
Unit – 2 

Probability distributions 

2.1  

Random Variable 

While performing a random experiment we are mainly concerned with the 

assignment and computation of probabilities of events. In many experiments we 

are interested in some function of the outcomes of the experiment as opposed to 

the outcome itself. For instance, in tossing two dice we are interested in the sum 

of faces of the dice and are not really concerned about the actual outcome. That 

is, we may be interested in knowing that the sum is seven and not be concerned 

over whether actual outcome was       or       or       or       or       or 

     . These quantities of interest or more formally these real valued function 

defined on the sample space are known as random variables.  

Random variable (r. v):  Let   be the sample space associated with a random 

experiment. Let   be the set of real numbers. If            .,   is a real valued 

function defined on the sample space, then   is known as a random variable. In 

other words, random variable is a function which takes real values which are 

determined by the outcomes in the sample space.                                                                     

The random variables are denoted by capital letters        etc.  

Notation: Let      . The set of all   in   such that        is denoted by 

   . That is,     denotes the event             . Similarly     

denotes the event              and       denotes the event                                                 

                  . 

 

 

 



Let us consider a random experiment of three tosses of a coin. Then the sample 

space   consits of      points as given below.  

                                                            

                                                                

                                                                              

For each outcome   in   define      as the number of heads in the outcome  . 

Then   may take any one of the values       or  . For each outcome in  , we 

have one value of  . Thus,  

                                                     

                       

                                                               and 

                                                 

This shows that   is a random variable. 

Note that             and     respectively denote the events 

                    ,              and       

Discrete Random Variable (d. r. v): If the random variable assumes only a finite or 

countably infinite set of values, it is known as discrete random variable.                        

For example, the number of students attending the class, the number of 

defectives in a lot consisting of manufactured items and the number of accidents 

taking place on a busy road, etc., are all discrete random variables. In the above 

example   is a d.r.v. 

Continuous Random Variable (c. r. v): If a random variable can assume 

uncountable set of values, it is said to a continuous random variable.                             

For example, the age, height or weight of the students in a class is all continuous 

random variables. In case of continuous random variable, we usually talk of the 

value in a particular interval and not at a point. Generally, discrete random 



variable represents count data while continuous random variable represent 

measured data.  

The probabilistic behavior of a d.r.v.X at each real point is described by a function 

called probability mass function and it is defined below: 

Probability Mass Function (p.m.f): Let   be a discrete random variable with 

distinct values              .The function       defined as 

      
                  

                     
  

is called the probability mass function of r.v.X, if (i)             and                           

(ii)   1
x R

p x


                                                            

Probability Distribution: The set of all possible ordered pairs                                

                       is called the probability distribution of the r.v.X. 

In particular, if   takes the values               then the probability of   is 

usually represented in a tabular form as given below:  

                                                          Probability Distribution of r. v. x 

                                                          

                                                   

 

 Note:  The concept of probability distribution is analogous to that of frequency 

distribution. Just as frequency distribution tells us how the total frequency is 

distributed among different values (or classes) of the variable, similarly a 

probability distribution tells us how total probability   is distributed among the 

various values which the r. v. can take.  

Example 1: Obtain the probability distribution of  , the number of heads in 

three tosses of a coin (or a simultaneous toss of three coins). 

Solution: 



 The sample space   consists of      sample points, as give below: 

                                         

                                            

Obviously,   is a random variable which can take the values 0, 1, 2 or 3. 

The probability distribution of   is computed as given below. 

No. of heads 
  

    
             

No. of favourable  
cases 

             

           

 
 

                   

 
 

                   

 
 

           

 
 

 

Hence, the probability distribution of    is given by:  

 

 

 

Probability Density Function (p. d. f): Let   be a continuous random variable 

defined on the sample space    Let      be a real valued function defined on   

such that, for any real numbers   and       ,           
b

a

f x dx.       

If the function      satisfies (i)                 and  (ii)    1f x dx





    then 

      is known as probability density function (p.d.f) of   

                 

       

 
 

 

 
 

 

 
 

 

 
 



Note: 

1. If   is a c. r. v., then          where   is some real number.  

2. Unlike discrete probability distribution, a continuous probability distribution 

can’t be presented in a tabular form.  

Cumulative Distribution Function (c. d. f):  The cumulative distribution function 

of a  r. v.    is defined by 

                     

   

   
x

p t if X isad.r.v.with p.m. f p x
t x

f t dt if Xisac.r.v.with p.d. f f x















 

Note: If   is a continuous random variable, then 
  

  
          

Properties of c.d.f. 

1. If                         

2.          and           if     

3.         and         

4. Discontinuities of      are atmost countable. 

Note:  The c.d.f. is used to find the cumulative probabilities in a probability 

distribution. 

Example 2:  

(i) Find the constant   such that 

      
         
           

  

                 is a p.d.f. 

(ii) Compute          

(iii) Find the c.d.f and use it to compute          

 



Solution: 

(i)      is a p.d.f if 

 

3
3

0
0

1

3 12 1
3 9

f x dx

x
k x dx k k





 
 
 
 



    

 

      

 

 
        

           

  

(ii)  

   
2

1

2
2

1
1

1 2

31 1 72
2 9 3 27

P x f x dx

x
x dx

 
 
 
 

   

  

 

(iii) We have, 

     
x

F x P X x f u du


     

If    , then       . If      , then 

   
0

31 2
9 27

x x x
F x f u du u du


     

If    , then 

     
3 3

0 3 0 3

1 12 9 0 1
9 9

x x

F x f u du f u du u du du            

Thus, required c.d.f is  

      

     
  

  
      

     

  

Hence                        

                                                  

                                        
  

  
 

  

  
 

 

  
 

 

  
 

 

  
 



Example 3: A die is tossed twice. Getting an odd number is termed as a success. 

Find the probability distribution and c.d.f of the number of successes. 

Solution: Since the cases favorable to getting an odd number in a throw of a die 

are     , i.e.,   in all. 

Probability of success    
 

 
 

 

 
 ; Probability of failure       

 

 
 

 

 
 . 

If   dentoes the number of successes in two throws of a die, then   is a random 

variable which takes the values      . 

            in 1st throw and   in 2nd throw  

                          
 

 
 

 

 
 

 

 
 . 

            and        and    

                                                  

                               
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 . 

            and             
 

 
 

 

 
 

 

 
   . 

Hence the probability distribution of   is given by : 

    

 

 

The c.d.f is given by 

 

0 0

1
0 1

4
3

1 2
4
1 2

if x

if x
F x

if x

if x













 


 



 

        

      

 
 

 

 
 

 

 
 



Example 4: Two cards are drawn 

(a) successively with replacement 

(b) simultaneously (successively without replacement), 

from a well shuffled deck of 52 cards. Find the probability distribution of the 

number of aces. 

Solution: Let   denote the number of aces obtained in a draw of two cards. 

Obviously,   is a random variable which can take the values      or    

(a) Probability of drawing an ace is 
 

  
 

 

  
 

  Probability of drawing a non-ace is  
 

  
 

  

  
 . 

Since the cards are drawn with replacement, all the draws are independent. 

          Ace and Ace    Ace    Ace  
 

  
 

 

  
 

 

   
        

          Ace and Non-ace    Non-ace and Ace  

            Ace    Non-ace    Non-ace    Ace  

          
 

  
 

  

  
 

  

  
 

 

  
 

  

   
 . 

          Non-ace and Non-ace  

            Non-ace    Non-ace  
  

  
 

  

  
 

   

   
 . 

Hence, the probability distribution of   is given by: 

 

 

 

(b) If cards are drawn without replacement, then exhaustive number of cases of 

drawing   cards out of    cards is 52
2

C . 

         

         

   
 

  

   
 

 

   
 



           No ace    Both cards are non-aces  

       
48

2

52

2

48 47 188

52 51 221

C

C


  


       

          one ace    one ace and one non-ace  

       
4 48

1 1

52

2

4 48 2 32

52 51 221

C C

C

  
  


 

          both aces  
4

2

52

2

4 3 1

52 51 221

C

C


  

  

Hence, the probability distribution of   is given by :  

 

 

 

Example 5:  If   is a continuous random variable with p.d.f 

                                      
 

 

0 1

1 2

3 2 3

0 elsewhere

kx , x

k , x
f x

k x , x

,









 

 


     

(i) Determine  . 

(ii) Compute          

Solution: 

(i) Since      is the p.d.f, so we have 

               

         

   
 

  

   
 

 

   
 



 

     

 

 

 

1 2 3

0 1 2

1 2 3

0 1 2

1 3

2

1

0 2

1

1

3 1

2 2
3 1

2 2

9
2 9 2 6 1

2 2

1 9
2 1 9 2 6 1

2 2

1
2 1

2

f x dx

f x dx f x dx f x dx

kxdx k dx k x dx

x x
k k x k x

k
k k k

k

k k





   
   
   
   

  
  
  

 
 
 



     

       

    

       

       

   
 

 

 

 

 

(ii)  

       

 

1.5 1 1.5

0

1
1 1.5 1.5

1
0 1

0

1

2

1.5

2 1 1

2 2 2

P x f x dx f x dx f x dx

x
k xdx k dx k k x k k

 

   
   
    

     

        

 

 



P1: 

Two dice are rolled at random. Obtain the probability distribution of the sum of 

the numbers on them. 

Solution:  

When two dice are rolled, the sample space   consists of      , sample points 

as shown. 

                                                                    

                                                    ,                       

Let   denote the sum of the numbers on the two dice. Then   is a random 

variable which can take the values            with the probability distribution 

given by: 

 

 

 

 

 

 

 

 

 

 

 

 



 

Sum of 
numbers     

Favourable sample points No. of 
favourable 
cases 

     

           

  
 

                 

  
 

                       

  
 

                             

  
 

                                   

  
 

                                         

  
 

                                   

  
 

                             

  
 

                        

  
 

                  

  
 

            

  
 

 

Hence, the probability distribution of   is given by: 

                           
      

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 



P2: 

Four bad apples are mixed accidentally with 20 good apples. Obtain the 

probability distribution of the number of bad apples in a draw of 2 apples at 

random. 

Solution:  

Let   denote the number of bad apples drawn. Then   is a random variable which 

can take the values 0, 1 or 2. There are         apples, in all and the 

exhaustive number of cases of drawing 2 apples is 24
2

C . 

         
20

2

24

2

20 19 95

24 23 138

C

C


  


       

           
4 20

1 1

24

2

2 4 20 40

24 23 138

C C

C

  
  


 

           
4

2

24

2

4 3 3

24 23 138

C

C


  


. 

Hence, the probability distribution of   is given by : 

 

 

 

         

        

   
 

  

   
 

 

   
 



P3: 

The diameter of a telephone cable, say,   is assumed to be continuous random 

variable with p.d.f.                   . 

i. Find   for which the above is a p.d.f. 

ii. Determine   such that              . 

Solution: 

i.                     is the p.d.f. of a continuous random 

variable   if  
1

1
0

f x dx  . That is  
1

0

1 1k x x dx   

 

1
2 3

1 6
2 3

0

x x
k k
 
 
 
 

    

  

(i) Given               That is, 

                

   

   

  

1

0

1

0

1

0

6 1 6 1

2 3 2 3

2 3 2 3

2 3 2 33 2 1 3 2

3 24 6 1 0

22 1 2 2 1 0

1 1 3
,

2 2

b

b

b

b

b

b

f x dx f x dx

x x dx x x dx

x x x x

b b b b

b b

b b b

b b

   
   
   
   

   
      

 

    

   

    

   

    


  

 

Hence,   
 

 
 is the only value lying in       and satisfying                

 



P4: 

The time one has to spend in point of a bank counter is observed to be a 

random variable   with the p.d.f. 

                  

 

 

0 , 0

1
1 , 0 1

9

4 1 3
, 1

9 2 2

4 5 3
, 2

9 2 2

1
4 , 2 3

9
1

, 3 6
9
0 , 6

x

x x

x x

f x x x

x x

x

x







 
 

  


 
  

 











  

  

   

  

 



 

Let     be the events defined as 

           One waits between 0 and 2 minutes inclusive 

           One waits between 1 and 3 minutes inclusive 

i. Show that        
 

 
 

ii. Show that        
 

 
 

Solution:  

i.  

 

     

 

3
2 1 22

0 0 1 3
2

31 2
2

30 1
2

1 4 1 4 5
1

9 9 2 9 2

2 2 21 4 4 5

9 2 9 2 2 9 2 2

1 1 4 9 3 4 15 9 1
1 5 2

9 2 9 8 4 9 4 8 2

P A f x dx x dx x dx x dx

x x x x x
x

   
  
  

     
     
     
     

          
          
          

         

     

        



 

     

 

2

1

3
22

1 3
2

3 2
2

31
2

1 2

4 1 4 5

9 2 9 2

2 24 4 5

9 2 2 9 2 2

4 9 3 1 1 4 15 9 1
5 2

9 8 4 2 2 9 4 8 3

P A B P x f x dx

x dx x dx

x x x x

   
  
  

   
   
   
   

        
        
        

     

    

   

        

 

   

 

3

1

3
2 32

1 3 2
2

3 2 3
2

31 2
2

4 1 4 5 1
4

9 2 9 2 9

2 2 24 4 5 1
4

9 2 2 9 2 2 9 2

1 1 1 3 1

6 6 6 6 2

P B f x dx

x dx x dx x dx

x x x x x
x

   
  
  

     
     
     
     

 

       

     

    

 

Thus        
      

    
 

 

 
 

 

 
 

 
 

ii.                         

                                               
 

 
 

 

 
 

Alternatively,     means the waiting time more than 3 minutes. 

So,  

         
6

3 3 3

6

3

A B 3

1 1 3 1
0 6 3

9 9 9 3

P P x f x dx f x dx f x dx

dx

 

  

       

     

 



2.2  

Bivariate random variable 

In the real life situations more than one variable effects the outcome of a random 

experiment. For example, consider an electronic system consisting of two 

components. Suppose the system will fail if both the components fail. The 

probability distribution of the life of the system depends jointly on the probability 

distributions of lives of the components. Knowing the probability distributions of 

lives of the components will not provide us the enough information. What we 

need is the probability distribution of the simultaneous behavior of lives of the 

components. A pair of random variables is known as a bivariate random variable. 

The individual random variables in the pair may be related. 

Bivariate random variable: let   be the sample space associated with a 

random experiment. Let   be the real line. If             , 

                                  , then the pair       is known as  a 

bivariate random variable. 

Note: 

1. If   and   are both discrete random variables, then       is a bivariate 

discrete random variable. 

2. If   and   are both continuous random variables, then       is a bivariate 

continuous random variable. 

Joint probability mass function:  Let       be a bivariate discrete random 

variable, which takes the values         for             and            . 

Let  

                                                                     and   

Then                and   and   1
1 1

m n
p x ,yi j

i j
 

 
. The function        is 

known as joint probability mass function (j.p.m.f) of      . 



Marginal probability mass functions: Let        be a bivariate discrete random 

variable with joint probability mass function given by       . The marginal 

probability mass function of   and   are given by 

        
1

p
n

x ,yi j
j



 for             and 

                                          
1

m
p x ,yi j

i



 for                                                                                       

respectively. 

Note:   and   are independent if and only if                               

Conditional probability mass functions:  Let       be a bivariate discrete random 

variable with joint probability mass function given by       . The conditional 

probability mass function of   given      and the conditional probability mass 

function of   given      are given by 

                                                        
        

      
 for             and                                                                       

                                                         
        

      
              

respectively. 

Example 1: A fair coin is tossed three times. Let   be a random variable that 

takes the value   if the first toss is a tail and the value   if the first toss is a head 

and   be a random variable that defines the total number of heads in the three 

tosses. Then 

i. Determine the joint, marginal and conditional mass functions of                       

and  . 

ii. Are   and   independent? 

 

 



Solution:  

i. The  sample space and values of   and   are given in the following table: 

Out comes in sample space Value of   Value of   

        

        

        

        

        

        

        

        

 

Here   takes the values   and    and   takes the values        and  . Then the 

j.p.m.f of       is computed as below: 

                                                     
 

 
 

                                                         
 

 
 

 

 
                            

                                                    
 

 
 

                                             

                                            

                                                   
 

 
 

                                
 

 
 

 

 
 

                                                 
 

 
 

The  m.p.m.f of   is given by 

                                   
 

 
 

 

 
 

 

 
   

 

 
  and 



                                     
 

 
 

 

 
 

 

 
 

 

 
  

The m.p.m.f of   is given by 

                    
 

 
   

 

 
 

                    
 

 
 

 

 
 

 

 
 

                    
 

 
 

 

 
 

 

 
 

                      
 

 
 

 

 
 

The conditional p.m.f of   given   is computed below: 

           
      

     
 

 

 
 

 

                                
      

     
 

 
 

 

              

           
      

     
 

 

 
 

 

 
 

 
                                 

      

     
 

 

 
 

 

 
 

 
 

           
      

     
 

 

 
 

 

 
 

 
,                              

      

     
 

 

 
 

 

 
 

 
 

           
      

     
 

 
 

 

    ,                           
      

     
 

 

 
 

 

   

The conditional p.m.f. of   given   is computed as below: 

           
      

     
 

 

 
 

 

 
 

 
,                 

      

     
 

 

 
 

 

 
 

 
            

           
      

     
 

 

 
 

 

 
 

 
                                 

      

     
 

 
 

 

   

           
      

     
 

 
 

 

  ,                              
      

     
 

 

 
 

 

 
 

 
 



           
      

     
 

 

 
 

 

 
 

 
  ,                           

      

     
 

 

 
 

 

 
 

 
 

ii. Here        
 

 
    ,       

 

 
  and       

 

 
 

Since                  ,   and   are not independent . 

Example 2 : The j.p.m.f. of       is  given by 

 
 2

0

k x y x y
p x,y








1,2 1,2for = ; =

otherwise
 

where   is a constant 

a. Find the value of    

b. Find marginal and conditional p.m.fs. 

c. Are   and   independent. 

Solution:   

a. Since        is a j.p.m.f,   
2 2

1
1 1

p x,y
x y

 
 

 

                  
2 2 2 2

2 3 4 5 6 18 1
1 1 1 1

p x,y k x y k k .
x y x y

          
   

  

    Thus   
 

  
 

b.  The m.p.m.f. of   is given by 

       
2 21 1 4 3

2 2 1 2 21 18 18 181 1

x
p x p x,y x y x x

y y
 
 


        

 
 

Thus,       
    

  
 for        

The m.p.m.f of   is given by 



       
2

2 21 1 2 6 3
2 2 4

18 18 18 91 1

y y
p y p x,y x y y y

x x
  

 
         

 
 

Thus,       
   

 
 for       

The c.p.m.f. of   given    is given by 

            
      

     
 

 
  

      

 
  

      
 

    

    
 

Thus,            
    

    
  for       

The  c.p.m.f. of   given   is given by 

          
      

     
 

 
  

      

 
  

      
 

    

    
 

Thus,           
     

    
  for       

c. Note that             
    

  
  

   

 
        . 

Thus,   and   are not independent. 

 

Joint probability density function: Let        be a bivariate continuous random 

variable.  Let   

                              
b d

a c

P a x b,c y d f x,y dxdy      
 

 

 

 



for some real numbers         such that     and    . Then  

i.                 and  

ii.   1f x,y dxdy
 



   

and the function        is known as the joint probability density function of the 

bivariate continuous random variable      . 

Marginal probability density function: Let        be a bivariate continuous 

random variable with j.p.d.f.       . The marginal probability density functions of 

  and   are given by 

       f x,y dy



   and         f x,y dx




                                            

respectively. 

Note:    and   are independent if and only if                    

Conditional probability density functions: Let        be a bivariate continuous 

random variable with j.p.d.f.       . Let       and       be the m.p.d.fs of   and 

  respectively.The conditional probability density function of    given   and the 

conditional probability density function of   given  are given by  

           
      

     
  and 

           
      

     
  

respectively. 

Cumulative distribution function: The cumulative distribution of a bivariate 

random variable       is defined by 

                  and 



 

     

     

p t,s if X ,Y isa d.r.v with j.p.m. f . p x,y
t x s y

F x,y

f t,s dt ds if X ,Y isa c.r.v with j.p.d. f . f x,y
 










 
 



 

 

Properties of cumulative distribution function 

1.            

2.                      

3.                            and                                                                     

                            

4.                                             

Marginal cumulative distribution function:  Let       be a bivariate random 

variable with c.d.f.       .The marginal cumulative distribution functions of   

and   are given by               and               respectively. 

Note:  

If       is a bivariate continuous random variable with c.d.f.       , then its 

j.p.d.f. is given by  

       
        

     
 

Example 3:  The j.p.d.f. of       is given by 

                                      
  0 0

0

x y
e for x , yf x,y

otherwise





 
     

a. Find marginal p.d.fs of   and  . 

b. Are   and   independent? 

Solution: 

a. The m.p.d.f of   is given by 

      11
0 0 0

x y yx x xf x f x,y dy e dy e e dy e . e
              



               
0

0

xe for x

otherwise





 
  

The m.p.d.f. of   is given by 

     
2

0 0 0

1
x y y y yxf y f x,y dx e dx e e dx e . e

              

              
0

0

ye for y

otherwise





 
  

b. Since                                       and   are independent. 

 

Example 4: The j.p.d.f. of        is given by 

                                     
 

 1
0 0

0 otherwise

x y
xe x , yf x,y






 
     

a. Determine the marginal and conditional p.d.fs 

b. Are   and   independent. 

Solution:  The m.p.d.f of   is given by 

   
 

 

0 0 0 0

1
1

01

y

y

xyx y exyx x xf x f x,y dy xe dy xe e dy xe e
x

xf x e for x


  



 
 
  

          


   

 

The m.p.d.f. of   is given by 

   
     

0 0 0
0

1
1 11

2 1 1

x y
x y x yx.e

f y f x,y dx xe dx e dx
y y



  
 
 
 
  

 
   

     
 

 

                                                                                      (using integration by parts) 



                                         
 

 

 0

11 1
0

2 2
1 1

x y
e

y y


 
 
 

 
  

 
 

 
 

2
1

0
2

1
f y for y

y
   


 

The conditional p.d.f of   given   is given by 

          
      

     
 

            

 
      

                  

                            for       

The conditional p.d.f of   given   is given by 

          
      

     
 

            

           

                 for       

Note that                 
 

      
       . Hence,   and   are not 

independent . 

 

 

 

 

 

 

 

 



Example 5: The j.p.d.f of       is given by             for                                                         

            . 

a. Find   

b. Find the m.p.d.fs of   and   

c. Are   and   independent. 

Solution: 

a. We have    
21 21 2 1 2

3 3 3

0 0 0 0 0 0 0

1

2
f x,y dxdy kx ydxdy k x ydy dx k x dx

 
  
 

          

                                                     

2
4

16 2
2 4 8

0

k x k
k

 
 
 
 

   

 

Now ,  
21

0 0

1

2
1 2 1f x,y dxdy k k       

The j.p.d.f of       is given by 

       
 

 
     for              

The m.p.d.f of   is given by 

       

1
21 11 1 13 3 3

2 2 2 40 0 0

y
f x,y dy x ydy x x

 
 
 
 

     

       
  

 
 for         

The  m.p.d.f. of   is given by 

       

2
42 21 13 2

2 2 40 0 0

x
f x,y dx y x dx y y

 
 
 
 

     

          for         



 

b. Note that            
  

 
    

   

 
               

Since                  ,          and   are independent. 



P1: 

The c.d.f. of bivariate discrete random variable       is given by 

 

1
1, 1

8
5

1, 2
, 8

1
2, 1

4
1 2, 2

for x y

for x y
F x y

for x y

for x y












 

 


 

 

 

Find    j.p.m.f. of                    m.p.m.f. of                   m.p.m.f. of   

Solution:  

The j.p.m.f. is obtained from the relationship    , ,F x y p t s
t x s y

  
 

. Thus  

        
 

 
        

                      
 

 
        

 

 
 

 

 
 

 

 
 

                      
 

 
        

 

 
 

 

 
 

 

 
 

                                             
 

 
 

Thus, the j.p.m.f is given by 

 

 

1
1 1

8
1

1 2
2
1

2 1
8
1

2 2
4

for x ,y

for x ,y
p x,y

for x ,y

for x ,y













 

 


 

 

 



The m.p.m.f of   is given by 

 
   

   
1

5
11 1 2 1

8

3
2 1 2 2 2

8

p , p , for x

p , p , for x

p x


  


   


  

The m.p.m.f of   is given by 

 
   

   
2

1
11 2 1 1

4

3
1 2 2 2 2

4

p , p , for y

y

p , p , for y

p


  


   


  

 



P2: 

The j.p.m.f. of       is given in the following table: 

                 Total 
   

  
 

 

  
 

 

  
 

 

  
 

  

  
 

   

  
 

 

  
 

 

  
 

 

  
 

 

  
 

   

  
 

 

  
 

 

  
 

 

  
 

 

  
 

   

  
 

 

  
 

 

  
 

 

  
 

 

  
 

Total   

  
 

 

  
 

 

  
 

 

  
 

  

 

Find a) The m.p.m.fs of   and   

        b) Conditional p.m.f. of   given     

       c) Conditional p.m.f. of   given     

Solution:  

a) The marginal p.m.f of   is given by  

             

 

 

              

 

   

                             

                              
 

  
 

 

  
 

 

  
 

 

  
 

  

  
 

Similarly, 

             

 

   

 
 

  
 

                        

 

   

 
 

  
       



             

 

   

 
 

  
 

Thus, the m.p.m.f. of   is given in the following table: 

          
        

  
 

 

  
 

 

  
 

 

  
 

 

Similarly, we can obtain the m.p.d.f. of   as given in the following table: 

          
        

  
 

 

  
 

 

  
 

 

  
 

 

 

b) The conditional p.m.f. of   given     is given by 

          
      

     
 for          . 

          
      

     
 

 

  
  

  

 
 

  
. 

Similarly, we can find 

           
 

  
            

 

  
 and           

 

  
 

Hence, the conditional p.m.f. of   given     is given in the following table: 

          
           

  
 

 

  
 

 

  
 

 

  
 

Similarly, we can obtain the conditional p.m.f. of   given     as given in the 

following table: 

          
           

 
 

 

 
 

 

 
 

 

 
 

 



P3: 

If   and   are two random variables having j.p.d.f. 

        

 

 
                   

           

  

Find (i)            (ii)          and (iii)           . 

Solution: 

     
1 3 1 3

00 0 2

1 3
( ) 1 3 , 6

8 8
i P X Y f x y dxdy x y dxdy          

 

   
13

0 2

1 5
( ) 3 6

8 24

x

ii P X Y x y dxdy


      
 

 
 

 

   

 

2 3

0 2

1 3
( ) 1| 3

3

1 5
3 6

8 8

3
381| 3

5 5
8

P x y
iii P X Y

P y

But P Y x y dxdy

Hence P X Y

  
  



     

   

 

 

 

 



P4: 

The j.p.d.f. of       is given by 

 
2 0 1 0

0

, x , y x
f x,y

, otherwise





   
  

a) Find marginal and conditional p.d.fs of   and  . 

b) Check for independence of   and  . 

Solution: 

a) The m.p.d.f. of   is given by 

   

 

, 2 2
1

0 0

2 ,0 1
1

x x
f x f x y dy dy x

f x x x

   

   

 

The m.p.d.f. of   is given by 

     

   

1 1
, 2 2 1

2

2 1 ,0 1
2

f y f x y dx dx y
y y

f y y y

    

    

 

The conditional p.d.f of   given   is given by 

          
      

     
 

 

      
 

 

   
        

The conditional p.d.f of   given   is given by 

          
      

     
 

 

  
 

 

 
        

 

b) Since                                     ,   and   are not 

independent. 

 



2.3 

Mathematical Expectation 

The term expectation is used for the process of averaging when a random variable 

is involved. It is the number used to locate the centre of the probability 

distribution (p.m.f or p.d.f) of a random variable. A probability distribution is 

described by certain satisfied measures which are computed using mathematical 

expectation (or expectation) 

Let   be a random variable defined on a sample space  . Let      be a function of 

  such that      is a random variable. Then the expected value of      is 

defined by 

                         

     

     

g

g X

g

x p x if X isad.r.vwith p.m. f . p x
x

E
x f x dx if X isac.r.vwith p.d. f . f x









 



--------    

provided these values exist. 

Mean and moments: 

i. Let         . Then, by formula    , expected value of   is defined by 

 

   

   

x p x if X isad.r.vwith p.m. f . p x
x

E X
x f x dx if X isac.r.vwith p.d. f . f x









  



 

Then       is called the mean of the random variable   and it is denoted by     

ii. Let             where   is an arbitrary constant and   is a non negative 

integer. Then the formula     gives 

 

     

     

r
x A p x if X isad.r.vwith p.m. f . p x

xr 'E X A r
r

x A f x dx if X isac.r.vwith p.d. f . f x










   




 



The quantity         is called the     moment about   and it is denoted by   
   

If      then   
  are known as Raw Moments. 

 

iii. Let              
 
        Then the formula     gives  

 

     

     

r
x p x if X isad.r.vwith p.m. f . p x

xr
E X r

r
x f x dx if X isac.r.vwith p.d. f . f x










   




 

The function         is called the     central moment of   and it is denoted 

by    

 

iv. If      then               and it is known as the variance of the 

random variable    and it is denoted by      or   . 

v. Mean     and variance      are important statistical measures of a 

probability distribution. 

Example 1: Let   be a d.r.v with the p.m.f. given below: 

         
      

 
 

 

 
 

 

 
 

 

Find      and      . 

Solution:  

               
 

 
    

 

 
   

 

 
  

 

 
     

  

 
 

 

             

 

   
 

 
    

 

 
    

 

 
 

  

 
 

 



Example 2: Find the expectation of the number on a die when thrown. 

Solution: Let   be the random variable representing the number on a die when 

thrown. Then   can take any one of the values             each with equal 

probability  
 

 
 . Hence 

            

 

   
 

 
   

 

 
   

 

 
   

 

 
   

 

 
   

 

 
 

      
 

 
              

 

 
 
   

 
 

 

 
 

       
 

 
 

Example 3: Two unbiased dice are thrown. Find the expected values of the sum 

of numbers of points on them. 

Solution:  Define   is the sum of the numbers obtained on the two dice and 

             and its probability distribution is given by 

                           
      

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

               
 

  
   

 

  
   

 

  
   

 

  
   

 

  
  

                                          
 

  
   

 

  
   

 

  
    

 

  
    

 

  
    

 

  
 

 
 

  
                                 

   

  
   

         

Example 4: In four tosses of a coin, let   be the number of heads. Find the mean 

and variance of  . 



Solution: The sample space   consists of       outcomes and the following 

table gives the outcomes and the value of   for each outcome is  

S.No Out come   
                               

         
         
         
         
         
         
         
         
          
          
          
          
          
          
          

     
 

  
      

 

  
      

 

  
      

 

  
      

 

  
 

The p.m.f of   is given in the following table: 

            
      

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

            

 

   
 

  
   

 

  
   

 

  
   

 

  
   

 

 
 

 
 

  
              

  

  
   

        

                          



        
 

  
        

 

  
        

 

  
        

 

  
        

 

  
 

   
 

  
   

 

  
   

 

  
   

 

  
   

 

  
 

 

  
          

  

  
   

        

Example 5: Find the mean and variance of the random variable  , whose p.d.f is 

given by 

                                           
1

0 2
2
0

, x
f x

, otherwise







 
  

Solution:  

      

2
22 21 1

1 0 1
2 2 20 0 0

x
x. f x dx x.dx

 
 
 
 

       

  Mean of the random variable   is  . 

Variance          

     
 

2
32 2 11 1 1 2 12 2

1 1
2 2 3 2 3 30 0

0

x
x . f x dx x .dx

 
 
 
  


         

  Variance of the random variable   is 
 

 
 

Example 6: Find the mean of the random variable   whose p.d.f. is given by 

 
0

0

xe , x
f x

, otherwise





 
  

 

 



Solution: 

       
2

0 0
0 0 0

1
0 0 1 1

2
x x x xx f x dx xe dx xe e dx e

  
   
   

                

         

Theorems on Mathematical Expectation: 

The following theorems are proved by assuming that the random variables are 

continuous. If the random variables are discrete, the proof remains the same 

except replacing integration by summation. 

Theorem 1: If   is a random variable and   and   are constants then  

                 

Proof: Let    be a c.r.v with p.d.f.       Then 

         

            1ax b f x .dx a x f x dx b f x .dx a E X b f x .dx
   

   

 
   

 

         

Corollary 1: If    , then             

Corollary 2: If     and      then        

Theorem 2: Addition Theorem of mathematical expectation. 

If   and   are random variables, then                  provided all the 

expectations exist.  

Proof: Let   and   be continuous random variables with j.p.d.f.       and 

m.p.d.fs be       and       respectively. Then by definition, 

      1x f x .dx



   and       2y. f y .dy




  

  Now,            x y f x,y .dx.dy
 



   



                                
   x f x,y dxdy y f x,y dxdy

   

 

      

   x f x,y dy dx y f x,y dx dy
   

   

   
    

      

     

                                
       1 2x f x dx y f y dy E X E Y

 

 

      

                  

Generalization: If              are random variables, then                                         

                                          provided all 

the expectations exist.  

Theorem 3: Multiplication Theorem of mathematical Expectations 

If   and   are independent random variables, then                   

Proof: Let   and   be continuous random variables with j.p.d.f.       and 

m.p.d.fs be       and       respectively. Then by definition, 

                                  1x f x dx



   and       2y f y dy




  

Now,           xy f x,y dxdy
 


   

                          
       1 2 X and Y are independentx,y f x f y dxdy

 



    

       1 2 E X E Yx f x dx y f y dy
 

 

  
    

  

  

 

Generalization: If              are independent random variables, then                                         

                                    . 



Theorem 4: Mathematical expectation of a linear combination of random 

variables. 

Let              be any   random variables and                be any   

constants. Then 

                                                           

provided all the expectations exist. 

The proof follows using Theorem   and generalization of Theorem  . 

Theorem 5:                  
 

 

Proof:                 

                                          
 
  

                                                
 
 

                        
 
         is a constant and              

                   
 
       

 
   

                  
 
 

Note: The formula is simple to use instead of          
 
  

Theorem 6: If   is a random variable, and    and   are constants, then 

                 

Proof: Let       . Then                      and 

                 

          
 
            

 
 

                            



Corollary 1: If      then              variance of a constant is zero. 

Corollary 2: If    , then              

Covariance:  If   and   are two random variables, then the covariance between 

them is defined by 

Cov                          

                            

                                      

                                  

                 

Note: 

1. If    and   are independent , then Cov        

2. Cov                   where   and   are constants. 

3. Cov                  . 

Theorem 7: Variance of a linear combination of random variables. 

Let               be any   random variables and               are   

constants, then 

       

 

   

     
      

 

   

                  

 

   

 

   

 

Proof:  

Let  
1

n
U a Xi i

i
 


 , then       
1

n
a E Xi i

i



and          
1

n
a X E Xi i

i



 



         
 
 

        
22 2

1 1 1

n n n
a X E X a a X E X X E Xi i i i j i i j j

i i j
i j

     
  



 

          
 
 

        
1 1

22 2
1

n n

i j

i j

n
a E X E X a a E X E X X E Xi i i i j i i j j

i  



 
  

   


  

      2 2
1 1 1 1

n n n n
V a X V U a V X a a cov X ,Xi i i i i j i j

i i i j
i j

 
  
 

     
   



 

Note:  

1. If               are independent , then  2

1 1

n n
V a X a V Xi i i i

i i

 
  
 

 
 

 

2. If         and           , then                                                                   

                                 

 

3. If            and           , then                                                                   

                                 

 

4. If    and    are independent , then                      

Example 7: The j.p.d.f. of   and   is given by 

 
2 0 1 0 1

0

x y , x , y
f x,y

, otherwise





     
  

Find  

i. m.p.d.fs of   and   

ii. c.p.d.fs of   and   

iii.      and      



iv. Covariance between   and   

 

Solutions:   

i.      

1
1 1

1
0 0

0

2 1 3
2 2 2

2 2 2

y
f x f x,y dy x y dy y xy x x

 
 
 
 

              

                   1

3
0 1

2
0

x , x
f x

, otherwise







  
  

Similarly  2

3
0 1

2
0

y , y
f y

, otherwise







  
  

ii.           
      

     
 

     
 

 
  

,         

and           
      

     
 

     
 

 
  

,          

 

iii.       
1 1

0 0

3 5
1 2 12

xf x dx x x dx
 
 
 

   

 

and                                                                    

        
1 1

2 2

0 0

3 1
1 2 4

x f x dx x x dx
 
 
 

   

 

 

                  Thus                  
 
 

 

 
 

  

   
 

  

   
 

                  Similarly      
  

   
 

iv.          
11 1 1 1

2
600 0 0

xy f x,y dxdy xy x y dxdy      

 

 (verify!) 

                         
 

 
 

 

  
 
 

  
  

 

   
 



P1: 

Let   be  a d.r.v. with p.m.f given by 

 

1
0

3
2

2
3

, x
p x

, x











 

Find the mean and variance of  . 

Solution: 

Here      
 

 
 and      

 

 
 

Then 

            

 

   
 

 
   

 

 
 

 

 
   

and  

              

 

    
 

 
    

 

 
 

 

 
 

                  
 
 

 

 
 

  

 
 

 

 
 

Thus, mean is equal to 
 

 
  and variance is equal to 

 

 
. 



P2: 

Find the mean and variance of the random variable, whose p.d.f. is given by 

  0

0

xe , xf x
,otherwise





   

Solution: 

     
0 0 0

0

1xxex xE X x f x dx x f x dx xe dx e dx


   



  
  
  
   


          

 
 

2 2

0

1 1
0

xe
               


     

 
 

and       2 2 2 2

0 0

xE X x f x dx x f x dx x e dx
  



      

2 2 2 1 2
2 0

2 20 00

x xx .e x.e xdx x.e dx .

                       


  

        
     

 

Thus                   
 
 

2 1 1
2 2 2
 

  
 



P3: 

A student doing a summer internship in a company was asked to model the life 

term of certain equipment that the company makes. After a series of tests, the 

student proposed that the life time of the equipment can be modeled by a 

random variable   that has p.d.f. 

 
10

0
100

0

x

xe
, xf x

, otherwise









  

a. Show that      is a valid p.d.f. 

b. What is the probability that the lifetime of the equipment exceeds   ? 

c. Find the mean? 

Solution: 

a.  Consider    10

0 0

1

100

x

f x dx xe dx
  

   

10 10

0
0

1
10 10

100

x x

xe e dx




  
   
    

 
     

10

0

1 1
0 100 100 1

100 100

x

e

  
   

    


      

Thus,      is a valid p.d.f. 

 

b.           10 10

20 20
20

1
10 10

100

x x

f x dx xe e dx


 

  
   
    

 
     

 



1 32 2 2 210200 100 2 3 0 406
2100

20

x

e e e e e .
e

  
   

    


           

c. Mean=     2 10

0 0

1

100

x

E X x f x dx x e dx
  

    

2 10 10

0
0

1 20
10

100 100

x x

x e xe dx̀


 

 
 
 

 
    

         

 

 



P4: 

A box contains   white and   black balls.   balls are drawn at random. Find the 

expected value of the number of white balls drawn. 

Solution: 

Let a variable    associated with     drawn, be defined as follows: 

1

0

th, if the i ball drawniswhite
Xi th,if the i ball drawnisblack







 

Then the number of   of white balls among   balls drawn is given by 

                

 

   

 

            

 

   

 

But            of drawing a white ball   
 

   
 

and            of drawing a black ball   
 

   
 

                                   
 

   
  and hence 

           

 

   

  
 

   
 

  

   

 

   

  



2.4 

Discrete Probability Distributions 

Modules     and     deal with general properties of random variables. Random 

variables with special probability distributions are encountered in different fields 

of science and engineering. Some specific discrete probability distributions are 

discussed in this module and some specific continuous probability distributions 

are discussed in the next module      

Discrete Uniform Distribution: A r.v.  is said to have a discrete uniform 

distribution over the range      , if its p.m.f. is given by 

             

 

 
          

           

  

Notation:         ,read as   follows discrete uniform distribution with 

parameter  . 

Note: If all possible values of a r.v. are equally likely, then this distribution is used. 

Example 1: If an unbiased coin is tossed once and   is equal to number of heads, 

then       and 

              
 

 
 and       . 

Example 2: If an unbiased die is thrown once and   is equal to number on the die, 

then               and        
 

 
 for               and        . 

Mean and Variance: We have   
1

1 1

2

n

i

n
E X i

n 


   

 
  2 2

1

1 2 11
and

6

n

i

n n
E X i

n 

 
   

      
  22

1 1
Thus

12

n n
V X E X E X

 
    



Bernoulli Experiment:  A random experiment whose outcomes are of two types, 

success (S) and failure (F), occurring with probabilities   and         

respectively, is called a Bernoulli experiment. 

Conducting a Bernoulli experiment once is known as Bernoulli trial. Note that   

and   are same in each trial and outcomes of different trials are independent. 

Bernoulli distribution: In a Bernoulli experiment, if a r.v.  is defined such that it 

takes value   with probability   when   occurs and   with probability   when   

occurs, then we say that   follows Bernoulli distribution and its p.m.f. is given by 

  

             
            

           
  

Examples: 

1) Tossing of a coin (results a head or tail) 

2) Performance of a student in an examination (results pass or failure) 

3) Sex of an unborn child (results female or male) 

Mean and Variance: 

Mean                   

and                   

  Variance                 
 
                

Binomial Distribution: Suppose we conduct   independent Bernoulli trials and we 

define 

      number of successes in   trials. 

Then   is a discrete random variable and it takes the values 0,1,2,…, . 

Derivation of       : Note that     means that there are   successes and 

      failures in   trials in a specified order (say)             . 



Since outcomes of different trials are independent, by Multiplication Theorem, we 

have 

                                                         

                                                                

                                                               

                                                       
         

               
           

        

But   successes in   trials can occur in  
 
 
  orders and the probability for each of 

these orders is same, viz.,       . Hence by addition theorem of probability  

             
 
 
        

Definition: A r.v.   is said to follow a binomial distribution with parameters   and 

  if its p.m.f. is given by 

             
 
 
 
                               

           

  

Notation:         . Read as   follows binomial distribution with parameters   

and  . 

Real life examples: 

1) Number of heads in   tosses of a coin 

2) Number of boys in a family of   children 

3) Number of times hitting a target in   attempts 

Note: 

1.  

     

 

   

   
 
 
       

 

   

          



2.  The c.d.f. of   is given by 

              
 
 
       

 

   

              

Example 1: Four fair coins are tossed. If the outcomes are assumed to be 

independent, then find the p.m.f. and c.d.f.  of the number of heads obtained. 

Solution: Let   be the no. of heads in tossing 4 coins. 

Then       
 

 
  where           

 

 
. 

Thus              
 
 
  

 

 
 
 

 
 

 
 
   

 

                                             
 
 
  

 

 
 
 
  

 
 
  

 

  
   for            . 

Then       
 
 
  

 

  
  

 

  
 

                
 
 
  

 

  
  

 

  
 

                
 
 
  

 

  
  

 

  
 

                
 
 
  

 

  
  

 

  
 

                
 
 
  

 

  
  

 

  
 

The p.m.f      and c.d.f      are given in the following table. 

            

      

  
 

 

  
 

 

  
 

 

  
 

 

  
 

      

  
 

 

  
 

  

  
 

  

  
 

  



Example 2:   and   play a game in which their chances of winning are in the 

ratio       Find A’s chance of winning at least three games out of the five 

games played. 

Solution: 

Define    No. of games   winning out of 5. 

Here                
 

 
 and     and       

 

 
 . Thus, 

              
 
 
  

 

 
 
 

 
 

 
 
   

 for          . 

Required to find: 

                                               

                                                                                               

                                                                    
 
 
  

 

 
 
 

 
 

 
 
 
  

 
 
  

 

 
 
 

 
 

 
 
 
  

 
 
  

 

 
 
 

 

                                                                    
  

  
                 

                                                                    
            

    
      

Example 3: The probability of a man hitting a target is 
 

 
 . 

(i) If he fires 7 times, what is the probability of his hitting the target at 

least twice? 

(ii) How many times must he fire so that the probability of his hitting the 

target at least once is greater than 
 

 
 ? 

Solution: Let   be the no. of times a man hitting the target in   fires. Here 

                            
 

 
 and    . Then       

 

 
  and 

      
 
 
  

 

 
 
 

 
 

 
 
   

 for            . 



(i)                                               

                                                       

                                             
 
 
  

 

 
 
 

 
 

 
 
 
  

 
 
  

 

 
  

 

 
 
 

  
    

    
      

(ii) Find   such that        
 

 
 

                            
 

 
 

                              
 

 
 

                          
 

 
 

                    
 
 
  

 

 
 
 

 
 

 
 
 
 

 

 
 

                    
 

 
 
 
 

 

 
 

                                          

                                     

                     
    

         
     ,since   cannot be fractional, the 

required number of shots is  . 

 

Mean of Binomial Distribution: 

              

 

   

    
 
 
       

 

   

 

                      
 

 
  
   
   

       
 

   

     
   
   

         
 

   

 

                                

      

Variance of Binomial Distribution: 

               (See    for proof) 

 



Example 4: One hundred balls are tossed into 50 boxes. What is the expected 

number of balls in the tenth box. 

Solution: If we think of the balls tossed as Bernoulli trials in which a success is 

defined as getting a ball in the tenth box, then   
 

  
. If   denotes the number of 

balls that go into the tenth box.  

Then         
 

  
  and             

 

  
  . 

Example 5: The mean and variance of binomial distribution are   and 
 

 
 

respectively. Find       . 

Solution: Here         . But      and         
 

 
. 

Hence        
 

 
     

 

 
   

 

 
 and   

 

 
   

 

 
  . 

Thus,        
 

 
  and hence                 

    
 
 
  
 
 
 
 

 
 

 
 
 

    
 

 
 
 

 

Poisson Distribution: 

If     and     such that      fixed, then  
 
 
            

     

  
 

which is the p.m.f. of Poisson distribution (See   ). Thus the p.m.f. of Poisson 

distribution is obtained as the limit of p.m.f. of binomial distribution. 

Definition: A r.v.  is said to follow a Poisson distribution with parameter   if its 

p.m.f.  is given by 

             
     

  
              

           

  

Notation: Read        as:   follows poisson distribution with parameter  . 



Real life examples 

1) Number of defectives in a packet of     blades. 

2) Number of telephone calls received at a particular telephone exchange in 

some unit of time. 

3) Number of print mistakes in a page of a book. 

4) The number of fragments received by a surface area ‘ ’ from a fragment atom 

bomb. 

5) The emission of radio active (alpha) particles. 

6) Number of air accidents in some unit of time. 

Note :  

1.  
0 0 0 0

1
! ! !

x x i
x

x x x i

e x
p x e e e e

x x i

   
 

   

 
     

 
   


   

 

 

2. The c.d.f. of   is given by 

             
     

  

 

   

 

Example 6: Messages arrive at a switchboard in a Poisson manner at an average 

rate of six per hour. Find the probability for each of the following events: 

a) Exactly two messages arrive within one hour. 

b) No message arrives within one hour. 

c) At least three messages arrive within one hour. 

Solution: Let   be the r.v. that denotes the number of messages arriving at the 

switchboard within a one-hour interval. Then        and its p.m.f  is given by 

              
     

  
 for           

 



a)        
     

  
 

  

 
         . 

b)        
     

  
    . 

c)                                 

                  
     

  
 

     

  
 

     

  
                        

Example 7:  In a book of 520 pages, 390 typo-graphical errors occur. Assuming 

Poisson law for the number of errors per page, find the probability that a 

random sample of 5 pages will contain no error. 

Solution: 

    Average number of typo-graphical errors/page 
   

   
      

Let    Number of errors per page 

Then           and             
             

  
 

 (No error)                    

 (A random sample of 5 pages contain no error)                          

 

Mean of Poisson Distribution : The mean of poisson distribution is given by 

              

 

   

  
       

  

 

   

      
    

      

 

   

          

      

Variance of Poisson Distribution: 

             

 

   

                

 

   

 



                        

 

   

       

 

   

        
     

  

 

   

   

                   
    

      

 

   

             

            

The variance of Poisson distribution is given by 

                      
 
           

        

Note that for Poisson distribution, mean and variance are equal. 

Example 8: If   and   are independent Poisson variates such that                                  

              and              , find the variance of     . 

Solution: Let        and       . Then 

       
     

  
 for                and 

       
     

  
 for               . 

Since              ;      
     

 
         

                                               (     is not admissible) 

Since              , then 
     

 
 

     

 
          

                                               . 

                                              

 

 



Negative Binomial (or Pascal) Distribution: 

Let   denote the number of failures before the  th success in a sequence of 

Bernoulli trials. Then the number of trials required is    . 

Derivation of       : 

In     trials, the last trial must be a success whose probability is  . In the 

remaining         trials, we must have       successes whose probability is 

 
     
   

        (Using binomial distribution). 

Thus, by multiplication theorem, we have 

             
     
   

           
     
   

      

Definition: A random variable   is said to follow a Negative binomial 

distribution(NBD) with parameters    and    if its p.m.f is given by 

             
 
     
   

               

           

  

 

Notation:          . 

Note: 

1.   
     
   

   
     

 
           

 
 
   

 
   

   

                              
                     

  
 

                                  
                           

  
       

  
   
  

Thus, the p.m.f. of NBD can be written as 

      
 
  
 
                  

           

  



Further , it is the         term in the expansion of             a binomial 

expansion with negative index. Therefore, the distribution is known as negative 

binomial distribution. 

2.       
0 0

1 1
x rr r r r

x x

r
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Mean of NBD: The mean of NBD is given by 

              

 

   

        

 

   

    
  
   
        

 

   

 

         
  

 
             

   
      

 

   

                          

   
        

 

   

 

                                                                                          

                
  

 
 

Variance of NBD:    
  

  
 (See    for proof) 

3.  Notice that  
 

  
     and this implies that mean is smaller than variance in 

NBD. 

4.  If    Number of trials required to get  th success, then       and 

                          
   
   

                                                           

for           and             
  

 
   and           

  

  
 

Real life examples 

1) Number of tails before the third head. 

2) Number of girls before the second son. 

3) Number of non-defectives before the third defective. 

 



Example 9: Find the probability that there are two daughters before the second 

son in a family when probability of a son is 0.5. 

Solution: Let    the number of daughters before second son 

Then         
     
   

  
 

 
 
 

 
 

 
 
 
  

   
 

  
 

 
 
   

 

and         
 
 
  

 

 
 
 
 

 

  
 

Example 10:  An item is produced in large numbers. The machine is known to 

produce    defectives. A quality control inspector is examining the items by 

taking them at random. What is the probability that at least   items are to be 

examined in order to get   defectives? 

Solution: Let    No. of items to be examined in order to get   defectives. Here 

  (defective) 
 

   
     . 

Then         
   
   

                  

                               

We want to find 

                

 

   

                   

                                                     

Geometric distribution: 

Let   denotes the number of failures before the first success in a sequence of 

Bernoulli trials. Then the required number of trials is    . 

Geometric distribution is a particular case of negative binomial distribution                  

with    . 



Definition: A random variable   is said to follow a Geometric distribution (GD) 

with parameter   if its p.m.f. is given by 

               
                    

            
  

Notation:         

Mean and variance of GD 

  
 

 
 and    

 

  
 (take     in    and    of NBD) 

Note: Let    Number of trials required to get first success, then       and 

                           
                      

            
  

Further,             
 

 
 and            

 

  
 . 

Real life examples 

1) Number of tails before the third head 

2) Number of girls before the second son 

3) Number of non-defectives before the first defective 

Example 11: find the probability that there are two daughters before the first 

son in a family where probability of a son is 0.5 . 

Solution: Let    Number of daughters before the first son. 

Then         
 

 
   

 

 
 
 
  

 

 
 
   

 for           

and         
 

 
 
   

  
 

 
 
 
 

 

 
 

Hyper geometric Distribution: 

Consider an urn with   balls,   of which are white and     are red. Suppose 

we draw a sample of   balls at random with replacement. Let   denote the 



number of white balls in the sample. Then          where   
 

 
 which 

remains same for all trials and outcomes of different trials are independent. The 

p.m.f of   is given by         
 
 
  

 

 
 
 

   
 

 
 
   

 for          . 

If the sample is selected without replacement,   is not same for all trials and 

outcomes of different trials are not independent and hence binomial distribution 

cannot be applied. 

Derivation of       : The number of all possible samples without      

replacement   
 
 
 . 

The number of samples in which there are   white balls and                                                     

      red balls   
 
 
  
   
   

 . 

Thus              
     

   
    

    
 . 

Definition: A random variable   is said to follow the hyper geometric distribution 

if its p.m.f is given by 

              

     
   
    

    
                           

                                           

  

Example 12: A bag contains 4 white balls and 3 green balls. Three balls are 

drawn. What is the probability that 2 are white. 

Solution:                 

         Number of white balls and 
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Mean and variance of Hyper geometric distribution: 

The mean is given by   
  

 
 and variance is given by    

            

       
 if 

           (For proof, see   ). 

 

 

 

 

 

 

 



P1: 

If         , then show that         . 

Proof: We already derived that    
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P2: 

If     , then 
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Proof:  
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P2: 

If     , then 
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Proof:  

  
 
 
         

 
 
            

                                                     
 
 
  

 

   
 
 
       

                                                    
                   

  

 
 

 
 
 

   
 

 
 
    

 

 
 
 

 

                                                    
     

 

 
    

 

 
     

   

 
 

     
 

 
 
 

  

  
   

 

 
 
 

 

Then 
   

   

   
   

 
 
 
        

     

  
       

   
   

   
 

 
 
 
       

 



P3: 

For negative binomial distribution, show that       
  

  
 . 

Proof:  

We already derived that    
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P4: 

For hyper geometric distribution, show that mean and variance are given by 
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when            . 
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2.5 

Continuous Probability Distributions 

The continuous probability distributions are used in a number of applications in 

engineering. For example in error analysis, given a set of data or probability distribution, 

it is possible to estimate the probability that a measurement (temperature, pressure, 

flow rate) will fall within a desire range, and hence determine how reliable an 

instrument or piece of equipment is. Also, one can calibrate an instrument                             

(ex. Temperature sensor) from the manufacturer on a regular basis and use a probability 

distribution to see of the variance in the instruments’ measurements increases or 

decreases over time. 

Uniform Distribution 

A continuous random variable (c. r. v.)   is said to have a uniform distribution over the 

interval       if its p. d. f. is given by  

      

 

   
                      

                            

  

Notation:         . Read as   follows uniform distribution with parameters   and  . 

It is used to model events that are equally likely to occur at any time within a given time 

interval. The plot of p. d. f. is given below:  

 

 



The cumulative distribution function (c. d. f.) of   is given by  

             

                           
   

   
               

                           

  

The mean of   is given by  
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Thus, the variance of   is given by                 
 
 

                                                                     
        

 
 

         

 
 

                                                                           
         

  
 

          
      

  
 

                

 

 



Example 1:  The time that a professor takes to grade a paper is uniformly distributed 

between   minutes and    minutes. Find the mean and variance of the time the 

professor takes to grade a paper.  

Solution: Let   denotes the time the professor takes to grade a paper. Then 

           . 

       
    

 
     and         

       

  
 

  

  
            

 

Normal Distribution 

The normal distribution was first discovered by De – Movire and Laplace as the limiting 

form of Binomial distribution. Through a historical error it was credited to Gauss who 

first made reference to it as the distribution of errors in Astromy. Gauss used the normal 

curve to describe theory of accidental errors of measurements involved in the 

calculation of orbits of heavenly bodies.  

Definition: A c. r. v.   is said to have a normal distribution with parameters   and    if 

its p. d. f. is given by  

     
 

     
     

 

 
 
   

 
 
 
 ,                   

The c. d. f. of   is given by  
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Notation:          . Read as   follows normal distribution with parameters                         

and      

Note:  

1. The graph of      is famous bell – shaped curve and is symmetric about the line 

   . The top of the bell is directly above  . For large values of  , the curve tends 



to flatten out and for small values of  , it has a sharp peak. The curve of       is 

given below.  

                       

2. Whenever the random variable is continuous and the probabilities of it are increasing 

and then decreasing, in such cases we can think of using normal distribution.  

Real life examples: 

1) The heights of students. 

2) The weights of students. 

3) The diameters of bolts manufactured. 

4) The lives of electrical bulbs manufactured.  

 

3. Note that    1f x dx




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Standard Normal distribution 

If           then   
   

 
 is known as standard normal distribution with mean 

        with variance        and we write         .Its p. d. f. is given by  
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and its c. d. f. is given by  
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Area Property of Normal Distribution 
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where       
 

   
  

 

 
  

is the p. d. f. of standard normal variate. The definite integral 

 
1

0

z

g z dz  is known as normal probability integral and gives the area under standard 

normal curve between the ordinates at     and     . These areas have been 

tabulated for different values of    at intervals of      in the table given at the end of 

the module.  

In particular, the probability that the random variable   lies in the interval                                    

          is given by  
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Similarly,                          

                                                                                      (see table) 

                        

and                          

                                                                   

                                                                                  (see table) 

                        

Thus, the probability that a normal variate   lies outside the range      is given by  

                                 

                                                             

Thus, in all probability, we should expect a normal variate to lie within the range                          

    , though theoretically, it may range from    to  . 

The probabilities computed above are exhibited in the following figure.  

 

 



Note: The Gamma function defined below is used to evaluate mean and variance of the  

normal distribution. 
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x nn e x dx
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    for     

                                                                 

                                                            , where   is a positive integer. 

                                                   
 

 
     

Mean of Normal distribution 
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Let   
   

 
.Then        ,       and 
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Note that the integral in first term is   since total probability is one and the integral in 

the second term in zero since the integral is an odd function. 

Therefore, Mean         

Variance of Normal distribution 
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Let 
   

 
  . Then       ,         and  
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 (Since the integrand  is an even function) 

Let 
 

 
             and    

  

   
. Then                      
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                                (Gamma function) 

           
   

  
 
 

 
   

 

 
    

  

  
        

                   

Note: Standard deviation              

Example 2: If   is normally distributed with mean    and standard deviation  , then 

(a) Find the probabilities of the following : 

(i)       

(ii)       and  

(iii)        

(b) Find   when             

(c) Find    and    when                and              

Solution: 

(a) it is given that      and         ,            

(i) Let    
    

 
 . then           

    

 
 

     

 
  

                                

                                            (from table) 

                  



                

(ii)                                   

(iii)             
    

 
 

    

 
 

     

 
  

                                                         

                                         (by symmetry) 

                                                                     (from table) 

 

 

(b)             

    
    

 
 

    

 
                    , where    

    

 
 

                     

                         

  From normal tables, corresponding to probability     , value of                                                    

      (approximately)  



Hence        
    

 
                   

(c )  We are given that                and             

   
     

 
 

    

 
 

     

 
      and   

    

 
 

     

 
       

                and             , where    
     

 
 and    

     

 
 

                  

By symmetry of normal curve,       . Find    such that                

Corresponding to probability       from the normal table, we have         

approximately. Thus  

 
     

 
                           

Similarly,         
     

 
                           

 

 

 

 

 

 



Example 3: The local authorities in a certain city install        electric lamps in the 

streets of the city. If these lamps have an average life of       burning hours with a 

standard deviation of     hours, assuming normality, what number of lamps might 

be expected to fail  

(i) in the first     and      burning hours? 

(ii) between     and      burning hours?  

After what period of burning hours would you expect that  

(a)     of the lamps would fail?  

(b)     of the lamps would be still burning?  

Solution: 

Let   denote the life of a bulb in burning hours. Here                and 

                

(i) Find            
      

   
 

        

   
  

                         , where   
      

   
        

                                     

                                   

  Out of        bulbs, number of bulbs which fail in the first     hours is 

                     . 

(ii) Find                 
        

   
 

      

   
 

         

   
  

                                    

                               



                

Hence, the expected number of bulbs with life between     and      hours of burning 

life is                    . 

(a) Let     of the bulbs fail after    hours of burning life. Then we have to find    such 

that 

                
      

   
 

       

   
       

                , where      
       

   
  

               

                          

From table corresponding to probability 0.40, we have 

           
       

   
       

                              . 

                      

Thus, after     hours of burning life,     of the bulbs will fail. 

(b) Let     of the bulbs be still burning after    hours of burning life. Then we have 

                
      

   
 

       

   
       



               ,where    
       

   
 

From normal tables,         and hence  

 
       

   
                                     

                                                 

Hence, after       hours of burning life,     of the bulbs will be still burning. 

De Moivre-Laplace Theorem (Normal Approximation to Binomial Distribution) 

Let         . Then its p.m.f. is given by       
 
 
        for            . The 

mean and variance of   are given by      and        respectively. Now, 
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



 
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 
  for some non-negative integers    and    such that 

     . Since the binomial coefficient  
 
 
  grows quite rapidly with  , it is very difficult 

to compute            for large  . In this context, normal approximation to 

binomial distribution is extremely useful. 

Let   
   

 
 

    

    
. If   is large with neither   nor   close to zero, the binomial 

distribution can be approximated by the standard normal distribution. Thus, 
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This is a very good approximation when both    and     are greater than 5. 

Example 4: A coin is tossed 10 times. Find the probability of getting between 4 and 7 

heads inclusive using the (a) binomial distribution and (b) the normal approximation 

to the binomial distribution. 

Solution:  

(a) Let   denote the number of heads in 10 tosses. Then        
 

 
  and        

and            and 
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(b) The discrete binomial probability distribution is approximated to continuous normal 

probability distribution. The integers         lie in the interval      (3.5 to 7.5). Thus, 

   

     
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Exponential distribution:  A c.r.v. X is said to follow exponential distribution with 

parameter   if its p.m.f. is given by 

        
       
     

  

The c.d.f. is given by 
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Notation:       . Read as   follows exponential distribution with parameter  . 

Real life examples of exponential distribution 

1. The time taken to serve a customer at a petrol pump, railway booking counter or any 

other service facility. 

2. The period of time for which an electronic component operates without any 

breakdown. 

3. The time between two successive arrivals at any service facility. 

Mean and Variance of exponential distribution 

For    
0 0

1, r r r xr E X x f x dx x e dx
     
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Let     . Then   varies between   to   and    
  

 
  . Then 
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(using Gamma function)
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Thus, mean         
 

 
 and      

    

 
   

 
  

Hence                     
 
 

 

  
 

 

  
 

 

  
  



 Therefore,   
 

 
 and    

 

  
 . 

Example 5: Assume that the length of phone calls made at a particular telephone 

booth is exponentially distributed with a mean of 3 minutes. If you arrive at the 

telephone booth just as Ramu was about to make a call, find the following: 

a. The probability that you will wait more than 5 minutes before Ramu is done with 

the call. 

b. The probability that Ramu’s call will last between 2 minutes and 6 minutes. 

Solution: Let   be a r.v. that denotes the length of calls made at the telephone booth. 

Since the mean length of calls 
 

 
  , the p.d.f. is given by 
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Memory lessness property of exponential distribution 

The exponential distribution is used extensively in reliability engineering to model the 

lifetimes of systems. Suppose the life   of an equipment is exponentially distributed 

with a mean of 
 

 
 . Assume that the equipment has not failed by time  . We want to find 

the probability that       given that     for some nonnegative additional time  . 

Thus, 

              
            

      
 

          

      
 

           

      
 

                      
                     

    
 

             

    
                    

                      



This indicates that the process only remembers the present and not the past. 

Example 6: In example 5, Ramu, who is using the phone at the telephone booth, had 

already talked for   minutes before you arrived. According to the memory lessness 

property of the exponential distribution, the mean time until Ramu is done with the 

call is still   minutes. The random variable forgets the length of time the call had lasted 

before you arrived. 

Relationship between exponential and Poisson distributions  

Let   denote the mean number of arrivals per unit of time, say per second. Then the 

mean number of arrivals in   seconds is   . 

Let   denote the number of arrivals during an interval of   seconds. 

Let   denote the time between two successive arrivals. 

If         i.e.,             
         

  
 for                 , then 

       i.e.,           . 

 

 

 

 

 

 

 

 

 

 



 
 

z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09 

0.0 .0000 .0040 .0080 .0120 .0160 .0199 .0239 .0279 .0319 .0359 
0.1 .0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753 
0.2 .0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 .1141 
0.3 .1179 .1217 .1255 .1293 .1331 .1368 .1406 .1443 .1480 .1517 
0.4 .1554 .1591 .1628 .1664 .1700 .1736 .1772 .1808 .1844 .1879 
0.5 .1915 .1950 .1985 .2019 .2054 .2088 .2123 .2157 .2190 .2224 
0.6 .2257 .2291 .2324 .2357 .2389 .2422 .2454 .2486 .2517 .2549 
0.7 .2580 .2611 .2642 .2673 .2704 .2734 .2764 .2794 .2823 .2852 
0.8 .2881 .2910 .2939 .2967 .2995 .3023 .3051 .3078 .3106 .3133 
0.9 .3159 .3186 .3212 .3238 .3264 .3289 .3315 .3340 .3365 .3389 
1.0 .3413 .3438 .3461 .3485 .3508 .3531 .3554 .3577 .3599 .3621 
1.1 . 3643 .3665 .3686 .3708 .3729 .3749 .3770 .3790 .3810 .3830 
1.2 . 3849 .3869 .3888 .3907 .3925 .3944 .3962 .3980 .3997 .4015 
1.3 .4032 .4049 .4066 .4082 .4099 .4115 .4131 .4147 .4162 .4177 
1.4 .4192 .4207 .4222 .4236 .4251 .4265 .4279 .4292 .4306 .4319 
1.5 .4 332 .4345 .4357 .4370 .4382 .4394 .4406 .4418 .4429 .4441 
1.6 .4452 .4463 .4474 .4484 .4495 .4505 .4515 .4525 .4535 .4545 
1.7 .4554 .4564 .4573 .4582 .4591 .4599 .4608 .4616 .4625 .4633 
1.8 .4641 .4649 .4656 .4664 .4671 .4678 .4686 .4693 .4699 .4706 
1.9 .4713 .4719 .4726 .4732 .4738 .4744 .4750 .4756 .4761 .4767 
2.0 .4772 .4778 .4783 .4788 .4793 .4798 .4803 .4808 .4812 .4817 
2.1 .4821 .4826 .4830 .4834 .4838 .4842 .4846 .4850 .4854 .4857 
2.2 .4861 .4864 .4868 .4871 .4875 .4878 .4881 .4884 .4887 .4890 
2.3 .4893 .4896 .4898 .4901 .4904 .4906 .4909 .4911 .4913 .4916 
2.4 .4918 .4920 .4922 .4925 .4927 .4929 .4931 .4932 .4934 .4936 
2.5 .4938 .4940 .4941 .4943 .4945 .4946 .4948 .4949 .4951 .4952 

Standard Normal Distribution Table 



2.6 .4953 .4955 .4956 .4957 .4959 .4960 .4961 .4962 .4963 .4964 
2.7 .4965 .4966 .4967 .4968 .4969 .4970 .4971 .4972 .4973 .4974 
2.8 .4974 .4975 .4976 .4977 .4977 .4978 .4979 .4979 .4980 .4981 
2.9 .4981 .4982 .4982 .4983 .4984 .4984 .4985 .4985 .4986 .4986 
3.0 .4987 .4987 .4987 .4988 .4988 .4989 .4989 .4989 .4990 .4990 
3.1 .4990 .4991 .4991 .4991 .4992 .4992 .4992 .4992 .4993 .4993 
3.2 .4993 .4993 .4994 .4994 .4994 .4994 .4994 .4995 .4995 .4995 
3.3 .4995 .4995 .4995 .4996 .4996 .4996 .4996 .4996 .4996 .4997 
3.4 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4998 
3.5 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 
 

 



P1: 

The weights in pounds of parcels arriving at a package delivery company’s 

warehouse can be modeled by an         normal random variable  . 

a) What is the probability that a randomly selected parcel weighs between 1 

and 10 pounds? 

b) What is the probability that a randomly selected parcel weighs more than 

9 pounds? 

Solution:  

Since          , we have     and      . 

a)             
   

 
   

    

 
               

                                               

                                              

                                                                    (Use table) 

 

b)            
   

 
         

                           

                        

                                                                            (Use table) 

 



P2: 

The marks obtained by a number of students for a certain subject are assumed 

to be approximately normally distributed with mean value    and with a 

standard deviation of  . If   students are selected at random from this set, what 

is the probability that exactly   of them will have marks over   ? 

Solution:  

Let   denotes marks obtained by a student in a certain subject. Then 

           and 

                  
     

 
         

                                                         

                                                                          (Use table) 

                                                   

Let   denote the number of students who got more than    marks in a sample of 

  students. 

Then          and         
 
 
                   

 



P3: 

The time taken by a person while speaking over a telephone is exponentially 

distributed with mean   minutes. 

i) Find the probability that he speaks for more than   minutes but less 

than   minutes. 

ii) Out of   calls that he makes, what is the probability that exactly   calls 

take him more than   minutes each. 

iii) How many calls out of     are expected to take more than   minutes 

each? 

Solution: 

 Let   be the time taken (in minutes) per call. We are given that   is exponentially 

distributed with mean   minutes. 
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Let   denote the number of calls each with more than 3 minutes out of 6 calls. 

Then  

         where          

         
 
 
                           

(iii) Expected number of calls out of 100 that will be longer than 3 minutes each 

             

                      (approximately)  



2.6 

Functions of Random Variables 

The previous modules discussed basic properties of events defined in a given 

sample space and the random variables used to represent those events. The 

fundamental assumption that was made in those modules is that events can 

always be defined by random variables. However, in many applications, the 

events are functions of other events. For example, the time until a complex 

system fails is a function of the time to failure of the individual components that 

make up the system. This means that the random variable used to represent the 

time to failure of the complex system is a function of the random variables used 

to represent the times to failure of the component parts of the system. This 

module deals with functions of random variables. Because of the complexity 

involved in computing the c.d.fs and p.d.fs of multiple random variables, the 

discussion is restricted to functions of at most two random variables. 

Functions of One Random Variable: Let 𝑋 be a r.v. with p.d.f. (or p.m.f.) 𝑓𝑋 𝑥  

and c.d.f. 𝐹𝑋 𝑥 . Let 𝑌 be the new random variable that is a function of 𝑋. That is, 

𝑌 = 𝑔 𝑋  

Then we are interested in computing p.d.f (or p.m.f.) 𝑓𝑌 𝑦  and c.d.f. 𝐹𝑌 𝑦  of 𝑌. 

For example, let 𝑌 = 𝑋 + 5. Then 

𝐹𝑌 𝑦 = 𝑃 𝑌 ≤ 𝑦 = 𝑃 𝑋 + 5 ≤ 𝑦 = 𝑃 𝑋 ≤ 𝑦 − 5 = 𝐹𝑋 𝑦 − 5  

Linear Functions: Consider the function 𝑔 𝑋 = 𝑎𝑋 + 𝑏, where 𝑎 and 𝑏 are 

constants. The c.d.f of 𝑌 is given by 

𝐹𝑌 𝑦 = 𝑃 𝑌 ≤ 𝑦 = 𝑃 𝑎𝑋 + 𝑏 ≤ 𝑦  

                                                                           = 𝑃  𝑋 ≤
𝑦−𝑏

𝑎
 = 𝐹𝑋  

𝑦−𝑏

𝑎
  

where 𝑎 is positive .The p.d.f. of 𝑌 is given by 



                           𝑓𝑌 𝑦 =
𝑑

𝑑𝑦
 𝐹𝑌 𝑦  =

𝑑

𝑑𝑦
 𝐹𝑋  

𝑦−𝑏

𝑎
  =  

𝑑

𝑑𝑢
 𝐹𝑋 𝑢    

𝑑𝑢

𝑑𝑦
  

where 𝑢 =
𝑦−𝑏

𝑎
 and 

𝑑𝑢

𝑑𝑦
=

1

𝑎
 . Thus, 

                         𝑓𝑌 𝑦 =  
1

𝑎
 𝑓𝑋 𝑢 =  

1

𝑎
 𝑓𝑋  

𝑦−𝑏

𝑎
  

If 𝑎 < 0, we have, 

 𝐹𝑌 𝑦 = 𝑃 𝑌 ≤ 𝑦 = 𝑃 𝑎𝑋 + 𝑏 ≤ 𝑦 = 𝑃 𝑎𝑋 ≤ 𝑦 − 𝑏  

            = 𝑃  𝑋 ≥
𝑦−𝑏

𝑎
 = 1 −  𝑃  𝑋 ≤

𝑦−𝑏

𝑎
 − 𝑃  𝑋 =

𝑦−𝑏

𝑎
       ∵ 𝑎 < 0  

The change in sign on the second line arises from the fact that 𝑎 is negative. If 𝑋 is 

continuous, 𝑃  𝑋 =
 𝑦−𝑏 

𝑎
  = 0. Thus, the c.d.f and p.d.f for the case of negative 𝑎 

are given by 

 𝐹𝑌 𝑦 = 1 − 𝑃  𝑋 ≤
𝑦 − 𝑏

𝑎
  

       = 1 − 𝐹𝑋  
𝑦 − 𝑏

𝑎
  

Therefore,  𝑓𝑌 𝑦 =
𝑑

𝑑𝑦
 𝐹𝑌 𝑦  = − 

1

𝑎
 𝑓𝑋  

𝑦−𝑏

𝑎
  

Therefore, the general p.d.f. of 𝑌 is given by 

𝑓𝑌 𝑦 =
1

 𝑎 
𝑓𝑋  

𝑦 − 𝑏

𝑎
  

Example 1: Find the p.d.f of 𝒀 in terms of the p.d.f of 𝑿 if 𝒀 = 𝟐𝑿 + 𝟕. 

Solution: From the results obtained above, 

                         𝐹𝑌 𝑦 = 𝐹𝑋  
𝑦−7

2
  

and        𝑓𝑌 𝑦 =  
1

2
 𝑓𝑋  

𝑦−7

2
  



Power Functions: Consider the quadratic function 𝑌 = 𝑋2. The plot of 𝑌 against 𝑋 

is shown in the following figure where we see that for one value of 𝑌 there are 

two values of 𝑋, namely  𝑌 and − 𝑌. 

                                  

Thus, the c.d.f of 𝑌 is given by 

 𝐹𝑌 𝑦 = 𝑃 𝑌 ≤ 𝑦 = 𝑃 𝑋2 ≤ 𝑦  

               = 𝑃  𝑋 ≤  𝑦  ,   𝑦 > 0 

              = 𝑃 − 𝑦 ≤ 𝑋 ≤  𝑦  

              = 𝐹𝑋  𝑦 − 𝐹𝑋 − 𝑦  

The p.d.f of 𝑌 is given by 

                           𝑓𝑌 𝑦 =
𝑑𝐹𝑌 𝑦 

𝑑𝑦
=

𝑑

𝑑𝑦
 𝐹𝑋  𝑦 − 𝐹𝑋 − 𝑦   

Let 𝑢 =  𝑦 = 𝑦
1

2. Thus, 
𝑑𝑢

𝑑𝑦
=

1

2
𝑦−

1

2 and 

                         𝑓𝑌 𝑦 =
𝑑

𝑑𝑦
 𝐹𝑋  𝑦 − 𝐹𝑋 − 𝑦   

                                    =
𝑑

𝑑𝑢
 𝐹𝑋 𝑢  

𝑑𝑢

𝑑𝑦
+

𝑑

𝑑𝑢
 𝐹𝑋 −𝑢  

𝑑𝑢

𝑑𝑦
 



                                    =
1

2
𝑦−

1

2  
𝑑

𝑑𝑢
 𝐹𝑋 𝑢  +

𝑑

𝑑𝑢
 𝐹𝑋 −𝑢    

                                    =
1

2
𝑦−

1

2 𝑓𝑋  𝑦 + 𝑓𝑋 − 𝑦   

                                    =
𝑓𝑋   𝑦 +𝑓𝑋  − 𝑦 

2 𝑦
  , 𝑦 > 0 

If 𝑓𝑋 𝑥  is an even function, then 𝑓𝑋 𝑥 = 𝑓𝑋 −𝑥  and 𝐹𝑋 −𝑥 = 1 − 𝐹𝑋 𝑥 . 

Thus, we have 

                           𝑓𝑌 𝑦 =
𝑓𝑋   𝑦 +𝑓𝑋  − 𝑦 

2 𝑦
=

2𝑓𝑋   𝑦 

2 𝑦
=

𝑓𝑋   𝑦 

 𝑦
 

Example2: Find the p.d.f of the random variable 𝒀 = 𝑿𝟐, where 𝑿 is the 

standard normal random variable. 

Solution: Since the p.d.f. of 𝑋 is given by 𝑓𝑋 𝑥 =
1

 2𝜋
𝑒−

𝑥2

2  , which is an even 

function, we know that  

 𝐹𝑌 𝑦 = 𝐹𝑋  𝑦 − 𝐹𝑋 − 𝑦  

 = 2𝐹𝑋  𝑦 − 1 

Therefore, if we let 𝑢 =  𝑦, then 

 𝑓𝑌 𝑦 =
𝑑𝐹𝑌  𝑦 

𝑑𝑦
= 2

𝑑𝐹𝑋  𝑢 

𝑑𝑢

1

2 𝑦
 

  =
1

 𝑦
𝑓𝑋  𝑦  

 =
1

 2𝜋𝑦
𝑒−

𝑦

2  , 𝑦 > 0 

 

 

 



Sum of Two Independent Random variables 

Consider two independent continuous random variables 𝑋 and 𝑌. We are 

interested in computing the c.d.f and p.d.f of their sum 𝑔 𝑋, 𝑌 = 𝑆 = 𝑋 + 𝑌. The 

random variable 𝑆 can be used to model the reliability of systems with stand-by 

connections, as shown in fig.1 In such systems, the component 𝐴 whose time-to-

failure is represented by the random variable 𝑋 is the primary component, and 

the component 𝐵 whose time-to-failure is represented by the random variable 𝑌 

is the backup component that is brought into operation when the primary 

component fails. Thus, 𝑆 represents the time until the system fails, which is the 

sum of the lifetimes of both components. 

 

𝑓𝑖𝑔. 1 

Their c.d.f. can be obtained as follows: 

       ,
XY

D
S

F s P S s P X Y s f x y dxdy         

where 𝐷 is the set 𝐷 =   𝑥, 𝑦 |𝑥 + 𝑦 ≤ 𝑠 , which is the area to the left of the line 

𝑠 = 𝑥 + 𝑦 as shown in fig. 2. 

 

Thus, 

                               ,
XY X Y

s y s y

S
F s f x y dxdy f x f y dxdy

   

   
      

                                         X Y

s y
f x dx f y dy

 

 
    

     

   X Y
F s y f y dy




   



The p.d.f. of 𝑆 is obtained by differentiating the c.d.f. , as follows: 

       

   

   

S X Y

X Y

X Y

S

d d
f s F s F s y f y dy

ds ds

d
F s y f y dy

ds

f s y f y dy













  

 

 







 

where we have assumed that we can interchange differentiation and integration. 

The expression on the right-hand side is a well-known result in signal analysis 

 

𝑓𝑖𝑔. 2 

called the convolution integral. Thus, we find that the p.d.f of the sum 𝑆 of two 

independent random variables 𝑋 and 𝑌 is the convolution of the p.d.fs of the two 

random variables; that is, 

𝑓𝑆 𝑠 = 𝑓𝑋 𝑠 𝑓𝑌 𝑠  

 



Example 3: Find the p.d.f. of the sum of 𝑿 and 𝒀 if the two random variables are 

independent random variables with the common p.d.f. 

𝒇𝑿 𝒖 = 𝒇𝒀 𝒖 =  
𝟏

𝟒
𝟎 < 𝑢 < 4

𝟎 𝐨𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞

  

Solution: The limits of integration of the p.d.f of 𝑆 = 𝑋 + 𝑌 can be computed with 

the aid of 𝑓𝑖𝑔. 3 When 0 ≤ 𝑠 ≤ 4 (see 𝑓𝑖𝑔. 3 (𝑎) where 𝑓𝑌 𝑠 − 𝑥  is shown in 

dashed lines), 

 
0

1

16 16

s

S

s
f s dy   

For 4 < 𝑠 < 8 (see 𝑓𝑖𝑔. 3 (𝑏)), we obtain 

 
4

4

8

16S s

s
f s dy




   

Thus , 

 S
f s =  

𝑠

16
, 0 ≤ 𝑠 ≤ 4

8−𝑠

16
, 4 < 𝑠 < 8

0 , otherwise

  

  

                           𝑓𝑖𝑔 3 𝑎                                                              𝑓𝑖𝑔 3(𝑏) 

𝐹𝑖𝑔. 3: Convolution of p.d.fs  𝑎   0 ≤ 𝑠 ≤ 4 and  𝑏     4 ≤ 𝑠 ≤ 8 



The p.d.f of 𝑆 = 𝑋 + 𝑌 is illustrated in the following figure. 

 

Example 4: The time 𝑿 between consecutive snowstorms in winter is a random 

variable with the p.d.f. 

𝒇𝑿 𝒙 =  
𝝀𝒆−𝝀𝒙 , 𝒙 ≥ 𝟎
𝟎         , 𝐨𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞

  

Assume it has not snowed up until now. What is the p.d.f. of the time 𝑼 until 

the second snowstorm? 

Solution: Let 𝑋 be the random variable that denotes the time until the first 

snowstorm from the reference time, and let 𝑌 be the random variable that 

denotes the time between the first snowstorm and the second snowstorm. If we 

assume that the times between snowstorms are independent, then 𝑋 and 𝑌 are 

independent and identically distributed random variables. That is, the p.d.f of 𝑌 is 

given by 

𝑓𝑌 𝑦 =  
𝜆𝑒−𝜆𝑦 , 𝑦 ≥ 0
0        , otherwise

  

Thus, 𝑈 = 𝑋 + 𝑌, and the p.d.f. of 𝑈 is given by 

𝑓𝑈 𝑢 =  𝑓𝑋 𝑥 𝑓𝑌 𝑢 − 𝑥 𝑑𝑥
∞

0

 



Since 𝑓𝑋 𝑥 = 0 when 𝑥 < 0, 𝑓𝑌 𝑢 − 𝑥 = 0 when 𝑢 − 𝑥 < 0 (or 𝑥 > 𝑢). Thus, 

the range of interest in the integration is 0 ≤ 𝑥 ≤ 𝑢, and we obtain 

     
  2

0

2

0

0

0

U X Y

u

u

u u xx u

u

dx

f u f x f u x dx

e e dx e

ue u

  



 

 

 



 
 



  



 

This is the Erlang – 2 distribution. 

Note: A random variable 𝑋 is said to follow Erlang-𝑘 distribution if its p.d.f. is 

given by 

𝑓 𝑥 =  
𝜆𝑘𝑥𝑘−1𝑒−𝜆𝑥

 𝑘−1 !
, 𝑘 = 1,2, … ;  𝜆 > 0; 𝑥 ≥ 0

0 , 𝑥 < 0

 . 

Sum of Two Discrete Random Variables 

The examples above deal with continuous random variables.                                                

Let 𝑍 = 𝑋 + 𝑌, where 𝑋 and 𝑌 are discrete random variables. Then the p.m.f of 𝑍 

is given by 

            𝑝𝑍 𝑧 = 𝑃 𝑍 = 𝑧 = 𝑃 𝑋 + 𝑌 = 𝑧 =  𝑃 𝑋 = 𝑘, 𝑌 = 𝑧 − 𝑘 

𝑘≤𝑧

 

                                                                                         =  𝑝𝑋𝑌  𝑘, 𝑧 − 𝑘 

𝑘≤𝑧

 

If 𝑋 and 𝑌 are independent random variables, then the p.m.f. of 𝑍 is the 

convolution of the p.m.f of 𝑋 and the p.m.f of 𝑌. That is, 

                             𝑝𝑍 𝑧 =  𝑝𝑋𝑌 𝑘, 𝑧 − 𝑘 

𝑘≤𝑧

=  𝑝𝑋 𝑘 𝑝𝑌 𝑧 − 𝑘 

𝑘≤𝑧

 

 

 



 

Sum of Two Independent Binomial Random Variables 

Let 𝑋 and 𝑌 be two independent binomial random variables with parameters 

 𝑛, 𝑝  and  𝑚, 𝑝 , respectively and their sum be 𝑍; that is, 𝑍 = 𝑋 + 𝑌. Then the 

p.m.f of 𝑍 is given by 

   

     

   

 

0 0

0

0

,

1 1

1

Z

n n

k k

n
n k m z kk z k

k

n
n m zz

k

p z P X Y z

P X k Y z k P X k P Y z k

n m
p p p p

k z k

n m
p p

k z k

 

  



 



  

       

   
     

   

  
    

  

 





 

Using the combinatorial identity 
0

n n mn m

z k z kk

   
   

    


 


, we obtain 

     1
Z

n m zzn m
z p p

z
p

 
   

This result shows that the sum of two independent binomial random variables 

with parameters  𝑛, 𝑝  and  𝑚, 𝑝  is a binomial random variable with parameter 

 𝑛 + 𝑚, 𝑝 . 

Minimum of Two Independent Random Variables 

Consider two independent continuous random variables 𝑋 and 𝑌. We are 

interested in a random variable 𝑈 that is the minimum of 𝑋 and 𝑌; that is, 

𝑈 = min 𝑋, 𝑌 . The random variable 𝑈 can be used to represent the reliability of 

systems with series connections, as shown in 𝑓𝑖𝑔. 4 .Such systems are operational 

as long as all components are operational. The first component to fail causes the 

system to fail. Thus, if in the example shown in 𝑓𝑖𝑔. 4, the times-to-failure are 



represented by the random variables 𝑋 and 𝑌, then 𝑆 represents the time until 

the system fails, which is the minimum of the lifetimes of the two components. 

The c.d.f. of 𝑈 can be obtained as follows: 

𝐹𝑈 𝑢 = 𝑃 𝑈 ≤ 𝑢 = 𝑃 min 𝑋, 𝑌 ≤ 𝑢 = 𝑃  𝑋 ≤ 𝑢, 𝑋 ≤ 𝑌 ∪  𝑌 ≤ 𝑢, 𝑋 > 𝑌   

Since 𝑃 𝐴 ∪ 𝐵 = 𝑃 𝐴 + 𝑃 𝐵 − 𝑃 𝐴 ∩ 𝐵 , we have that 𝐹𝑈 𝑢 = 𝐹𝑋 𝑢 +

𝐹𝑌 𝑢 − 𝐹𝑋𝑌 𝑢, 𝑢 . Also, since 𝑋 and 𝑌 are independent, we obtain the c.d.f. and 

p.d.f. of 𝑈 as follows: 

    𝐹𝑈 𝑢 = 𝐹𝑋 𝑢 + 𝐹𝑌 𝑢 − 𝐹𝑋𝑌 𝑢, 𝑢 = 𝐹𝑋 𝑢 + 𝐹𝑌 𝑢 − 𝐹𝑋 𝑢 𝐹𝑌 𝑢  

    𝑓𝑈 𝑢 =
𝑑

𝑑𝑢
𝐹𝑈 𝑢 = 𝑓𝑋 𝑢 + 𝑓𝑌 𝑢 − 𝑓𝑋 𝑢 𝐹𝑌 𝑢 − 𝐹𝑋 𝑢 𝑓𝑌 𝑢  

               = 𝑓𝑋 𝑢  1 − 𝐹𝑌 𝑢  + 𝑓𝑌 𝑢  1 − 𝐹𝑋 𝑢   

 

𝑓𝑖𝑔. 4 

𝑓𝑖𝑔. 4: Series connection modeled by random variable 𝑈 

Example 5: Assume that 𝑼 = 𝐦𝐢𝐧 𝑿, 𝒀 , where 𝑿 and 𝒀 are independent 

random variables with the respective p.d.fs 

𝒇𝑿 𝒙 = 𝝀𝒆−𝝀𝒙  𝒙 ≥ 𝟎 

𝒇𝒀 𝒚 = 𝝁𝒆−𝝁𝒚  𝒚 ≥ 𝟎 

where 𝝀 > 0 and 𝝁 > 0. What is the p.d.f. of 𝑼? 

Solution: We first obtain the c.d.fs of 𝑋 and 𝑌, which are as follows: 

                                          𝐹𝑋 𝑥 = 𝑃 𝑋 ≤ 𝑥 =  𝜆𝑒−𝜆𝑤 𝑑𝑤
𝑥

0

= 1 − 𝑒−𝜆𝑥  

                                          𝐹𝑌 𝑦 = 𝑃 𝑌 ≤ 𝑦 =  𝜇𝑒−𝜇𝑤 𝑑𝑤
𝑦

0

= 1 − 𝑒−𝜇𝑦  



 

Thus, the p.d.f of 𝑈 is given by 

 𝑓𝑈 𝑢 = 𝑓𝑋 𝑢  1 − 𝐹𝑌 𝑢  + 𝑓𝑌 𝑢  1 − 𝐹𝑋 𝑢   

  = 𝜆𝑒−𝜆𝑢 𝑒−𝜇𝑢 + 𝜇𝑒−𝜇𝑢 𝑒−𝜆𝑢  

  =  𝜆 + 𝜇 𝑒− 𝜆+𝜇 𝑢   , 𝑢 ≥ 0 

This is exponential distribution with mean 
1

𝜆+𝜇
 . 

Maximum of Two Independent Random Variables 

Consider two independent continuous random variables 𝑋 and 𝑌. We are 

interested in the c.d.f. and p.d.f. of the random variable 𝑊 that is the maximum 

of the two random variables; that is, 𝑊 = max 𝑋, 𝑌 . The random variable 𝑊 can 

be used to represent the reliability of systems with parallel connections, as shown 

in 

 

𝑓𝑖𝑔. 5 

𝑓𝑖𝑔. 5: Parallel connection modeled by the random variable 𝑊 

In such systems, we are interested in passing a signal between the two endpoints 

through either the component labeled 𝐴 or the component labeled 𝐵. Thus, as 

long as one or both components are operational, the system is operational. This 

implies that the system is declared to have failed when both paths become 

unavailable. That is, the reliability of the system depends on the reliability of the 

last component to fail. 



The c.d.f of 𝑊 can be obtained by noting that if the greater of the two random 

variables is less than or equal to 𝑤, then the smaller random variable must  also 

be less than or equal to 𝑤. Thus, 

𝐹𝑊 𝑤 = 𝑃 𝑊 ≤ 𝑤 = 𝑃 max 𝑋, 𝑌 ≤ 𝑤 = 𝑃  𝑋 ≤ 𝑤 ∩  𝑌 ≤ 𝑤   

                                                                                          = 𝐹𝑋𝑌 𝑤, 𝑤  

Since 𝑋 and 𝑌 are independent, we obtain the c.d.f and p.d.f of 𝑊 as follows: 

   𝐹𝑊 𝑤 = 𝐹𝑋𝑌 𝑤, 𝑤 = 𝐹𝑋 𝑤 𝐹𝑌 𝑤  

   𝑓𝑊 𝑤 =
𝑑

𝑑𝑤
𝐹𝑊 𝑤 = 𝑓

𝑋
 𝑤 𝐹𝑌 𝑤 + 𝐹𝑋 𝑤 𝑓

𝑌
 𝑤  

Example 6: Assume that 𝑾 = 𝐦𝐚𝐱 𝑿, 𝒀 , where 𝑿 and 𝒀 are independent 

random variables with the respective p.d.fs: 

                                               𝒇𝑿 𝒙 = 𝝀𝒆−𝝀𝒙  𝒙 ≥ 𝟎 

                                               𝒇𝒀 𝒚 = 𝝁𝒆−𝝁𝒚  𝒚 ≥ 𝟎 

where 𝝀 > 0 and 𝝁 > 0. What is the pdf of 𝑾. 

Solution: We first obtain the c.d.fs of 𝑋 and 𝑌, which are as follows: 

                𝐹𝑋 𝑥 = 𝑃 𝑋 ≤ 𝑥 =  𝜆𝑒−𝜆𝑧𝑑𝑧
𝑥

0

= 1 − 𝑒−𝜆𝑥  

               𝐹𝑌 𝑦 = 𝑃 𝑌 ≤ 𝑦 =  𝜇𝑒−𝜇𝑧 𝑑𝑧
𝑦

0

= 1 − 𝑒−𝜇𝑦  

Thus, the p.d.f of 𝑊 is given by 

      𝑓𝑊 𝑤 = 𝑓𝑋 𝑤 𝐹𝑌 𝑤 + 𝐹𝑋 𝑤 𝑓𝑌 𝑤  

         = 𝜆𝑒−𝜆𝑤  1 − 𝑒−𝜇𝑤  + 𝜇𝑒−𝜇𝑤  1 − 𝑒−𝜆𝑤   

          = 𝜆𝑒−𝜆𝑤 + 𝜇𝑒−𝜇𝑤 −  𝜆 + 𝜇 𝑒− 𝜆+𝜇 𝑤   𝑤 ≥ 0 

Note that the mean of 𝑊 is 
1

𝜆
+

1

𝜇
−

1

𝜆+𝜇
 . 



Two Functions of Two Random Variables 

Let 𝑋 and 𝑌 be two random variables with a given joint p.d.f 𝑓𝑋𝑌 𝑥, 𝑦 . Assume 

that 𝑈 and 𝑊 are two functions of 𝑋 and 𝑌; that is, 𝑈 = 𝑔 𝑋, 𝑌  and                                   

𝑊 = 𝑕 𝑋, 𝑌 . Sometimes it is necessary to obtain the joint p.d.f of 𝑈 and 𝑊, 

𝑓𝑈𝑊 𝑢, 𝑤 , in terms of the p.d.fs of 𝑋 and 𝑌. 

It can be shown that 𝑓𝑈𝑊 𝑢, 𝑤  is given by 

  𝑓𝑈𝑊  𝑢, 𝑤 =
𝑓𝑋𝑌  𝑥1 ,𝑦1 

 𝐽  𝑥1 ,𝑦1  
+

𝑓𝑋𝑌  𝑥2 ,𝑦2 

 𝐽  𝑥2 ,𝑦2  
+ ⋯ +

𝑓𝑋𝑌  𝑥𝑛 ,𝑦𝑛  

 𝐽  𝑥𝑛 ,𝑦𝑛   
 

where  𝑥1 , 𝑦1 ,  𝑥2 , 𝑦2 ,… ,  𝑥𝑛 , 𝑦𝑛  are real solutions of the equations                               

𝑢 = 𝑔 𝑥, 𝑦  and 𝑤 = 𝑕 𝑥, 𝑦 ; and 𝐽 𝑥, 𝑦  is called the Jacobian of the 

transformation  𝑢 = 𝑔 𝑥, 𝑦 , 𝑤 = 𝑕 𝑥, 𝑦   and defined by 

                                𝐽 𝑥, 𝑦 =   

𝜕𝑔

𝜕𝑥
  
𝜕𝑔

𝜕𝑦
𝜕𝑕

𝜕𝑥
  
𝜕𝑕

𝜕𝑦

  =
𝜕𝑔

𝜕𝑥
∙
𝜕𝑕

𝜕𝑦
−

𝜕𝑔

𝜕𝑦
∙
𝜕𝑕

𝜕𝑥
 

 

Example 7: Let 𝑼 = 𝒈 𝑿, 𝒀 = 𝑿 + 𝒀 and 𝑾 = 𝒉 𝑿, 𝒀 = 𝑿 − 𝒀. Find 

𝒇𝑼𝑾 𝒖, 𝒘 . 

Solution: The unique solution to the equations 𝑢 = 𝑥 + 𝑦 and 𝑤 = 𝑥 − 𝑦 is 

𝑥 =
𝑢+𝑤

2
 and  𝑦 =

𝑢−𝑤

2
 . Thus, there is only one set of solutions. Since  

                                𝐽 𝑥, 𝑦 =   

𝜕𝑢

𝜕𝑥
  
𝜕𝑢

𝜕𝑦
𝜕𝑤

𝜕𝑥
  
𝜕𝑤

𝜕𝑦

  =  
1 1
1 −1

 = −2 

we obtain 

𝑓𝑈𝑊 𝑢, 𝑤 =
𝑓𝑋𝑌 𝑥, 𝑦 

 𝐽 𝑥, 𝑦  
=

1

 −2 
𝑓𝑋𝑌  

𝑢 + 𝑤

2
,
𝑢 − 𝑤

2
 =

1

2
𝑓𝑋𝑌  

𝑢 + 𝑤

2
,
𝑢 − 𝑤

2
  



Application of the Transformation Method 

Assume that 𝑈 = 𝑔 𝑋, 𝑌 , and we are required to find the p.d.f. of 𝑈. We can use 

the above transformation method by defining an auxiliary function 𝑊 = 𝑋 or 

𝑊 = 𝑌 so we can obtain the joint p.d.f. 𝑓𝑈𝑊 𝑢, 𝑤  of 𝑈 and 𝑊. Then we obtain 

the required marginal p.d.f. 𝑓𝑈 𝑢  as follows: 

𝑓𝑈 𝑢 =  𝑓𝑈𝑊 𝑢, 𝑤 𝑑𝑤
∞

−∞

 

Example 8: Find the p.d.f. of the random variable 𝑼 = 𝑿 + 𝒀, where the joint 

p.d.f. of 𝑿 and 𝒀, 𝒇𝑿𝒀 𝒙, 𝒚 , is given. 

Solution: We define the auxiliary random variable 𝑊 = 𝑋. Then the unique 

solution to the two equations is 𝑥 = 𝑤 and 𝑦 = 𝑢 − 𝑤, and the Jacobian of the 

transformation is 

                                𝐽 𝑥, 𝑦 =   

𝜕𝑢

𝜕𝑥
  
𝜕𝑢

𝜕𝑦
𝜕𝑤

𝜕𝑥
  
𝜕𝑤

𝜕𝑦

  =  
1 1
1 0

 = −1 

Since there is only one solution to the equations, we have that  

𝑓𝑈𝑊 𝑢, 𝑤 =
𝑓𝑋𝑌 𝑤, 𝑢 − 𝑤 

 −1 
= 𝑓𝑋𝑌 𝑤, 𝑢 − 𝑤  

                            𝑓𝑈 𝑢 =  𝑓𝑈𝑊 𝑢, 𝑤 𝑑𝑤
∞

−∞

=  𝑓𝑋𝑌 𝑤, 𝑢 − 𝑤 𝑑𝑤
∞

−∞

 

This reduces to the convolution integral. We obtained earlier when 𝑋 and 𝑌 are 

independent. 

 

 

 



Example 9: Find the p.d.f. of the random variable 𝑼 = 𝑿 − 𝒀, where the joint 

p.d.f.  of 𝑿 and 𝒀 is given. 

Solution: We define the auxiliary random variable 𝑊 = 𝑋. Then the unique 

solution to the two equations is 𝑥 = 𝑤 and 𝑦 = 𝑤 − 𝑢, and the Jacobian of the 

transformation is 

                                𝐽 𝑥, 𝑦 =   

𝜕𝑢

𝜕𝑥
  
𝜕𝑢

𝜕𝑦
𝜕𝑤

𝜕𝑥
  
𝜕𝑤

𝜕𝑦

  =  
1 −1
1 0

 = 1 

Since there is only one solution to the equations, we have that  

𝑓𝑈𝑊 𝑢, 𝑤 = 𝑓𝑋𝑌 𝑤, 𝑤 − 𝑢  

𝑓𝑈 𝑢 =  𝑓𝑈𝑊 𝑢, 𝑤 𝑑𝑤
∞

−∞

=  𝑓𝑋𝑌 𝑤, 𝑤 − 𝑢 𝑑𝑤
∞

−∞

 

Example 10: The joint p.d.f of two random variables 𝑿 and 𝒀 is given by 

𝒇𝑿𝒀 𝒙, 𝒚 . If we define the random variable 𝑼 = 𝑿𝒀, determine the p.d.f of 𝑼. 

Solution: We define the auxiliary random variable 𝑊 = 𝑋. Then the unique 

solution to the two equations is 𝑥 = 𝑤 and 𝑦 =
𝑢

𝑥
=

𝑢

𝑤
 , and the Jacobian of the 

transformation is 

                                𝐽 𝑥, 𝑦 =   

𝜕𝑢

𝜕𝑥
  
𝜕𝑢

𝜕𝑦
𝜕𝑤

𝜕𝑥
  
𝜕𝑤

𝜕𝑦

  =  
𝑦 𝑥
1 0

 = −𝑥 = −𝑤 

Since there is only one solution to the equations, we have that  

𝑓𝑈𝑊 𝑢, 𝑤 =
𝑓𝑋𝑌 𝑥, 𝑦 

 𝐽 𝑥, 𝑦  
=

1

 𝑤 
𝑓𝑋𝑌  𝑤,

𝑢

𝑤
  

𝑓𝑈 𝑢 =  𝑓𝑈𝑊 𝑢, 𝑤 𝑑𝑤
∞

−∞

=  
1

 𝑤 
𝑓𝑋𝑌  𝑤,

𝑢

𝑤
 𝑑𝑤

∞

−∞

 



P1:  

Obtain the p.d.f. of 𝒁 = 𝑿 + 𝒀, where 𝑿 and 𝒀 are two independent random 

variables with the following p.d.fs: 

𝒇𝑿 𝒙 =  

𝟏

𝒃 − 𝒂
      ;          𝒂 < 𝑥 < 𝑏

𝟎          ;         𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

                       𝒇𝒀 𝒚 =  

𝟏

𝒅 − 𝒄
      ;      𝒄 < 𝑦 < 𝑑 ;   𝑑 − 𝑐 < 𝑏 − 𝑎

𝟎            ;                                 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

Solution: 

The two p.d.fs are shown in the fig. 1. To evaluate the limits of integration of 

the p.d.f. of 𝑍, we consider the following regions represented by the diagram 

shown in fig. 2.  

When 𝑧 < 𝑎 + 𝑐, 𝑓𝑍 𝑧 = 0. When 𝑎 + 𝑐 ≤ 𝑧 ≤ 𝑎 + 𝑑 (see figure 2(i), we 

obtain) 

𝑓𝑍 𝑧 =
1

 𝑏 − 𝑎  𝑑 − 𝑐 
 𝑑𝑦

𝑧−𝑐

𝑎

=
𝑧 − 𝑐 − 𝑎

 𝑏 − 𝑎  𝑑 − 𝑐 
 

When 𝑎 + 𝑑 ≤ 𝑧 ≤ b + c (see fig. 2(𝑖𝑖)), we obtain) 

𝑓𝑍 𝑧 =
1

 𝑏 − 𝑎  𝑑 − 𝑐 
 𝑑𝑦

𝑧−𝑐

𝑧−𝑑

=
1

𝑏 − 𝑎
 

When 𝑏 + 𝑐 ≤ 𝑧 ≤ 𝑏 + 𝑑 (see fig. 2(𝑖𝑖)), we obtain  

𝑓𝑍 𝑧 =
1

 𝑏 − 𝑎  𝑑 − 𝑐 
  𝑑𝑦

𝑏

𝑧−𝑑

=
𝑏 + 𝑑 − 𝑧

 𝑏 − 𝑎  𝑑 − 𝑐 
 

 

         
Figure 1: p.d.fs of 𝑋 and 𝑌 

 



 

 
Figure 2:  Convolution of the p.d.fs for different values 𝑧 

Finally, when 𝑧 > 𝑏 + 𝑑, 𝑓𝑍 𝑧 = 0, thus, the p.d.f of 𝑍 is given by  

 

 

𝑓𝑍 𝑧 =

 
 
 
 

 
 
 

 0                      ,                   𝑧 < 𝑎 + 𝑐
𝑧 − 𝑎 − 𝑐

 𝑏 − 𝑎  𝑑 − 𝑐 
      , 𝑎 + 𝑐 ≤ 𝑧 ≤ 𝑎 + 𝑑

1

𝑏 − 𝑎
                        ,          𝑎 + 𝑑 ≤ 𝑧 ≤ 𝑏 + 𝑐

𝑏 + 𝑑 − 𝑧

 𝑏 − 𝑎  𝑑 − 𝑐 
      ,         𝑏 + 𝑐 ≤ 𝑧 ≤ 𝑏 + 𝑑

0                      ,                𝑧 > 𝑏 + 𝑑

  

The p.d.f is graphically illustrated in the following figure which is a trapezoid. 

Note that when 𝑏 − 𝑎 = 𝑑 − 𝑐, the p.d.f reduces to an isosceles triangle 

centered at 𝑧 =
𝑎+𝑐+𝑏+𝑑

2
. In the special case when 𝑎 = 𝑐 and 𝑏 = 𝑑, the 

isosceles triangle is centered at 𝑧 = 𝑎 + 𝑏.  

                          



P2: 

Find the p.d.f of 𝑼, which is the sum of 𝑿 and 𝒀 that are independent 

random variables with the following p.d.fs: 

𝒇𝑿 𝒙 = 𝝀𝒆−𝝀𝒙          ,   𝒙 ≥ 𝟎 

𝒇𝒀 𝒚 = 𝝀𝟐𝒚𝒆−𝝀𝒚      ,   𝒚 ≥ 𝟎 

Solution: 

Since 𝑋 and 𝑌 are independent random variables and the p.d.f of 𝑈  is given by 

𝑓𝑈 𝑢 =  𝑓𝑋

𝑢

0

 𝑥 𝑓𝑌 𝑢 − 𝑥  𝑑𝑥 

                          =  𝜆𝑒−𝜆𝑥
𝑢

0

𝜆2 𝑢 − 𝑥 𝑒−𝜆 𝑢−𝑥 𝑑𝑥 

         = 𝜆3𝑒−𝜆𝑢   𝑢 − 𝑥 

𝑢

0

𝑑𝑥 

                                                   = 𝜆3𝑒−𝜆𝑢  𝑢𝑥 −
𝑥2

2
 

0

𝑢

= 𝜆3𝑒−𝜆𝑢  𝑢2 −
𝑢2

2
  

 

                                                  =
𝜆3𝑢2𝑒−𝜆𝑢

2
 

 

                                                    =
𝜆3𝑢2𝑒−𝜆𝑢

2!
   𝑢 ≥ 0 

This is known as Erlang – 3 distribution.  

 



P3:   

Comparison of the Interconnection Models: 

So far we have considered three models for interconnecting two components, 

namely the stand by model, serial model, and parallel model, the following 

figure is a review of the three models. Let 𝑋 be the random variable that 

denotes the lifetime of component 𝑨, and 𝑌 be the random variable that 

denotes the lifetime of component 𝑩. 

 

We define the following random variables:  

                                 𝑆 = 𝑋 + 𝑌 

                                𝑈 = min 𝑋, 𝑌  

                               𝑊 = max 𝑋, 𝑌  

 

Assume that the p.d.f. of 𝑋 and 𝑌 are defined respectively as follows: 

 𝑓𝑋 𝑥 = 𝜆𝑒−𝜆𝑥          𝑥 ≥ 0 , 𝜆 > 0 

𝑓𝑌 𝑦 = 𝜇𝑒−𝜇𝑦           𝑦 ≥ 0 , 𝜇 > 0  

 

  

 

 

Figure: The three Interconnection Models 



The following is a summary of the results obtained earlier for the p.d.fs of 𝑆, 𝑈 

and 𝑊 in terms of those of 𝑋 and 𝑌: 

𝑓𝑆 𝑠 =
𝜆𝜇

𝜆 − 𝜇
 𝑒−𝜇𝑠 − 𝑒−𝜆𝑠             𝑠 ≥ 0 

 

𝑓𝑈 𝑢 =  𝜆 + 𝜇 𝑒− 𝜆+𝜇 𝑢              𝑢 ≥ 0 

 

                           𝑓𝑊 𝑤 = 𝜆𝑒−𝜆𝑤 + 𝜇𝑒−𝜇𝑤 −  𝜆 + 𝜇 𝑒− 𝜆+𝜇 𝑤     𝑤 ≥ 0 

 

Similarly, the mean values of the random variables are given by:  

 𝐸 𝑆 =
1

𝜆
+

1

𝜇
 

                                                         𝐸 𝑈 =
1

𝜆+𝜇
 

                                                         𝐸 𝑊 =
1

𝜆
+

1

𝜇
−

1

𝜆+𝜇
 

From the above result, we find that 𝐸 𝑆 > 𝐸 𝑊 . We then compare 𝐸 𝑈  

and we have that  

𝐸 𝑊 − 𝐸 𝑈 =
1

𝜆
+

1

𝜇
−

1

𝜆+𝜇
−

1

𝜆+𝜇
=

1

𝜆
+

1

𝜇
−

2

𝜆+𝜇
  

                          =
𝜇 𝜆+𝜇 +𝜆 𝜆+𝜇 −2𝜆𝜇

𝜆𝜇  𝜆+𝜇 
=

 𝜆+𝜇 2−2𝜆𝜇

𝜆𝜇  𝜆+𝜇 
=

𝜆2 +𝜇2

𝜆𝜇  𝜆+𝜇 
> 0 

 

Thus, we have that 𝐸 𝑆 > 𝐸 𝑊 > 𝐸 𝑈 . That is, the standby connection has 

the greatest mean lifetime, followed by the parallel connection, and the serial 

connection has the smallest mean lifetime. This result is not surprising because 

the failure rate of the serial connection is the sum of the failure rates of the 

two components, which means that the mean lifetime of the serial connection 

is smaller than the mean lifetime of either component. Similarly, the mean 

lifetime of the standby connection is the sum of the mean lifetime of the 

individual components. Finally, the mean lifetime of the parallel connection is 

equal to the mean lifetime of the component that lasts the longer time, which 

means that it lies somewhere between those of the other two models.  



P4:  

Find 𝒇𝑼𝑾 𝒖, 𝒘  if 𝑼 = 𝑿𝟐 + 𝒀𝟐 and 𝑾 = 𝑿𝟐 

Solution: 

 From the second equation we have that 𝑥 = ± 𝑤.  Substitute this value of 𝑥 

in the first equation, we obtain 𝑦 = ± 𝑢 − 𝑤, which is real only when 𝑢 ≥ 𝑤. 

Also , 

             𝐽 𝑥, 𝑦 =  

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦

 =  
2𝑥 2𝑦
2𝑥 0

 = −4𝑥𝑦 

Thus,  

 𝑓𝑈𝑊 𝑢, 𝑤 =
𝑓𝑋𝑌   𝑤, 𝑢−𝑤 

4  𝑤 𝑢−𝑤  
+

𝑓𝑋𝑌   𝑤,− 𝑢−𝑤 

4 − 𝑤 𝑢−𝑤   
+

𝑓𝑋𝑌  − 𝑤 , 𝑢−𝑤 

4 − 𝑤 𝑢−𝑤  
+

𝑓𝑋𝑌  − 𝑤,− 𝑢−𝑤 

4  𝑤 𝑢−𝑤  
 

                               

                 =
𝑓𝑋𝑌   𝑤, 𝑢−𝑤 +𝑓𝑋𝑌   𝑤,− 𝑢−𝑤 

4  𝑤 𝑢−𝑤  
+

𝑓𝑋𝑌  − 𝑤, 𝑢−𝑤 +𝑓𝑋𝑌  − 𝑤,− 𝑢−𝑤 

4  𝑤 𝑢−𝑤  
     

where  𝑢 > 𝑤 > 0 

                          

 



2.7  

Correlation coefficient and Bivariate Normal Distribution 

Meaning of correlation:  

In a bivariate distribution we may be interested to find out if there is any correlation 

or covariance between the two variables under study. If the change in one variable 

affects a change in the other variable, the variables are said to be correlated. If the 

two variables deviate in the same direction, �. �., if the increase (or decrease) in one 

results in a corresponding increase (or decrease) in the other, correlation is said to 

be positive. But, if they constantly deviate in the opposite directions, �. �., if increase 

(or decrease) in one results in corresponding decrease (or increase) in the other, 

correlation is said to be negative. For example, the correlation between (i) the 

heights and weights of a group of persons, and (ii) the income and expenditure; is 

positive and the correlation between (i) price and demand of a commodity and (ii) 

the volume and pressure of a perfect gas; is negative. Correlation is said to be perfect 

if the deviation in one variable is followed by a corresponding and proportional 

deviation in the other.  

Karl Pearson’s Coefficient of Correlation: 

As a measure of intensity or degree of linear relationship between two variables, Karl 

Pearson, a British Biometrician developed a formula called correlation coefficient. 

Correlation coefficient between two variables � and �, usually denoted by ��	, 
� 

or �	
, is a numerical measure of linear relationship between them and is defined by  

                                               ��	, 
� = 
	

	.

 = ���	�	,
����	�	���
� 
where ��� = ���	��, �� = ���� − �����	�� − ����� , 
 ��! = "��� = ���� − ����� ! and ��! = "��� = ���� − ����� ! 

 

 



Note:  

1. #��, �� provides a measure of linear relationship between � and �. For non – 

linear relationship, however, it is not suitable. 

 

2. Karl Pearson’s correlation coefficient is also called product – moment correlation 

coefficient.  

Properties: 

1. −1 ≤ #��, �� ≤ 1. If # = −1, the correlation is perfect and negative. If # = 1, 

the correlation is perfect and positive.  

2. Correlation coefficient is independent of change of origin and scale. That is, if  & = �'()  and " = �'*+ , then #�&, "� = #��, �� 

Theorem: Two independent variables are uncorrelated. 

Proof: 

Consider ��� = ���	��, �� = ���� − ������� − �����  
⟹	��� = ���, �� − ����. ����        …… (1) 

If � and � are independent, then  ����� = ����. ����          .…… (2) 

From �1� and �2�, if � and � are independent, then #��, �� = 0 

The converse need not be true. That is, uncorrelated variables need not be 

independent.  

Example 1 : Let 	~0�1, 2� and 
 = 	3. Then 4�	� = 4�	5� = 1.  

Solution: Consider ���	��, �� = ����� − ����. ���� = ���6� − ����. ���!� 

                                                                                              = 0 − 0 = 0 ⟹ ���	��, �� = 0 but � and � are related by � = �!. 



Thus, uncorrelated variables need not be independent.  

Note: The converse is true if the joint distribution of ��, �� is bivariate normal.                    

Example 2:  The j.p.m.f of �	, 
� is given below:  
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Find the correlation coefficient between 	 and 
 

Solution :              Computation of marginal p.m.fs 
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<�=�         
6
>                             

?
> 1 

 

We have  

���� = ∑ = <�=� = �−1� × 6
> + 1 × ?

> = − 6
> + ?

> = !
> = C

D, 

���!� = ∑ =! E�=� = �−1�! 6
> + 1! × ?

> = 6
> + ?

> = 1, then 

 "��� = ���!� − ������! = 1 − FC
DG! = 1 − C

CH = C?
CH 



 Similarly, ���� = ∑ � I��� = 0 × D
> + 1 × D

> = D
> = C

! 

���!� = ∑ �! I��� = 0! × D
> + 1! × D

> = D
> = C

! and 

 "��� = ���!� − ������! = C
! − FC

!G! = C
! − C

D = C
D 

Further, ����� = 0 × �−1� × C
> + 0 × 1 × 6

> + 1 × �−1� × !
> + 1 × 1 × !

> = 0 

Thus, ���	��, �� = ����� − ��������  

                                         0 − CD × C! = − C> 

∴ #	��, �� = ���	��,��K"���	K"��� = − LMKLNLO×LP = − C√C? = −0.2582 

Example 3: Two random variables 	 and 
 have the joint probability density 

function 

S�T, 9� = U3 − T − 9				,				1 < = < 1	, 1 < � < 11										,														�WXYZ[\]Y ^ 
Find correlation coefficient between 	 and 
. 

Solution: By symmetry in = and � we have _C�=� = _!���, ���� = ���� and                          "��� = "��� 

The m.p.d.f � is given by  

_C�=� = ` _�=, ��C
a b� = ` �2 − = − ��C

a b� = 32 − = 

 Thus, _C�=� = d6! − =			,			�_		0 < = < 10						,					�eℎ�gh�i� ^ 
 

 



Consider. 

���� = ` =_C�=�b= =C
a ` = j32 − =k b= = ` j32 = − =!k b= =C

a
C

a
512	 

															���!� = ` =_C�=� =C
a ` =! j32 − =kb= = ` j32 =!—=6kC

a b= = 14	C
a  

Further, 

														����� = ` ` =�	_�=, ��b=	b�	C
a

C
a = ` ` =�	�2 − = − ��b=	b�	C

a
C

a  

= ` � m` �2= − =! − =��b=	C
a nb� = ` � o2. =!2 − =63 − �=!2 pa

C b�C
a

C
a  

																																																																			= ` � j1 − 13 − �2kb� = ` � j23 − �2kb�C
a

C
a  

																																																																			= ` m23� − �!2 nb�C
a = o�63 − �66 pa

C = 13 − 16 = 16 

∴ ����� = 16 

Thus, "��� = ���!� − ������! = CD − F ?C!G! = CD − !?CDD = 6H'!?CDD = CCCDD                                                                                

and ���	��, �� = ����� − �������� = CH − F ?C!G! = CH − !?CDD = !D'!?CDD = − CCDD 

∴ The correlation coefficient is given by  

 #��, �� = ���	��,��K"�=�	K"��� = − LLPPK LLLPP	K LLLPP = − LLPPLLLPP = − CCC 

 

 



Bivariate Normal Distribution: 

The bivaraite normal distribution is a generalization of a normal distribution for a 

single value.  

Let � and	� be two normally correlated variables with correlation coefficient #. Let ���� = rC, "��� = �C!	, ���� = r! and "��� = �!!. 

Definition: The bivariate continuous random variable ��, �� is said to follow  

bivariate normal distribution with parameters rC, r!, �C!, �!!	 and # if its p.d.f. is given 

by 

 _�=, �� = C!stLtu�C'vu �=< w− C!�C'vu� x�y'zL�utLu − 2# �y'zL��{'zu�tLtu + �{'zu�utuu |}; 
−∞ < =, �, rC, r! < ∞,			�C > 0, �! > 0 and −1 < # < 1. 

Notation: ��, ��~���rC, r!, �C!, �!!, #�. Read as ��, �� follows bivariate normal  

distribution with parameters rC, r!�C!, �!! and #. 

Note: The curve � = _�=, �� which is the equation of a surface in three dimensions is 

called the Normal correlation surface. 

Marginal p.d.fs of 	 and 
: The m.p.d.f of � is given by  

_C�=� = ` _�=, ��b��
'�  

 Let � = {'zutu , then � = r! + �!� and b� = �!b� 

Therefore, 

 _C�=� = tu!stLtu�C'vu 	� �=<�'� �− C!�C'vu� UFy'zLtL G! − 2#	� Fy'zLtL G + �!�� b� 

 													= C!stL�C'vu �=< �− C! Fy'zLtL G!� � �=<�'� �− C!�C'vu� x� − # Fy'zLtL G|!� b� 

Let 
C�C'vu w� − # Fy'zLtL G} = e. Then b� = �1 − #!		be 



 ∴ 	 _C�=� = C!stL �=< w− C! Fy'zLtL G} � �=<�'� F− �u! Gbe 

                	= C!stL �=< �− C! Fy'zLtL G!� . √2� 

 ⟹	_C�=� = CtL√!s �=< �− C! Fy'zLtL G!� for −∞ < = < ∞ 

Similarly, it can be shown that 

_!��� = Ctu√!s �=< �− C! F{'zLtu G!� for −∞ < = < ∞ 

Hence �~��rC, �C!� and �~��r!, �!!�. 

Note: If ��, ��~���rC, r!, �C!, �!!, #	�, then �~��rC, �C!� and �~��r!, �!!� 

Conditional p.d.fs of 	 and 
 

The conditional probability density function (c.p.d.f.) of � for given � is given by  

_C|!�=|�� = _�=, ��_!���  

 = CtL√!s	�C'vu �=< � 'C!�C'vu� UFy'zLtL G! − 2# Fy'zLtL G F{'zutu G + F{'zutu G! �1 − �1 − #!���� 
 = CtL√!s	�C'vu 	�=< w 'C!�C'vu�tLu x�= − rC�! − 2# tLtu �= − rC��� − r!� + tLutuu #!�� − r!�!|} 
 = CtL√!s		�C'vu �=< � 'C!�C'vu�tLu x�= − rC� − # tLtu �� − r!�|!� 

Therefore, _C|!�=|�� = CtL√!s		�C'vu �=< � 'C!�C'vu�tLu x�= − rC� − # tLtu �� − r!�|!� 

which is the univariate normal distribution with mean 

                    ���|� = �� = rC + # tLtu �� − r!� and 

"��|� = �� = �C!�1 − #!� 



Thus, the c.p.d.f of � for fixed � is given by  

��|� = ��~� �rC + # �C�! �� − r!�, �C!�1 − #!�� 

Similarly, the c.p.d.f of � for fixed � = = is given by  

_!|C��|=� = C
tu√!s�C'vu �=< � 'C

!�C'vu�tuu x�� − r!� − # tutL �= − rC�|!�, −∞ < � < ∞ 

Thus, the c.p.d.f of � for fixed � is given by  

��|� = =�~� �r! + # �!�C �= − rC�, �!!�1 − #!�� 

 

Example 4: If �	, 
�~�0	��, 21, 2, 3�, �� where � > 0, find � when                                       ��� < � < 16|� = 5� = 1. ��� 

Solution: 

 Here rC = 5, r! = 10, �C! = 1, �!! = 25. We know that ��|� = =�~��r, �!� 
where r = r! + # tutL �= − rC� and �! = �!!�1 − #!�. 

Here r = 10 + # × ?C �5 − 5� = 10 and �! = 25�1 − #!� 

Thus ��|� = 5�~��10, 25�1 − #!��. We want to find # so that                                                           E�4 < � < 16|� = 5� = 0.954 

Let � = �'zt = �'Ca?�C'vu ~��0, 1� ⟹ E FD'Cat < � < CH'Cat G = 0.954 

  	⟹ E F− Ht < � < HtG = 0.954 ⟹ E F0 < � < HtG = 0.477 

	From standard normal table, we have  
Ht = 2		 ⟹ 	� = 3		 ⟹	�! = 9 

⟹ 25�1 − #!� = 9 ⟹ 1 − #! = 925 ⟹	#! = 1 − 925 = 1625 ⟹ 	# = 45 = 0.8 



 	Example 5: Find ��Z�	, 
� for the jointly normal distribution 

S�T, 9� = 23�√5YT� o− ��3T − 9�3 + 3T9�� p	, −∞ < =, � < ∞ 

Solution: Given  ��, ��~���rC, r!, �C!, �!!, #	�. Then its p.d.f. is given by  

_�=, �� = 12��C�!�1 − #! �=< o− 12�1 − #!� d�= − rC�!�C! − 2# �= − rC��� − r!��C�! + �� − r!�!�!! �p − −�1� 

We have  	
_�=, �� = 12�√3�=< o− ��2= − ��! + 2=��6 p	, −∞ < =, � < ∞ 

        �. �,  		_�=, �� = 12�√3 �=< �− �4=2+�2−2=��6 � − − − −�3� 

Comparing �1� and �2�, we get rC =	r! = 0. Then �1� becomes 

_�=, �� = 12��C�!�1 − #! �=< �− U =!�C! + �!�!! − 2# =��C�!�2�1 − #!� �—�3� 

Comparing �2� and �3� , we find 

�C�!�1 − #! = √3	, �C!�1 − #!� = 6D, �!!�1 − #!� = 3 and 	 vtLtu�C'vu� = C6 

On solving we get �C! = 1	, �!! = 4, #! = CD 

Thus ��g��, �� = # = KCD = ± C! 

Example 6: Determine the parameters of the bivariate normal distribution 

S�T, 9� = �YT� o− �2��T − 3�3 − 23�T − 3��9 + 5� + ��9 + 5�3�32� p 

Solution: If ��, ��~���rC, r!, �C!, �!!, #�, then 



 _�=, �� = C
!stLtu�C'vu �=<  − UF¡¢£L¤L Gu'!vF¡¢£L¤L GF¥¢£u¤u Gu¦F¥¢£u¤u Gu�

!�C'vu� §  

Comparing these functions, we get 

rC = 2, r! = −3, � = 1
2��C�!�1 − #! , 16216 = 12�1 − #!��C! 

9216 = 12�1 − #!��!! 	 , 12216 = 2#2�C�!�1 − #!� 

 ∴ �1 − #!��C! = !D̈ 	 , �1 − #!��!! = 12	, �C�!�1 − #!� = 18# 

 ⟹ �1 − #!�!�C!�!! = 81 = �18#�! ⟹ #! = CD, 

 Further, �C = 3 and �! = 4. 

Thus, � = C!stLtu�C'vu = C!s×6×DKC'LP
= CC!s√6 

 ∴ ��, ��~�� F2,3,9,16, C!G 

Example 7: If 	~0�©,
3� and �
|T�~0�T, 
3�, show that �	, 
�~�0�©, ©, 
3, 3
3, ��  . 

Solution: We are given that 

 _�=� = C√!s	t �=< �− C! Fy'zt G!�	 , −∞ < = < ∞ 

 I��|=� = C√!st �=< �− C! F{'yt G!�	 , −∞ < � < ∞  

∴ ℎ�=, �� = I��|=�_�=� = 12��! �=< �−12 UF= − r� G! + F� − =� G!�� 

Consider F{'yt G! = F{'z¦z'yt G! = F{'zt G! + Fy'zt G! − 2Fy'zt G F{'zt G 



Thus, ℎ�=, �� = C
!stu �=< �− C

! U2 Fy'z
t G! + F{'z

t G! − 2 Fy'z
t G F{'z

t G�� 

The bivariate normal p.d.f. is given by 

  _�=, �� = C
!stLtu�C'vu exp �− C

!�C'vu� UFy'z
tL G! − 2# Fy'zLtL G F{'zutu G + F{'zutu G!��  

On comparing ℎ�=, �� with _�=, ��, we get 

																						�C�!�1 − #! = �!									, �C!�1 − #!� = 12�! 

�C�!�1 − #!�# = �!												, �!!�1 − #!� = �!	, rC = r! = r 

On solving, we get #! = C! 			�!! = 2�!	, �C! = �!. 

Thus, ��, ��~�� Fr, r, �!, 2�!, C√!G 

Example 8: The variables 	 and 
 are connected by the equation ­	 + ®
 + � = 1. 

Show that the correlation between them is −2 if signs of ­ and ® are same and +2 

if they are different signs. 

Solution: Given  ¯� + °� + � = 0 ⟹ ¯���� + °���� + � = 0 

 ∴ ¯�� − ����� + °�� − ����� = 0 ⟹ �� − ����� = − *( �� − ����� 
 ∴ �����, �� = ���� − ������� − ������ = − *( ��� − �����! = − *( ��! and  

 ��! = ��� − �����! = *u(u ��� − �����! = *u(u ��! 

 ∴ # = ±²³��,��t´∙t¶ = '·̧t¶u
�t¶uK·u¸ut¶u = '	·̧t¶u

¹·̧¹t¶u = '	·	¸		¹·̧¹ 

∴ # = �����, ���� ∙ �� = x 		1			,					�_	¯	¯ºb	°	ℎ¯��	�<<�i�e�	i�Iºi									−1	,					�_	¯	¯ºb	°	ℎ¯��	i¯»�	i�Iºi															̂ 



P1: 

Let ��, ��~���	
, 	�, �
�, ���, 
�. If 
 = �, then � and � are independent. 

Solution:  

Since ��, ��~�����, ��, ���, ����, the j.p.d.f. of ��, �� is given by 

 ���, �� = �
�������� !�

"�# $− �
��� !�� &'

( )�
�� *

� − + '( )��� * '
, )�
�� * + '

, )�
�� *

�./ 

If + = 0, then 

 ���, �� = �
������ "�# $−

�
� &'

( )�
�� *

� + ', )��� *
�./ 

            = �
√��	�� "�# $−

�
� '

( )�
�� *

�/ × �
√��	�� "�# $−

�
� '

, )�
�� *

�/ 

 ⟹ ���, �� = ���������� ,where ����� and ����� are m.p.d.fs of � and � 

respectively. Thus, � and � are indentent. 

Hence, if + = 0, then � and � are independent. 

 



P2: 

Two random variables � and � have j.p.d.f. 

���, �� = 
����	, � < � < 4, 1 < � < 5
�	, ��������� � 

Find the correlation coefficient between � and �. 

Solution:  

The marginal p.d.fs. of � and � are given by 

( ) ( )

( ) ( )

1

2

5 51

1 196 8

4 41

0 096 12

, 0 4

, 1 5

x

y

f x f x y dy x ydy for x

and f y f x y dx y xdx for y

= = = < <

= = = < <

∫ ∫

∫ ∫

 

( ) ( )

( ) ( )

2

2

2

4 4 41 8

0 0 08 8 3

5 5 51 31

1 1 112 12 9

Then
x

y

E X xf x dx x dx x dx

and E Y yf y dy y dy y dy

= = ⋅ = =

= = ⋅ = =

∫ ∫ ∫

∫ ∫ ∫
 

( ) ( ) ( )( )2 2 2 25 4 5 4 5 41 1 248

1 0 1 0 1 096 96 27
,E XY xyf x y dxdy x y dxdy y dy x dx= = = =∫ ∫ ∫ ∫ ∫ ∫  

( ) ( )

( ) ( )

2 2 3
1

2 2 3
2

4 41

0 08
5 5

1 1

8

1
13

12

E X x f x dx x dx

E Y y f y dy y dy

= = =

= = =

∫ ∫

∫ ∫
 

  !" = #��� = $��"� − &$���'" = 8 − )*+," = *
- 

  ." = #��� = $��"� − &$���'" = 13 − )+0- ," = -"
*0 

∴ 2 = 2��, �� = 345�!,.�
67	68 = $���� − 9�!�9�.�

67	68 = 0 	⟹ 2 = 0 



P3: 

If ��, ��~��	
, �, ��, 
�, 
��,  then find  

(i) ��
 < � < 8|� = 7�                                      
(ii)  ��−
 < � < 3|� = −4�. 

Solution:  

If ��, ��~�����, ��,  ��,  ��, !�, then 

               ��|� = "�~� #�� + ! 	%&%'� �" − ���,  ���1 − !��) 
and        ��|� = *�~� #�� + ! 	%'%&� �* − ���,  ���1 − !��) 
(i) +��|� = 7� = �� + ! 	%&%'� �" − ��� = 1 + ,

- ∙ -/ �7 − 3� = 4 and 

0��|� = 7� =  ���1 − !�� = 25	1 − 3
�-� = 16 

Thus ��|� = 7�~��4,16�. 
Consider 5�3 < � < 8|� = 7� = 5 	,6// < 7 < 86/

/ � 

                                                       = 5 	− �
/ < 7 < 1� 

                                                       = 5 	− �
/ < 7 < 0� + 5�0 < 7 < 1� 

                                                       = 5�0 < 7 < 0.25� + 5�0 < 7 < 1� 
                                                       = 0.0987 + 0.3413   (use table) 

                                                       = 0.44 

(ii) +��|� = −4� = �� + ! 	%'%&� �* − ��� 
                                = 3 + ,

- 	/-� �−4 − 1� = ,
- 

and 0��|� = −4� =  ���1 − !�� = 16 	1 − 3
�-� = 	�<- �

�
 



Thus 0��|� = −4�~� =,- , 	�<- �
�> 

 ∴ 		5�−3 < � < 3|� = −4� = 5A6,6B
C'D

C
< 7 < ,6BC'D

C
E = 5�−1.125 < 7 < 0.75� 

  = 5�−1.125 < 7 < 0� + 5�0 < 7 < 0.75� 
 = 5�0 < 7 < 1.125� + 5�0 < 7 < 0.75�                 (use table) 

 = 0.3708 + 0.2734 = 0.6442 

 



P4:  

The j.p.d.f. of ��, �� is given by  

���, �� = 
��	�� + ��	,			� ≤ � ≤ �	, � ≤ � ≤ �
�														,																			���������

� 
Compute ���, �� 

Solution: 

The m.p.d.f. of � is given by  

( ) ( ) ( ) ( )1

22 21 1 1

0 08 8 8

2
1

2 2
42

0

xy
xy xf x f x, y dy x y dy
  +
 + = + =
 
 

= = + =∫ ∫  

 ⟹ ��� � = !"�
# 	 for 0 ≤  ≤ 2 

Since �� , &� is symmetric in   and &, 

��� � = �'�&�, (��� = (�)� and *��� = *�)� 
Now,  (��� = ( ) ( )2 2

0 0

1

4

x
x f x dx x dx

+
=∫ ∫   

                                                                   ( )
3 2

2

2
2 1

0
0

1 78
2

4 63

1
44 3 2

x x
x x dx  = + = 

 

 = + = + 
 

∫ and 

  

(��'� = + + '
'

,
- + 14 01 '

, = 14+ � 2 +  '�1 '
,  

																																																								= 14 3 
#
4 +  23 5

,
' = 14 6164 + 839 = 53 



												∴ *��� = (��'� − =(���>' = 53 − -760
' = 53 − 4936 = 60 − 4936 = 1136 

Hence (��� = (�)� = A
B and *��� = *�)� = ��

2B 

Further,  

(��)� = + +  &�� , &�1 1&'
,

'
, = 18+ +  &� + &�1 1&'

,
'
, −−− �1� 

Now, 

+  &'
, � + &�1 = &+ � ' +  &�1 '

, = & 3 23 +  '2 &5
,
' = & 683 + 2&9 − −�2� 

                                                                                                     

From (1) & (2),  

(��)� = 18+ -83& + 2&'01&'
, = 18 383 . &

'
2 + 2. &2

3 5
,
' = 18 683 × 2 + 2 × 839 = 43 

Thus EFG	��, )� = (��)� − (���. (�)� = #
2 − A

B × A
B = #HI#J

2B = − �
2B 

and hence K��, )� = LMN	�O,P�
QR�S�QR�T� = LMN	�O,P�

R�O� = − UVWUUVW
= − �

�� 

 


