 trees in rows of 15 trees. The first tree was
selected as the 8th tree from one of the outside edges of the stand starting from one corner and
the remaining trees were selected systematically by taking every 20th tree switching to the
nearest tree of the next row after the last tree in any row is encountered.



Table 5.1. Tree diameter recorded on a systematic sample of

10 trees from a plot.

Selected tree Diameter at First difference
number breast-height(cm)
d(yi)
yi
8 14.8

28 12.0 -2.8
48 13.6 +1.6
68 14.2 +0.6
88 11.8 -2.4
108 141 +2.3
128 11.6 -2.5
148 9.0 -2.6
168 10.1 +1.1
188 9.5 -0.6

Average diameter is equal to

1
= ﬁ(m.m 12.0+......+9.5) =12.07

The nine first differences can be obtained as shown in column (3) of the Table 5.1. The error
variance of the mean per unit is thus

L= CZEPH(LEAH H06F 369
)= 2x9x10 ~ 180

=0.202167

A difficulty with systematic sampling is that one systematic sample by itself will not furnish
valid assessment of the precision of the estimates. With a view to have valid estimates of the
precision, one may resort to partially systematic samples. A theoretically valid method of using
the idea of systematic samples and at the same time leading to unbiased estimates of the
sampling error is to draw a minimum of two systematic samples with independent random starts.



If 71, P2 .. Pm are m estimates of the population mean based on m independent systematic
samples, the combined estimate is

1
ol
=l (5.19)

The estimate of the variance of ¥ is given by

}‘} . m
7 Uzz (5.20)

Notice that the precision increases with the number of independent systematic samples.
As an example, consider the data given in Table 5.1 along with another systematic sample
selected with independent random starts. In the second sample, the first tree was selected as the

10th tree. Data for the two independent samples are given in Table 5.2.

Table 5.2. Tree diameter recorded on two independent systematic samples of 10 trees from a
plot.

Sample 1 Sample 2
Selected Diameter at Selected Diameter at
tree number breast- tree number breast-
height(cm) height(cm)
yi Yi
8 14.8 10 13.6
28 12.0 30 10.0
48 13.6 50 14.8
68 14.2 70 14.2
88 11.8 90 13.8
108 141 110 145
128 11.6 130 12.0
148 9.0 150 10.0

168 10.1 170 10.5



188 9.5 190 8.5

The average diameter for the first sample is A= 1207 The average diameter for the first

sample is ¥2 = 1219 combined estimate of population mean (f) is obtained by using Equation
(5.19) as,

1
7= 5(12.0? +1219)

=12.13

The estimate of the variance of is obtained by using Equation (5.20).

Vi) =

! (1207-1213%1219- 12137
22-D =0.0036

SE(F) = 10036 - ) og

One additional variant of systematic sampling is that sampling may as well be systematic in two
directions. For example, in plantations, a systematic sample of rows and measurements on every
tenth tree in each selected row may be adopted with a view to estimate the volume of the stand.
In a forest survey, one may take a series of equidistant parallel strips extending over the whole
width of the forest and the enumeration in each strip may be done by taking a systematic sample
of plots or trees in each strip. Forming rectangular grids of (p x g) metres and selecting a
systematic sample of rows and columns with a fixed size plot of prescribed shape at each
intersection is another example.

In the case of two dimensional systematic sample, a method of obtaining the estimates and
approximation to the sampling error is based on stratification and the method is similar to the
stratified sampling given in section 5.4. For example, the sample may be arbitrarily divided into
sets of four in 2 x 2 units and each set may be taken to form a stratum with the further
assumption that the observations within each stratum are independently and randomly chosen.
With a view to make border adjustments, overlapping strata may be taken at the boundaries of
the forest area.

Stratified sampling

The basic idea in stratified random sampling is to divide a heterogeneous population into sub-
populations, usually known as strata, each of which is internally homogeneous in which case a
precise estimate of any stratum mean can be obtained based on a small sample from that stratum
and by combining such estimates, a precise estimate for the whole population can be obtained.



Stratified sampling provides a better cross section of the population than the procedure of simple
random sampling. It may also simplify the organisation of the field work. Geographical
proximity is sometimes taken as the basis of stratification. The assumption here is that
geographically contiguous areas are often more alike than areas that are far apart. Administrative
convenience may also dictate the basis on which the stratification is made. For example, the staff
already available in each range of a forest division may have to supervise the survey in the area
under their jurisdiction. Thus, compact geographical regions may form the strata. A fairly
effective method of stratification is to conduct a quick reconnaissance survey of the area or pool
the information already at hand and stratify the forest area according to forest types, stand
density, site quality etc. If the characteristic under study is known to be correlated with a
supplementary variable for which actual data or at least good estimates are available for the units
in the population, the stratification may be done using the information on the supplementary
variable. For instance, the volume estimates obtained at a previous inventory of the forest area
may be used for stratification of the population.

In stratified sampling, the variance of the estimator consists of only the ‘within strata’ variation.
Thus the larger the number of strata into which a population is divided, the higher, in general, the
precision, since it is likely that, in this case, the units within a stratum will be more
homogeneous. For estimating the variance within strata, there should be a minimum of 2 units in
each stratum. The larger the number of strata the higher will, in general, be the cost of
enumeration. So, depending on administrative convenience, cost of the survey and variability of
the characteristic under study in the area, a decision on the number of strata will have to be
arrived at.

Allocation and selection of the sample within strata

Assume that the population is divided into k strata of N1, N2, ..., Mk units respectively, and that a
sample of n units is to be drawn from the population. The problem of allocation concerns the
choice of the sample sizes in the respective strata, i.e., how many units should be taken from
each stratum such that the total sample is n.

Other things being equal, a larger sample may be taken from a stratum with a larger variance so
that the variance of the estimates of strata means gets reduced. The application of the above
principle requires advance estimates of the variation within each stratum. These may be available
from a previous survey or may be based on pilot surveys of a restricted nature. Thus if this
information is available, the sampling fraction in each stratum may be taken proportional to the
standard deviation of each stratum.

In case the cost per unit of conducting the survey in each stratum is known and is varying from
stratum to stratum an efficient method of allocation for minimum cost will be to take large
samples from the stratum where sampling is cheaper and variability is higher. To apply this
procedure one needs information on variability and cost of observation per unit in the different
strata.

Where information regarding the relative variances within strata and cost of operations are not
available, the allocation in the different strata may be made in proportion to the number of units



in them or the total area of each stratum. This method is usually known as ‘proportional
allocation’.

For the selection of units within strata, In general, any method which is based on a probability
selection of units can be adopted. But the selection should be independent in each stratum. If
independent random samples are taken from each stratum, the sampling procedure will be known
as ‘stratified random sampling’. Other modes of selection of sampling such as systematic
sampling can also be adopted within the different strata.

Estimation of mean and variance

We shall assume that the population of N units is first divided into k strata of N1, No, ..., Nk units
respectively. These strata are non-overlapping and together they comprise the whole population,
so that

N1+ N2+ ... + Nk =N. (5.21)

When the strata have been determined, a sample is drawn from each stratum, the selection being
made independently in each stratum. The sample sizes within the strata are denoted by ny, n, ...,
nk respectively, so that

ng+nz +....+ n3=n(5.22)

Letyg (=1, 2,...., Nt; t=1, 2,.....K) be the value of the characteristic under study for the j the
unit in the tth stratum. In this case, the population mean in the tth stratum is given by

N
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The overall population mean is given by
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The estimate of the population mean ¥, in this case will be obtained by
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Estimate of the variance of ¥ is given by
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Stratification, if properly done as explained in the previous sections, will usually give lower
variance for the estimated population total or mean than a simple random sample of the same
size. However, a stratified sample taken without due care and planning may not be better than a
simple random sample.

Numerical illustration of calculating the estimate of mean volume per hectare of a particular
species and its standard error from a stratified random sample of compartments selected
independently with equal probability in each stratum is given below.

A forest area consisting of 69 compartments was divided into three strata containing
compartments 1-29, compartments 30-45, and compartments 46 to 69 and 10, 5 and 8
compartments respectively were chosen at random from the three strata. The serial numbers of
the selected compartments in each stratum are given in column (4) of Table 5.3. The
corresponding observed volume of the particular species in each selected compartment in m*/ha
is shown in column (5).

Table 5.3. lllustration of estimation of parameters under stratified sampling

Stratum  Total number Number of Selected Volume ¥

number of units in units sampled  sampling unit ")
number (m®/ha)
the stratum (ny)
(Nt) ( .}?I_,- )

1) ) ©) (4) (%) (6)
1 5.40 29.16
18 4.87 23.72
28 4.61 21.25

I 12 3.26 10.63



Total

Total

Total

29

16

24

10

20

19

17

43

42

36

45

39

59

50

49

58

54

69

52

47

4.96

4.73

4.39

2.34

4.74

2.85
42.15

4.79

4.57

4.89

4.42

3.44
22.11
7.41

3.70

5.45

7.01

3.83

5.25

4.50

6.51
43.66

24.60

22.37

19.27

5.48

22.47

8.12
187.07
22.94

20.88

2391

19.54

11.83
99.10
54.91

13.69

29.70

49.14

14.67

27.56

20.25

42.38
252.30



Step 1. Compute the following quantities.
N=(29 +16 +24) =69
n=(10+5+8)=23

Ye=4.215 =4.422, =5458

Step 2. Estimate of the population mean ¥ using Equation (3) is

3
Eifﬂj%
ST (29%4.215)+(16x4422) + (24 % 5458) _ 323979

F==% 69 63

=470

Step 3. Estimate of the variance of I'_’using Equation (5) as

In this example,

(4215
18?.':]? - T _ 9.41

f}',] = g g = 1046

(22.11)°

By = . - = -0333

(43,66

()~ 7

= 2.004

T ) = iz 29%19:%1046 + 16X“>«:0333 + 24X16x2004
(r)= 69 10 5 ' 2 .

1655482

= 003477
4761



SE(F) = 003477 = 01865

SE(Fy =100

RSE(F) = P o)

_ 01865100
4770

Now, if we ignore the strata and assume that the same sample of size n = 23, formed a simple
random sample from the population of N = 69, the estimate of the population mean would reduce

= 39"

to

N i + . + .
=4215 22.11 43.66=10?92=4_69

__l .
= a2 23 23

i=1

Estimate of the variance of the mean ¥ is

- N_.?Eg
P(9) =5

where

(107.92 )2

53u47 -
23

22

(64 -03)

Viv)= T69x 23 ® 14586

29172
T 6%

= 0.04230

SE(¥)=-/0.04230 = 0.2057

02057 %100
RSE(3)= =g ~439%



The gain in precision due to stratification is computed by

?({)w <100 0.04230

ey 0.03477

* 100

=121.8

Thus the gain in precision is 21.8%.

Multistage sampling

With a view to reduce cost and/or to concentrate the field operations around selected points and
at the same time obtain precise estimates, sampling is sometimes carried out in stages. The
procedure of first selecting large sized units and then choosing a specified number of sub-units
from the selected large units is known as sub-sampling. The large units are called ‘first stage
units’ and the sub-units the ‘second stage units’. The procedure can be easily generalised to three
stage or multistage samples. For example, the sampling of a forest area may be done in three
stages, firstly by selecting a sample of compartments as first stage units, secondly, by choosing a
sample of topographical sections in each selected compartment and lastly, by taking a number of
sample plots of a specified size and shape in each selected topographical section.

The multistage sampling scheme has the advantage of concentrating the sample around several
‘sample points’ rather than spreading it over the entire area to be surveyed. This reduces
considerably the cost of operations of the survey and helps to reduce the non-sampling errors by
efficient supervision. Moreover, in forest surveys it often happens that detailed information may
be easily available only for groups of sampling units but not for individual units. Thus, for
example, a list of compartments with details of area may be available but the details of the
topographical sections in each compartment may not be available. Hence if compartments are
selected as first stage units, it may be practicable to collect details regarding the topographical
sections for selected compartments only and thus use a two-stage sampling scheme without
attempting to make a frame of the topographical sections in all compartments. The multistage
sampling scheme, thus, enables one to use an incomplete sampling frame of all the sampling
units and to properly utilise the information already available at every stage in an efficient
manner.

The selection at each stage, in general may be either simple random or any other probability
sampling method and the method may be different at the different stages. For example one may
select a simple random sample of compartments and take a systematic line plot survey or strip
survey with a random start in the selected compartments.

Two-stage simple random sampling
When at both stages the selection is by simple random sampling, method is known as two stage

simple random sampling. For example, in estimating the weight of grass in a forest area,
consisting of 40 compartments, the compartments may be considered as primary sampling units.



Out of these 40 compartments, n = 8 compartments may be selected randomly using simple
random sampling procedure as illustrated in Section 5.2.1. A random sample of plots either equal
or unequal in number may be selected from each selected compartment for the measurement of
the quantity of grass through the procedure of selecting a simple random sample. It is then
possible to develop estimates of either mean or total quantity of grass available in the forest area
through appropriate formulae.

Parameter estimation under two-stage simple random sampling

Let the population consists of N first stage units and let Mi be the number of second stage units in
the ith first stage unit. Let n first stage units be selected and from the ith selected first stage unit

= Zm
let m; second stage units be chosen to form a sample of =1 units. Let yjj be the value of
the character for the jth second stage unit in the ith first stage unit.

N M;
220
T
An unbiased estimator of the population mean 1=1 is obtained by Equation (5.30).
= n M’z ]
r= —EZEZJ’%
=l (5.30)
N
M
M= i=1
where N (5.31)

The estimate of the variance of T is given by

3
) -(1- N+ L3[26)( 1. 1)
YY) [,-»z N]s§+nN§ fo] [m- M']Swi(5.32)




The variance of ¥ here can be noticed to be composed of two components. The first is a measure
of variation between first stage units and the second, a measure of variation within first stage
units. If mj = M;, the variance is given by the first component only. The second term, thus
represents the contribution due to sub-sampling.

An example of the analysis of a two stage sample is given below. Table 5.4 gives data on weight
of grass (mixed species) in kg from plots of size 0.025 ha selected from 8 compartments which
were selected randomly out of 40 compartments from a forest area. The total forest area was

1800ha.

Table 5.4. Weight of grass in kg in plots selected through a two stage sampling procedure.

Plot

9
10
Total
mi

Mean
(%)
Mi

2
S“".

96
100
113
112

88
139
140
143
131

1062
9
118

1760
436.00

98
142
143

84

89

90

89

94
125

116

1070

10
107

1975

515.78 584.57 455.75 412.25 496.67 754.86

i
135
88
87
108
145
129
84
96

872
8
109

1615

Compartment number

v
142
130
106

96

91

88

99
140

98

990
9
110

1785

\Y
118
95
109
147
91
125
115
132
148

1080
9
120

1775

Vi
80
73
96
113
125
68
130
76
84
105
950
10
95

2050

Vil
76
62

105

125
99
64

135
78

744
8
93

1680

VIl
110
125
77
62
70
98
65
97
106

810
9
90

1865
496.50

Total

7578
72
842

14505
4152



5 48.44 51578 73.07 50.63 45.80 49.667 94.35 55.167
#;

Stepl. Estimate the mean weight of grass in kg per plot using the formula in Equation (5.30).

Since 2., indicates the total number of second stage units, it can be obtained by dividing the
total area (1800 ha) by the size of a second stage unit (0.025 ha).

Estimate of the population mean calculated using Equation (5.30) is

1 1760 2 1975 2 1865 2
= || — = - i + * - . +. 4] —— -

=140.36

Estimate of variance of g obtained by Equation (5.32) is

= 11
P = (g‘ %}40.35’;2 + (465.1024)

1
(8)(40]
=15.4892

SE(T) = 154892 _ 3 9356



- 39356 x 100
RSE(Y) = —— oo = 372%

Multiphase sampling

Multiphase sampling plays a vital role in forest surveys with its application extending over
continuous forest inventory to estimation of growing stock through remote sensing. The essential
idea in multiphase sampling is that of conducting separate sampling investigations in a sequence
of phases starting with a large number of sampling units in the first phase and taking only a
subset of the sampling units in each successive phase for measurement so as to estimate the
parameter of interest with added precision at relatively lower cost utilizing the relation between
characters measured at different phases. In order to keep things simple, further discussion in this
section is restricted to only two phase sampling.

A sampling technique which involves sampling in just two phases (occasions) is known as two
phase sampling. This technique is also referred to as double sampling. Double sampling is
particularly useful in situations in which the enumeration of the character under study (main
character) involves much cost or labour whereas an auxiliary character correlated with the main
character can be easily observed. Thus it can be convenient and economical to take a large
sample for the auxiliary variable in the first phase leading to precise estimates of the population
total or mean of the auxiliary variable. In the second phase, a small sample, usually a sub-
sample, is taken wherein both the main character and the auxiliary character may be observed
and using the first phase sampling as supplementary information and utilising the ratio or
regression estimates, precise estimates for the main character can be obtained. It may be also
possible to increase the precision of the final estimates by including instead of one, a number of
correlated auxiliary variables. For example, in estimating the volume of a stand, we may use
diameter or girth of trees and height as auxiliary variables. In estimating the yield of tannin
materials from bark of trees certain physical measurements like the girth, height, number of
shoots, etc., can be taken as auxiliary variables.

Like many other kinds of sampling, double sampling is a technique useful in reducing the cost of
enumerations and increasing the accuracy of the estimates. This technique can be used very
advantageously in resurveys of forest areas. After an initial survey of an area, the estimate of
growing stock at a subsequent, period, say 10 or 15 years later, and estimate of the change in
growing stock can be obtained based on a relatively small sample using double sampling
technique.

Another use of double sampling is in stratification of a population. A first stage sample for an
auxiliary character may be used to sub-divide the population into strata in which the second
(main) character varies little so that if the two characters are correlated, precise estimates of the
main character can be obtained from a rather small second sample for the main character.

It may be mentioned that it is possible to couple with double sampling other methods of
sampling like multistage sampling (sub-sampling)known for economy and enhancing the



accuracy of the estimates. For example, in estimating the availability of grasses, canes, reeds,
etc., a two-stage sample of compartments (or ranges) and topographical sections (or blocks) may
be taken for the estimation of the effective area under the species and a sub-sample of
topographical sections, blocks or plots may be taken for estimating the yield.

Selection of sampling units

In the simplest case of two phase sampling, simple random sampling can be employed in both
the phases. In the first step, the population is divided into well identified sampling units and a
sample is drawn as in the case of simple random sampling. The character x is measured on all the
sampling units thus selected. Next, a sub-sample is taken from the already selected units using
the method of simple random sampling and the main character of interest (y) is measured on the
units selected. The whole procedure can also be executed in combination with other modes of
sampling such as stratification or multistage sampling schemes.

Parameter estimation
Regression estimate in double sampling :

Let us assume that a random sample of n units has been taken from the population of N units at
the initial phase to observe the auxiliary variable x and that a random sub-sample of size m is
taken where both x and the main character y are observed.

X _ _ Tn) = Z;
Let “{*) = mean of x in the first large sample = =1 * (5.35)

7 {m)
*(m) = mean of x in the second sample = i=1 7% (5.36)

- _ )
_ F=

¥ = mean of y in the second sample = i=1 (5.37)

We may take ¥ as an estimate of the population mean ¥ . However utilising the previous

information on the units sampled, a more precise estimate of ¥ can be obtained by calculating
the regression of y on x and using the first sample as providing supplementary information. The

regression estimate of ¥is given by
Viagy = F T8 Ty = X)) (5.38)

where the suffix (drg) denotes the regression estimate using double sampling and b is the
regression coefficient of y on x computed from the units included in the second sample of size m.
Thus



Z(% - m)

i1 (5.39)

The variance of the estimate is approximately given by,

2 2

Ei"2 = - &
_ Cpx »E »
"Oen T T sag)

1 m m
=D I D — T
w2 i=1 i=1

where (5.41)

2y - )
Sj - < w1
i=1 (5.42)

(i) Ratio estimate in double sampling

Ratio estimate is used mainly when the intercept in the regression line between y and x is
understood to be zero. The ratio estimate of the population mean ¥ is given by

- Yy
Mdra) = = %
(@80 Fy ™ (5.43)

where Pdr denotes the ratio estimate using double sampling. The variance of the estimate is
approximately given by

) s, —2Rs,, + B's; 2K, - RBs
Vi Viara) = . +

where



. =1 (5.46)
m
Y
Z[xi - xm:'
52 _ i-1
’ m=1  (547)
P
fm) (5.48)

An example of analysis of data from double sampling using regression and ratio estimate is

given below. Table 5.5 gives data on the number of clumps and the corresponding weight of
grass in plots of size 0.025 ha, obtained from a random sub-sample of 40 plots taken from a

preliminary sample of 200 plots where only the number of clumps was counted.

Table 5.5. Data on the number of clumps and weight of grass in plots selected through a two
phase sampling procedure.

<TD WIDTH="16%" VALIGN="TOP">

60

Serial Number  Weight Serial Number of Weight

number  of clumps in kg number clumps in kg

(x) v) x) v)
1 459 68 21 245 25
2 388 65 22 185 50
3 314 44 23 59 16
4 35 15 24 114 22
5 120 34 25 354 59
6 136 30 26 476 63
7 367 54 27 818 92

8 568 69 28 709 64



9 764 72 29 526 72

10 607 65 30 329 46
11 886 95 31 169 33
12 507 32 648 74

13 417 72 33 446 61
14 389 60 34 86 32
15 258 50 35 191 35
16 214 30 36 342 40
17 674 70 37 227 40
18 395 57 38 462 66
19 260 45 39 592 68
20 281 36 40 402 55

Here, n = 200, m = 40. The mean number of clumps per plot as observed from the preliminary
sample of 200 plots was * (1! = 374.4.

40
x =1541% Dy = 2104
i=1

M

I
—

40 40
i o= 7744481 D yf = 125346 > xyy = 960320
]'=1 1‘=1

&

I
—

)

40 40 2
a4 5 1 15419
Z(J{! - x{m}) = Z;’fq - A0 = 7744481 - g = 1800842
1 1=l 40

_ 2
Z(H.—}—,-)2=Zﬁ— '40 _125346—(21;];) = 146756



40 A4
40 DA
15419 = 2104

40
;(?ﬁ - f{mﬂ)(ﬂﬁ- -5) = ;xﬂ’i - % _ 960320 - ———— = 1492806

Mean number of clumps per plot from the sub-sample of 40 plots is

15419
X{M = T = 385.5

Mean weight of clumps per plot from the sub-sample of 40 plots

__ =l
T '

The regression estimate of the mean weight of grass in kg per plot is obtained by using Equation
(5.38) where the regression coefficient b obtained using Equation (5.39) is

1492806
b 1800842 =

Hence, Jidrg) = 526+ 0.08(3744 - 3855)

=52.6-0.89

=51.7 kg /plot

2
=

2
S = m[l%?‘ﬂﬁ— [0.08)*(1800842) ]
=829

_ 146756
39

o

=376.297
The variance of the estimate is approximately given by Equation (5.40)

829 s R29 - 376297
40 200 (5.40)

Vi) iy =

=3.5395



The ratio estimate of the mean weight of grass in kg per plot is given by Equation (5.43)

526

Fraay = Sa55 5_5[3?4.4)
=51.085

145280.6
g =7

™ 40-1
= 3827.708

, 1800842
KT

=46175.436

5o 526
3855

=0.1364

The variance of the estimate is approximately given by Equation (5.44) is

376297 — 2(0.1364)(3827.708) + (0.1364)*(46175436)
40

V(i) =

N (2)(01364)(3827708) - (01264)°(46175436)
200

=5.67

Probability Proportional to Size (PPS) sampling

In many instances, the sampling units vary considerably in size and simple random sampling
may not be effective in such cases as it does not take into account the possible importance of the
larger units in the population. In such cases, it has been found that ancillary information about
the size of the units can be gainfully utilised in selecting the sample so as to get a more efficient
estimator of the population parameters. One such method is to assign unequal probabilities for
selection to different units of the population. For example, villages with larger geographical area
are likely to have larger area under food crops and in estimating the production, it would be
desirable to adopt a sampling scheme in which villages are selected with probability proportional



to geographical area. When units vary in their size and the variable under study is directly related
with the size of the unit, the probabilities may be assigned proportional to the size of the unit.
This type of sampling where the probability of selection is proportion to the size of the unit is
known as ‘PPS Sampling’. While sampling successive units from the population, the units
already selected can be replaced back in the population or not. In the following, PPS sampling
with replacement of sampling units is discussed as this scheme is simpler compared to the latter.

Methods of selecting a pps sample with replacement

The procedure of selecting the sample consists in associating with each unit a number or
numbers equal to its size and selecting the unit corresponding to a number chosen at random
from the totality of numbers associated. There are two methods of selection which are discussed
below:

(i) Cumulative total method: Let the size of the ith unit be xi, (i=1, 2, ..., N). We associate the
numbers 1 to x; with the first unit, the numbers (x1+1) to (x1+x2) with the second unit and so on
such that the total of the numbers so associated is X = x1 + X2+ ... + Xn. Then a random number r
is chosen at random from 1 to X and the unit with which this number is associated is selected.

For example, a village has 8 orchards containing 50, 30, 25, 40, 26, 44, 20 and 35 trees
respectively. A sample of 3 orchards has to be selected with replacement and with probability
proportional to number of trees in the orchards. We prepare the following cumulative total table:

Serial number of the Size Cumulative size Numbers
orchard associated
(i)
1 50 50 1-50
2 30 80 51-80
3 25 105 81 -105
4 40 145 106 -145
5 26 171 146 - 171
6 44 215 172 - 215
7 20 235 216 - 235
8 35 270 236 - 270

Now, we select three random numbers between 1 and 270. The random numbers selected are
200, 116 and 47. The units associated with these three numbers are 6™, 4™, and 1 respectively.
And hence, the sample so selected contains units with serial numbers, 1, 4 and 6.



(ii) Lahiri’s Method: \We have noticed that the cumulative total method involves writing down
the successive cumulative totals which is time consuming and tedious, especially with large
populations. Lahiri in 1951 suggested an alternative procedure which avoids the necessity of
writing down the cumulative totals. Lahiri’s method consists in selecting a pair of random
numbers, say (i,j) such that 1 £1 £ N and 1£ j £ M; where M is the maximum of the sizes of the N
units of the population. If j £ Xj, the ith unit is selected: otherwise, the pair of random number is
rejected and another pair is chosen. For selecting a sample of n units, the procedure is to be
repeated till n units are selected. This procedure leads to the required probabilities of selection.

For instance, to select a sample of 3 orchards from the population in the previous example in this
section, by Lahiri’s method by PPS with replacement, as N =8, M =50 and n = 3, we have to
select three pairs of random numbers such that the first random number is less than or equal to 8
and the second random number is less than or equal to 50. Referring to the random number table,
three pairs selected are (2, 23) (7,8) and (3, 30). As in the third pair j >X;, a fresh pair has to be
selected. The next pair of random numbers from the same table is (2, 18) and hence, the sample
so selected consists of the units with serial numbers 2, 7 and 2. Since the sampling unit 2 gets
repeated in the sample, the effective sample size is two in this case. In order to get an effective
sample size of three, one may repeat the sampling procedure to get another distinct unit.

Estimation procedure
Let a sample of n units be drawn from a population consisting of N units by PPS with
replacement. Further, let (yi, pi) be the value and the probability of selection of the ith unit of the
sample,i=1,2,3,....n
An unbiased estimator of population mean is given by
- 1 &,
F-—>2%
A3 Py (5.49)
An estimator of the variance of above estimator is given by
H = Y 2
MY -
( ] m’m—l nfn—1_N* Z[ ] ]
(5.50)
&

B = _
where A Y=Y
For illustration, consider the following example. A random sample 23 units out of 69 units were
selected with probability proportional to size of the unit (compartment) from a forest area in U.P.

The total area of 69 units was 14079 ha. The volume of timber determined for each selected
compartment are given in Table 5.6 along with the area of the compartment.



Table 5. 6. Volume of timber and size of the sampling unit for a PPS sample of forest

compartments.
Serialno.  Sizein

ha

(xi)
1 135
2 368
3 374
4 303
5 198
6 152
7 264
8 235
9 467
10 458
11 144
12 210
13 467
14 458
15 184
16 174
17 184
18 285
19 621
20 111
21 374

Relative
size
(xi/X)

0.0096
0.0261
0.0266
0.0215
0.0141
0.0108
0.0188
0.0167
0.0332
0.0325
0.0102
0.0149
0.0332
0.0325
0.0131
0.0124
0.0131
0.0202
0.0441
0.0079
0.0266

Volume in
m3

(i)

608
3263
877
1824
819
495
1249
1093
1432
3045
410
1460
1432
3045
1003
834
1003
2852
4528
632
877

63407.644
124836.351
33014.126
84752.792
58235.864
45849.375
66608.602
65482.328
43171 .580
93603.832
40086.042
97882.571
43171.580
93603.832
76745.853
67482.103
76745.853
140888.800
102656.541
80161.514
33014.126

(vi)?

4020529373.993
15584114417.014
1089932493.652
7183035765.221
3391415813.473
2102165187.891
4436705896.726
4287935235.716
1863785345.581
8761677342.194
1606890736.502
9580997789.469
1863785345.581
8761677342.194
5889925992.739
4553834285.804
5889925992.739
19849653965.440
10538365422.979
6425868248.777
1089932493.652



22 64 0.0045 589 129570.797  16788591402.823
23 516 0.0367 1553 42373.424 1795507096.959
1703345.530 147356252987.120

Total area X = 14079 ha.

An unbiased estimator of population mean is obtained by using Equation (5.49).

7= (1703345 530)

(23)(69)

=1073.312

An estimate of the variance of ¥ is obtained through Equation (5.50).

e 1
V[F] - —(147356252987.120 -(23){ 67618.632))
23(23- 1)(69)

=17514.6

And the standard error of ¥ is ~/17514.6 = 132,343,



Appendix K

The F Distribution

The F distribution is an asymmetric distribution that has a minimum value
of 0, but no maximum value. The curve reaches a peak not far to the right of
0, and then gradually approaches the horizontal axis the larger the F value
is. The F distribution approaches, but never quite touches the horizontal
axis.

The F distribution has two degrees of freedom, d; for the numerator,
ds for the denominator. For each combination of these degrees of freedom
there is a different F distribution. The F distribution is most spread out
when the degrees of freedom are small. As the degrees of freedom increase,
the F distribution the F distribution is less dispersed.

Figure 1.1 shows the shape of the distribution. The F value is on the
horizontal axis, with the probability for each F value being represented by
the vertical axis. The shaded area in the diagram represents the level of
significance o shown in the table.

There is a different F distribution for each combination of the degrees
of freedom of the numerator and denominator. Since there are so many F
distributions, the F tables are organized somewhat differently than the tables
for the other distributions. The three tables which follow are organized by
the level of significance. The first table gives F values for that are associated
with a = 0.10 of the area in the right tail of the distribution. The second
table gives the F values for @ = 0.05 of the area in the right tail, and the
third table gives F values for the o = 0.01 level of significance. In each of
these tables, the F values are given for various combinations of degrees of
freedom.

In order to use the F table, first select the significance level to be used,
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Figure K.1: The F distribution



Figure K.1: The F distribution

and then determine the appropriate combination of degrees of freedom. For
example, if the ae = 0.10 level of significance is selected, use the first F table.
If there are 5 degrees of freedom in the numerator, and 7 degrees of freedom
in the denominator, the F value from the table is 2.88. This means that
there is exactly 0.10 of the area under the F curve that lies to the right of
F = 2.88.

When the significance level is o = 0.05, use the second F table. If there
are 20 degrees of freedom in the numerator, and 5 degrees of freedom in the
denominator, then the critical F value is 4.56. This could be written

Fy0.5,0.05 = 4.56

That is, for 20 and 5 degrees of freedom, the F value that leaves exactly 0.05
of the area under the F curve in the right tail of the distribution is 4.56.

For the a = 0.01 level of significance, the third F table is used. Suppose
that there is 1 degree of freedom in the numerator and 12 degrees of freedom
in the denominator. Then

F1712;0.01 = 9.33.

An F value of 9.33 leaves exactly 0.01 of area under the curve in the right
tail of the distribution when there are 1 and 12 degrees of freedom.
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F Values for o = 0.10

dy
do 1 2 3 4 5 6 7 8 9

39.86 49.5 53.59 55.83 57.24 582 5891 59.44 59.86
853 9.00 9.16 924 929 933 935 937 938
5.54 546 539 534 531 528 527 525 524
454 432 419 411 405 4.01 398 395 394
4.06 3.78 3.62 352 345 340 337 334 3.32
3.78 346 329 318 311 3.05 3.01 298 296
3.59 3.26 3.07 296 288 2.83 278 275 272
3.46 3.11 292 281 273 2.67 262 259 256

9 336 3.01 281 269 261 255 251 247 244
10 329 292 273 261 252 246 241 238 235
11 323 286 266 254 245 239 234 23 2.27
12 318 2.81 261 248 239 233 228 224 221
13 314 276 256 243 235 228 223 220 216
14 310 273 252 239 231 224 219 215 212
15  3.07r 270 249 236 227 221 216 212 2.09
16 3.06 2.67 246 233 224 218 213 209 2.06
17 3.03 264 244 231 222 215 210 206 2.03
18 3.01 262 242 229 220 213 208 204 2.00
19 299 261 240 227 218 211 206 2.02 1.98
20 297 259 238 225 216 2.09 204 200 196
21 296 257 236 223 214 208 2.02 198 1.95
22 295 256 235 222 213 2.06 201 197 193
23 294 255 234 221 211 205 199 195 192
24 293 254 233 219 210 204 198 194 191
25 292 253 232 218 209 202 197 193 189
26 291 252 231 217 208 201 196 192 188
27 290 251 230 217 207 200 195 191 187
28 2.89 250 229 216 206 200 194 190 1.87
29 289 250 228 215 206 199 193 189 1.86
30 2.88 249 228 214 205 198 193 188 185
40 284 244 223 209 2.00 193 187 1.83 1.79
60 279 239 218 2.04 195 187 182 1.77r 1.74

120 275 235 213 199 190 182 1.77 1.72 1.68
inf 271 230 208 194 18 1.77 172 167 1.63

0O UL W
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F Value for a = 0.10

dy
do 10 12 15 20 24 30 40 60 120 inf

1 60.19 60.71 61.22 61.74 62 62.26 62.53 62.79 63.06 63.33
2 939 941 942 944 945 946 947 947 948 949
3 523 522 520 5.18 518 517 516 515 514 513
4 392 390 387 384 383 382 38 379 378 3.76
5 330 327 324 321 319 317 3.16 3.14 312 3.10
6 294 290 287 284 282 280 278 276 274 272
7T 270 267 263 259 258 256 254 251 249 247
8§ 254 250 246 242 240 238 236 234 232 229
9 242 238 234 230 228 225 223 221 218 216
10 232 228 224 220 218 216 2.13 211 2.08 2.06
11 225 221 217 212 210 208 2.05 2.03 200 197
12 219 215 210 206 204 201 199 196 193 190
13 240 210 205 201 198 196 193 190 188 185
14 210 205 201 19 194 191 1.8 1.8 183 1.80
15 206 202 197 192 190 187 1.8 1.82 1.79 1.76
16 203 199 194 1.89 187 18 1.81 1.78 1.76 1.72
17 200 19 191 186 184 181 1.v8 1.7 1.72 1.69
18 198 193 189 1.84 181 178 1.75 1.72 169 1.66
19 196 191 18 181 1.v9 176 173 170 1.67 1.63
20 194 18 184 179 177 174 171 168 1.64 1.61
21 192 187 183 1.v8 1.7 1.72 169 166 1.62 1.59
22 190 18 181 176 1.73 170 167 164 1.60 1.57
23 189 184 180 174 172 169 166 1.62 1.59 1.55
24 188 183 178 173 170 167 164 1.61 1.57 1.53
25 187 1.8 177 172 169 166 163 1.59 1.56 1.52
26 18 18 1.7 171 180 165 161 158 1.54 1.50
27 1.85 1.8 175 170 167 164 160 1.57 1.53 1.49
28 184 179 174 169 166 163 159 156 1.52 1.48
29 183 178 173 168 165 162 158 155 1.51  1.47
30 182 177 1.72 167 164 161 157 154 150 1.46
40 176 1.71 1.66 1.61 1.57 154 151 147 142 1.38
60 1.71 166 1.60 154 151 148 144 140 135 1.29
120 1.65 160 156 148 145 141 137 132 126 1.19
inf 160 155 149 142 138 134 130 124 1.17 1.00
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F Values for o = 0.05

dq
do 1 2 3 4 5 6 7 8 9

161.4 199.5 215.7 224.6 230.2 234.0 236.8 238.9 240.5
18,51 19.00 19.16 19.25 19.3 19.33 19.35 19.37 19.38
10.13 955 928 9.12 9.01 894 889 885 881
771 694 659 639 626 6.16 6.09 6.04 6.00
6.61 579 541 519 5.05 495 488 482 4.77
299 514 476 453 439 428 421 415 4.10
5.59 474 435 412 397 387 379 373 3.68
5.32 446 4.07 384 3.69 358 350 344 3.39
9 512 426 386 3.63 348 337 329 323 3.18
10 496 410 371 348 333 322 314 3.07 3.02
11 484 398 359 336 320 3.09 301 295 290
12 47 389 349 326 3.11 3.00 291 285 280
13 467 381 341 3.18 3.03 292 283 277 271
14 460 374 334 311 296 285 276 270 2.65
15 454 368 329 3.06 290 279 271 264 259
16 449 363 324 3.01 2.8 274 266 259 254
17 445 359 320 296 281 270 261 255 249
18 441 355 316 293 277 2,66 258 251 246
19 438 352 313 290 274 263 254 248 242
20 435 349 310 287 271 260 251 245 239
21 432 347 307 284 2,68 257 249 242 237
22 430 344 3.05 282 266 255 246 240 2.34
23 428 342 3.03 280 264 253 244 237 232
24 426 340 3.01 278 262 251 242 236 230
25 424 339 299 27 260 249 240 234 228
26 423 337 298 274 239 247 239 232 227
27 421 335 296 273 257 246 237 231 225
28 420 334 295 271 256 245 236 229 224
29 418 333 293 270 255 243 235 228 222
30 417 332 292 269 253 242 233 227 221
40 4.08 3.23 284 261 245 234 225 218 212
60 4.00 3.15 2.76 253 237 225 217 210 2.04
120 392 3.0r 268 245 229 217 2.09 202 196
inf 3.84 3.00 260 237 221 210 201 194 188

0O UL W -
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F Values for o = 0.05

dy
do 10 12 15 20 24 30 40 60 120 inf

1 2419 2439 2459 248.0 249.1 250.1 251.1 2522 253.3 254.3
2 194 1941 1943 1945 19.45 19.46 1947 1948 1949 195
3 879 874 870 866 864 862 859 857 855 8.53
4 596 591 58 580 577 575 572 569 566 5.63
5 474 468 462 456 453 450 446 443 440 4.36
6 406 400 394 387 384 381 377 37 370 3.67
7T 364 357 351 344 341 338 334 330 327 323
§ 335 328 322 315 312 3.08 3.04 3.01 297 293
9 314 307 301 294 290 286 283 279 275 271
10 298 291 28 277 274 270 266 262 258 254
11 285 279 272 265 2.61 257 253 249 245 240
12 275 269 262 254 251 247 243 238 234 230
13 267 260 253 246 242 238 234 230 225 221
14 2,60 253 246 239 235 231 227 222 218 2.13
15 254 248 240 233 229 225 220 216 211 2.07
16 249 242 235 228 224 219 215 211 206 2.01
17 245 238 231 223 219 215 210 206 201 1.96
18 241 234 227 219 215 211 206 202 197 1.92
19 238 231 223 216 211 207 203 198 193 1.88
20 235 228 220 212 208 204 199 195 190 1.84
21 232 225 218 210 2.05 201 196 192 187 1.81
22 230 223 215 207 203 198 194 18 184 1.78
23 22v 220 213 205 201 196 191 18 1.81 1.76
24 225 218 211 203 198 194 189 184 179 1.73
25 224 216 209 201 19 192 187 182 177 171
26 222 215 207 199 195 190 1.8 180 175 1.69
2T 220 213 206 197 193 1.8 1.8 1.79 173 1.67
28 219 212 204 19 191 187 1.82 1.77r 171 1.65
29 218 210 203 194 190 1.8 181 1.7 170 1.64
30 216 209 201 193 189 184 179 174 168 1.62
40 208 2.00 192 184 179 174 169 1.64 158 1.51
60 199 192 184 1.7 170 165 159 1.53 147 1.39
120 191 183 1.7 166 1.10 1.55 1.50 143 135 1.25
inf 183 175 167 157 152 146 139 132 1.22 1.00
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do

0O UL W -

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
40
60
120

inf

4052
98.50
34.12
21.20
16.26
13.75
12.25
11.26
10.56
10.04

9.65
9.33
9.07
8.86
8.68
8.53
8.40
8.29
8.18
8.10
8.02
7.95
7.88
7.82
7.7
7.72
7.68
7.64
7.60
7.56
7.31
7.08
6.85
6.63

4999.5
99.00
30.82
18.00
13.27
10.92

9.55
8.65
8.02
7.56
7.21
6.93
6.70
6.51
6.36
6.23
6.11
6.01
5.93
5.85
5.78
5.72
5.66
5.61
5.57
5.53
5.49
5.45
5.42
5.39
5.18
4.98
4.79
4.61

5403
99.17
29.46
16.69
12.06

9.78
8.45
7.59
6.99
6.55
6.22
5.95
5.74
5.56
5.42
5.29
5.18
5.09
5.01
4.94
4.87
4.82
4.76
4.72
4.68
4.64
4.60
4.57
4.54
4.51
4.31
4.13
3.95
3.78

F Values for o = 0.01

5625
99.25
28.71
15.98
11.39

9.15
7.85
7.01
6.42
5.99
5.67
5.41
5.21
5.04
4.89
4.77
4.67
4.58
4.50
4.43
4.37
4.31
4.26
4.22
4.18
4.14
4.11
4.07
4.04
4.02
3.83
3.65
3.48
3.32

923

5764
99.30
28.24
15.52
10.97

8.75
7.46
6.63
6.06
5.64
5.32
5.06
4.86
4.69
4.56
4.44
4.34
4.25
4.17
4.10
4.04
3.99
3.94
3.90
3.85
3.82
3.78
3.75
3.73
3.70
3.51
3.34
3.17
3.02

5859
99.33
27.91
15.21
10.67

8.47
7.19
6.37
5.80
5.39
5.07
4.82
4.62
4.46
4.32
4.20
4.10
4.01
3.94
3.87
3.81
3.76
3.71
3.67
3.63
3.59
3.56
3.53
3.50
3.47
3.29
3.12
2.96
2.80

09928
99.36
27.67
14.98
10.46

8.26
6.99
6.18
5.61

5.2
4.89
4.64
4.44
4.28
4.14
4.03
3.93
3.84
3.77
3.70
3.64
3.59
3.54
3.50
3.46
3.42
3.39
3.36
3.33
3.30
3.12
2.95
2.79
2.64

5982
99.37
27.49
14.80
10.29

8.10
6.84
6.03
5.47
5.06
4.74
4.50
4.30
4.14
4.00
3.89
3.79
3.71
3.63
3.56
3.51
3.45
3.41
3.36
3.32
3.29
3.26
3.23
3.20
3.17
2.99
2.82
2.66
2.51

6022
99.39
27.35
14.66
10.16

7.98
6.72
5.91
5.35
4.94
4.63
4.39
4.14
4.03
3.89
3.78
3.68
3.60
3.52
3.46
3.40
3.35
3.30
3.26
3.22
3.18
3.15
3.12
3.09
3.07
2.89
2.72
2.56
241



do

0O UL W -

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
40
60
120

inf

10

6056
99.40
27.23
14.55
10.05

7.87
6.62
5.81
5.26
4.85
4.54
4.30
4.10
3.94
3.80
3.69
3.59
3.51
3.43
3.37
3.31
3.26
3.21
3.17
3.13
3.09
3.06
3.03
3.00
2.98
2.80
2.63
247
2.32

12

6106
99.42
27.05
14.37

9.89
7.72
6.47
5.67
5.11
4.71
4.40
4.16
3.96
3.80
3.67
3.55
3.46
3.37
3.30
3.23
3.17
3.12
3.07
3.03
2.99
2.96
2.93
2.90
2.87
2.84
2.66
2.50
2.34
2.18

15

6157
99.43
26.87
14.20

9.72
7.56
6.31
5.52
4.96
4.56
4.25
4.01
3.82
3.66
3.52
3.41
3.31
3.23
3.15
3.09
3.03
2.98
2.93
2.89
2.85
2.81
2.78
2.75
2.73
2.70
2.52
2.35
2.19
2.04

F Values for o = 0.01

20

6209
99.45
26.69
14.02

9.55
7.40
6.16
5.36
4.81
4.41
4.10
3.86
3.66
3.51
3.37
3.26
3.16
3.08
3.00
2.94
2.88
2.83
2.78
2.74
2.70
2.66
2.63
2.60
2.57
2.55
2.37
2.20
2.03
1.88

924

dy
24

6235
99.46
26.60
13.93

9.47
7.31
6.07
5.28
4.73
4.33
4.02
3.78
3.59
3.43
3.29
3.18
3.08
3.00
2.92
2.86
2.80
2.75
2.70
2.66
2.62
2.58
2.55
2.52
2.49
2.47
2.29
2.12
1.95
1.79

30

6261
99.47
26.50
13.84

9.38
7.23
5.99
5.20
4.65
4.25
3.94
3.70
3.51
3.35
3.21
3.10
3.00
2.92
2.84
2.78
2.72
2.67
2.62
2.58
2.54
2.50
2.47
244
241
2.39
2.20
2.03
1.86
1.70

40

6287
99.47
26.41
13.75

9.29
7.14
5.91
5.12
4.57
4.17
3.86
3.62
3.43
3.27
3.13
3.02
2.92
2.84
2.76
2.69
2.64
2.58
2.54
2.49
2.45
2.42
2.38
2.35
2.33
2.30
2.11
1.94
1.76
1.59

60

6313
99.48
26.32
13.65

9.20
7.06
5.82
5.03
4.48
4.08
3.78
3.54
3.34
3.18
3.05
2.93
2.83
2.75
2.67
2.61
2.55
2.50
2.45
2.40
2.36
2.33
2.29
2.26
2.23
2.21
2.02
1.84
1.66
1.47

120

6339
99.49
26.22
13.56

9.11
6.97
5.74
4.95
4.40
4.00
3.69
3.45
3.25
3.09
2.96
2.84
2.75
2.66
2.58
2.52
2.46
2.40
2.35
2.31
2.27
2.23
2.20
2.17
2.14
2.11
1.92
1.73
1.53
1.32

inf

6366
99.50
26.13
13.46

9.02
6.88
5.65
4.86
4.31
3.91
3.60
3.36
3.17
3.00
2.87
2.75
2.65
2.57
2.49
2.42
2.36
2.31
2.26
2.21
2.17
2.13
2.10
2.06
2.03
2.01
1.80
1.60
1.38
1.00



t-distribution
table

Areas in the upper tail are
given along the top of the
table. Critical t* values
are given in the table.

/ Probability p
L I A

7

df 0.1 0.05 0.025 0.0z 0.01 0.005
1 3.073 6.314 12.706 15.835 3821 B3EST
2 1686 2920 4.303 4.643 5.965 3925
3 1635 2393 3182 3.482 4.541 5.84
4 1533 2132 2776 2933 3747 4. 604
5 1476 2015 25™M 2737 3.365 4.032
5 1440 1943 2.447 2612 3143 3707
T 1415 1835 2.365 2517 2933 3.433
g 1397 1860 2.306 2.443 2.896 3.355
3 1383 1833 2.262 2.338 2821 3.250

o 1372 1812 2.228 2333 2.764 3183
1l 1363 1736 2.2m 2.328 2715 3.106
12 1356 1782 2173 2.303 2631 3.035
13 1350 171 2160 2.282 2.650 302
1G] 1345 1761 2145 2.264 2.624 2977
1= 1341 1793 213 2.243 2.602 2.947
16 1337 1746 2120 2.235 2.583 2921
i 1333 1740 210 2.224 2.567 2.833
16 1330 1734 2101 2214 2.552 2878
13 1328 1729 2.033 2.205 2533 2.861
20 1325 1725 2.086 2137 2.528 2.845
21 1323 1721 2.080 2183 2516 283
22 1321 1717 2.074 2183 2.508 2813
23 1313 174 2.063 2177 2.500 2.807
24 1315 1™ 2.064 2172 2.432 2.797
25 1316 1708 2.080 2167 2.485 2787
26 1315 1706 2.036 2162 2473 2773
27 1314 1703 2.052 2158 2473 277
28 1313 1701 2.045 2154 2,467 2.763
23 1M 1633 2.045 2150 2.462 2. 736
30 1310 1637 2.042 2147 2.457 2.730
i 1309 1636 2.040 2144 2453 2.744
32 1305 1634 2.037 214 2.443 2.738
33 1308 1632 2.035 2135 2.445 2.733
34 1307 1691 2.032 2136 2441 2728
35 1306 1630 2.030 2133 2,433 2,724
36 1.306 1685 2.028 213 2.434 2713
37 1305 1687 2.026 2129 2431 2715
38 1304 1686 2.024 2127 2423 272
33 1304 1685 2023 2125 2426 2,708
40 1303 1684 2.021 2123 2423 2.704
41 1303 1683 2.020 2121 2421 270
4z 1302 1682 2016 2120 2416 2.635
43 1302 1631 207 2118 2476 2.635
44 1301 1680 2015 2116 2414 2.632
45 1301 1673 204 2115 2412 2.630
45 1.300 1673 203 214 2410 2.687
47 1300 1678 202 212 2.408 2.685
43 1235 1677 201 Zm 2407 2.682
43 1233 1677 2.0 210 2.405 2.680
50 1233 1676 2.003 2109 2.403 2678

df 0.1 0.05 0.025 0.02 0.01 0.005
51 1235 1.675 2.008 2.108 2402 2.676
52 1238 1.675 2.007 2.107 2.400 2.674
53 1238 1674 2.006 2.106 2.399 2672
54 1237 1674 2.005 2.105 2.397 2.670
55 1237 1673 2.004 2.104 2.396 2.668
56 1237 1673 2.003 2.103 2.395 2.667
57 1237 1672 2.002 2.102 2.354 2.665
5B 1236 1672 2.002 2.101 2.392 2.663
59 1236 1671 2.001 2.100 2.391 2.662
60 1236 1671 2.000 2.099 2.390 2.660
61 1236 1.670 2.000 2.099 2.389 2.659
62 1235 1.670 1999 2.098 2.388 2.657
63 1235 1.665 1958 2.097 2.387 2.656
B4 1235 1.665 1958 2.096 2.386 2.655
65 1235 1.665 1997 2.096 2.385 2.654
66 1235 1.668 1997 2.095 2.384 2.652
67 1234 1668 1996 2.095 2.383 2.651
68 1234 1668 1.995 2.094 2.382 2.650
69 1234 1667 1.995 2.093 2.382 2.649
70 1234 1667 1954 2.093 2.381 2.648
71 1234 1.667 1554 2.092 2.380 2.647
72 1233 1.666 19593 2.092 2.379 2.646
73 1233 1.666 1.993 2.091 2.379 2.645
74 1233 1.666 1.993 2.091 2.378 2.644
75 1233 1.665 1992 2.090 2.377 2.643
76 1233 1.665 1992 2.090 2.376 2.642
77 1233 1.665 1991 2.089 2.376 2.641
7B 1232 1.665 1991 2.089 2.375 2.640
79 1232 1664 1990 2.088 2.374 2.640
B0 1232 1664 1950 2.088 2.374 2.639
81 1232 1.664 1950 2.087 2.373 2.638
B2 1232 1.664 1989 2.087 2.373 2.637
B3 1232 1.663 1989 2.087 2.372 21.636
B4 1232 1.663 1989 2.0B6 2.372 2.636
B5 1232 1.663 19BE 2.0B6 2.371 2.635
Bb 123 1.663 1988 2.085 2.370 2.634
B7 123 1.663 1988 2.085 2.370 2.634
8B 1231 1.662 1987 2.085 2.369 2.633
89 123 1662 1987 2.084 2.369 2632
90 123 1662 1987 2.084 2.368 2.632
81 123 1.662 1986 2.084 2.368 2.631
92 123 1.662 1986 2.083 2.368 2.630
93 123 1.661 1986 2.083 2.367 2.630
84 123 1661 1986 2.083 2.367 2.629
95 123 1661 1985 2.082 2.366 2.629
96 1230 1661 1985 2.082 2.366 2.628
97 1230 1661 1985 2082 2.365 2627
98 1230 1661 14584 2081 2.365 2627
99 1230 1.660 15984 2.081 2.365 2.626

100 1230 1.660 1984 2.081 2.364 2626




Standard Normal Distribution Table

[z ] 00 [ 0L | 02 ] 03 ] 04 05 06 | 07 | .08 | .09 |
0.0 | .0000 | .0040 | .0080 | .0120 | .0160 | .0199 | .0239 | .0279 | .0319 | .0359
0.1 | .0398 | .0438 | .0478 | .0517 | .0557 | .0596 | .0636 | .0675 | .0714 | .0753
0.2 | .0793 | .0832 | .0871 | .0910 | .0948 | .0987 | .1026 | .1064 | .1103 | .1141
0.3 | .1179 | .1217 | .1255 | .1293 | .1331 | .1368 | .1406 | .1443 | .1480 | .1517
0.4 | .1554 | .1501 | .1628 | .1664 | .1700 | .1736 | .1772 | .1808 | .1844 | .1879
0.5 | .1915 | .1950 | .1985 | .2019 | .2054 | .2088 | .2123 | .2157 | .2190 | .2224
0.6 | .2257 | .2291 | .2324 | .2357 | .2389 | .2422 | .2454 | .2486 | .2517 | .2549
0.7 | .2580 | .2611 | .2642 | .2673 | .2704 | .2734 | .2764 | .2794 | .2823 | .2852
0.8 | .2881 | .2910 | .2939 | .2967 | .2995 | .3023 | .3051 | .3078 | .3106 | .3133
0.9 | .3159 | .3186 | .3212 | .3238 | .3264 | .3289 | .3315 | .3340 | .3365 | .3389
1.0 | .3413 | .3438 | .3461 | .3485 | .3508 | .3531 | .3554 | .3577 | .3599 | .3621
11| .3643 | .3665 | .3686 | .3708 | .3729 | .3749 | .3770 | .3790 | .3810 | .3830
1.2 | .3849 | .3869 | .3888 | .3907 | .3925 | .3944 | .3962 | .3980 | .3997 | .4015
1.3 | 4032 | .4049 | .4066 | .4082 | .4099 | 4115 | .4131 | .4147 | 4162 | 4177
14 | 4192 | 4207 | 4222 | 4236 | 4251 | 4265 | .4279 | 4292 | .4306 | .4319
15 | 4332 | 4345 | 4357 | 4370 | 4382 | .4394 | .4406 | .4418 | .4429 | .4441
1.6 | 4452 | 4463 | 4474 | 4484 | 4495 | 4505 | 4515 | 4525 | 4535 | 4545
1.7 | 4554 | 4564 | 4573 | 4582 | 4591 | 4599 | .4608 | .4616 | .4625 | .4633
1.8 | 4641 | 4649 | 4656 | .4664 | 4671 | 4678 | .4686 | .4693 | .4699 | .4706
1.9 | 4713 | 4719 | 4726 | 4732 | 4738 | 4744 | 4750 | 4756 | 4761 | 4767
2.0 | 4772 | 4778 | 4783 | .4788 | .4793 | .4798 | 4803 | .4808 | .4812 | .4817
21| 4821 | 4826 | 4830 | .4834 | .4838 | .4842 | .4846 | .4850 | .4854 | 4857
2.2 | 4861 | .4864 | .4868 | .4871 | .4875 | .4878 | .4881 | .4884 | .4887 | .4890
2.3 | 4893 | .4896 | .4898 | .4901 | .4904 | .4906 | .4909 | .4911 | .4913 | .4916
24 | 4918 | 4920 | .4922 | .4925 | .4927 | .4929 | .4931 | .4932 | .4934 | .4936
2.5 | 4938 | .4940 | 4941 | 4943 | .4945 | .4946 | 4948 | 4949 | 4951 | .4952
2.6 | 4953 | 4955 | 4956 | .4957 | .4959 | .4960 | 4961 | .4962 | .4963 | .4964
2.7 | 4965 | 4966 | 4967 | .4968 | .4969 | .4970 | 4971 | .4972 | 4973 | .4974
2.8 | 4974 | 4975 | 4976 | 4977 | 4977 | .4978 | .4979 | .4979 | .4980 | .4981
2.9 | 4981 | .4982 | .4982 | .4983 | .4984 | .4984 | .4985 | .4985 | .4986 | .4986
3.0 | 4987 | .4987 | .4987 | .4988 | .4988 | .4989 | .4989 | .4989 | .4990 | .4990
31| 4990 | 4991 | 4991 | 4991 | .4992 | .4992 | .4992 | .4992 | .4993 | .4993
3.2 | 4993 | .4993 | .4994 | .4994 | .4994 | .4994 | 4994 | .4995 | .4995 | .4995
3.3 | .4995 | .4995 | .4995 | .4996 | .4996 | .4996 | .4996 | .4996 | .4996 | .4997
3.4 | 4997 | 4997 | 4997 | 4997 | .4997 | .4997 | .4997 | .4997 | .4997 | .4998
3.5 | 4998 | .4998 | .4998 | .4998 | .4998 | .4998 | .4998 | .4998 | .4998 | .4998

Gilles Cazelais. Typeset with IATEX on April 20, 2006.



