Unit-3
Probability Inequalities and Generating Functions
3.1

Probability Inequalities

Inequalities are useful for bounding quanties that might otherwise be hard to
compute. They will also be used in the theory of convergence and limit
theorems.

ChebycheV’s Inequality

When we want to find the probability of an event described by a random variable,
its c.d.f or p.d.f. or p.m.f. is required. If it is not known but its mean and variance
are known, we can use Chebychev’s inequality to find the upper bound or lower
bound for the probability of the event.

Theorem 1: If X is a random variable with mean u and variance a2, then
o2
P((X—u|l=¢€) < = e e ee e (1)

wheree > 0

Proof: The proof is given for a continuous random variable. Let X be a continuous
r.v. with p.d.f. f(x). Then
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In the first integral,
xSpu—€e=-—x=>2—put+te=—(x—p) =>e= (x —pn)? > e?

Inthe third integral, x > u+ e = (x —p) = ¢ = (x — p)? > €2

U—€
n o2 > €?

f(x)dx + ) f(x)dx]

—o u+e
=e’[PX<pu—€)+PX=>pu+e)]
=€e’Plu—e=X>pu+el=€?P[-e=>X—pu=¢€
=€e*P[|X —ul = €]

2
Thus, 02 = €?P[|X —pl 2 €] = P[IX —pl 2 €] <%

Note: The proof is similar as in the case of d.r.v.X except that integration is
replaced by summation.

Alternative forms:

2
o
PlIX—ul<e]l=1-P[|X—ul=€] = 1—6—2
2
=S P[IX-—pul<el=1 —‘;—2 N ¢
Let € = ko for k > 0. Then from (1), we have
1
P[|X — p| = ko] < TZ . (3)
and from (2), we have
PlIX—u|l<kol=>1—% v (D)

kZ



Example 1: If a r.v. X has mean 12 and variance 9 and the probability
distribution is unknown, then find P(6 < X < 18).

Solution: Since the probability distribution of X is not known, we can’t find the
value of the required probability. We can find only a lower bound for probability
using Chebychev’s inequality. We have, for € > 0.

2

o
PIIX—ul<elz1-—

Given E(X) =u=12andV(X) =% =9.

Then P[|X—12|<e]21—§=>P[—e<(X—12)<e]21—§
9
=Pll2-e<X<12+e]21-

9 1

Let € = 6. Then P[6<X<18]21—£=1—Z=0.75

= P[6 < X < 18] = 0.75
Thus, the probability of X lying between 6 and 18 is alseast 75%.

Example 2: A d.r.v. X takes the values —1,0 and 1 with probabilities% ,% and

% respectively. Evaluate P[|X — u| = 20] and compare it with the upper bound

given by ChebychevV’s inequality.

Solution: We have,

X 1 0 1
p(x) 1 3 1
3 2 8

ThenE(X)=u=zxp(x)=—1x§+0x§+1x§=o

N w2 _ 1 3 1_2_1
and E(X4) =Y x p(x)—1><8+0x4+1x3_8_4



Hence 02 = V(X) = E(X?) — (E(X))Z =i_0 =i

Consider P[|X — u| = 20] = P [|X| > 2 %] = P[|X| = 1]

=P(X =-11)

=PX=-1)+PX=1)

= 4-=2=2-025
8 8 8 4

= P[|X —u| = 20] <0.25
On the other hand, by Chebychev’s inequality,

1 1
P[|X—M|ZZG]S§=Z

Note that the two values are same.

Example 3: Use ChebycheV’s inequality to find how many times must a fair coin
be tossed in order that the probability that the ratio of the number of heads to
the number of tosses will lie between 0.45 and 0. 55 will be at least 0. 95.

Solution: Let X denote the number of heads obtained when a fair coin is tossed n
times. Then X~B(n,p). Thatis E(X) = np and V(X) = npq.

_X — (X212 _ v _
Let Y—n.ThenE(Y)—E(n)—nE(X)— P =p

and V(Y) =V (%) —F ((%)2) - (E (;—‘))2 = S (E(X?) - (EX))

_ 1 —nrq _ p4
_nZV(X)_ nz2  n’

Since p = %for a fair coin, E(Y) = %and V() = ﬁ
By ChebycheVv’s inequality for Y

1
4ne?

Pllv—4<dz1-E=1-



P1 <Y<1+]>1 1
: —_—— —_— —
2 € 2 €| = 4ne?

Notice that, if ¢ = 0.05 then P(0.45 <Y < 0.55)>1—

4ne?
Now, find n when € = 0.05and 1 ——— =095=>1—-—— = 0.95
4ne? nx4x(0.05)2
—1-— _—o. ! _005=>n=—" —_1 _10000_ 54
0.01xn 0.01Xn 0.01%x0.05 0.0005 5
Thus, n = 2000

Bienayme — ChebychevV’s inequality

Theorem 3: Let g(X) be a non-negative function of a r.v. X . Then for every
k > 0, we have

Plg(X) 2 k] < (X)] e (1)

Proof: Here we shall prove the theorem for continuous random variable. The
proof can be adapted to the case of discrete random variable on replacing
integration by summation over the given range of the variable.

Let S be the set of all X for which g(X) = k.Thatis, S = {x |g(x) = k}.

Now, E[g ] I g(x dX wheref (x) is the p.d.f. of X



Note:

1. 1fg(X) = (X — EX))" = (X — w?, then E(g(X)) = V(X) = 0 and
replacing k by €252 in equation (1), we get

2

Pl(X — 2>22<0- —

[( M) _60]_620'2_6_2
1

=>P[|X—u|2€a]$6—2

which is ChebycheV’s inequality.

2. Ifg(X) =1|X|in (1), then we get forany k > 0,

E(1X])
P[|X| = k] <
k
which is known as Markov’s inequality.
3. If g(X) = |X]|"in (1), then we get
v o ey < EQXID
PIXI" 2 k'] < —~

which is known as generalized Markov’s inequality.
Cauchy - Schwartz Inequality

When the j.p.d.f. of X and Y is known, upper bound for expected value of the
product of X and Y can be found by using Cauchy — Schwartz inequality when
second moments about origin of X and Y are given (i.e., E(X?) and E(Y?) are
given).

Theorem 2: For any two random variables X and Y
(E(XY))* < E(X})E(Y?)
Proof: Consider E(X — tY)? > 0 for any real number t. That is,

E(X? — 2tXY + t?Y?) = E(X?) — 2tE(XY) + t’E(Y?) > 0
which is a quadratic expression in t. This expression is always positive only when t



has complex roots. This is possible only when discriminant of the expression is
negative. Thus,

4(E(XY))" — 4E(X)E(Y?) <0
= (E(XY))* < EXYE(Y?)
Hence the result.
Example 4: The j.p.d.f. of (X,Y) is given by
flx,y) = x;—lyforx =1,2,3andy =1,2.
Verify whether Cauchy-Schwartz inequality.

Solution: The joint and marginal p.m.fs f; (x) and £, (y) of X and Y respectively
are given in the following table.

X
Y 1 2 3 fz(y)
) 2 3 4 9

21 21 21 21
, 3 4 12
21 21 21 21
5 7 9
x = - . 1
fi(x) 21 21 21

3

E(X Z Ix>poxl pa3x_ 26
= =1X—+2X=—4+3X—=—
(%) xf1(x) 12 21 21 21

x=1
3

E(X%) = ) x? () = 12 X+ 22 X 4 3 x e = 2
=2 XX = 12 21 21 21

x=1

Ey—i cixgaxit= D
y:




2
9 12 57
ED) =) yf() = 17 X oo+ 2% X
y=1

21 21 21
3 2
EQY) =) ) xyf(e,y)

x=1y=1

X IX A IX2X -+ IX3X 22X I X +2X2 X2 F2x3 x>
21 21 21 21 21 21
1 71
=1 Q2+6+124+6+16+30) ==
21 21

Verification of Cauchy-Schwatz inequality:

Here (E(XY))” = (7—1) = 11.755and E(X?)E(Y?) = == x = = 14.735

Note that (E(XY))” < E(X2)E(Y?).
Example 5: Let X and Y be c.r.vs with j.p.d.f.

_(x+y 0<x<1l0<y<1
f(x,y)—{ 0, otherwise

Verify Cauchy-Schwartz inequality.

Solution: The m.p.d.f. of X is given by

211

f1(x) —f fCx,y)dy = j (x +y)dy = [xy+yz

0

x+; 0<x<1

filx) = { )
0, otherwise

Since f(x,y) is symmetric in x and y, the m.p.d.f. of Y is given by

y+ % 0<x<l1
0, otherwise

f2(y) :{

Now,



1 3

E(XZ)—j 2 +1d—f1 3+x2d—x+x1—1+1—10
_Ox<x z)x_o )T AT e TaT e 24

Similarly, E(Y?) = g .Now,

E(XY) = J_o:o j_o:oxyf(x, y)dxdy = J_o:o J_o:oxy(x + y)dxdy

1( 1 1 /43 x2y2\1
:j {j (x2y+xy2)dx}dy=f <_y+ y) dy
o Wo o \ 3 2
0

1 (! y2 y31" 2 1
6J0(y+3y)dy [6+6L =3

2 1\2 1 10 _ 10
Thus (E(XY))" = (5) =2=0.111, and E(X>)E(Y?) = 2. x > = 0.1736

Hence (E(XY))* < E(X?)E(Y?).



P1:

A symmetric die is thrown 600 times. Find the lower bound for the probability
of getting 80 to 120 sixes.

Solution:
Let X be the total number of sixes.
Then X~B (600%), E(X) =np = 600 X = = 100

and V(X)=np(1—p)=600x§x§=5—‘6’°.

Using ChebycheV’s inequality, we get

P{|X—E(X)|<ka}21—%=>P{|X—100|<k /5%}21—5

Therefore, P {100 —k ’5%0 <X<100+ k ’5%0} >1-— %

2?m,wegetP(80<X<120)21—;=2

\/5_; 400><(%) 24

The lower bound for the probability of getting 80 to 120 sixes.

Taking k =



P2:

For geometric distribution p(x) = 27*;x = 1,2, 3, ..., prove that Chebychev’s
inequality gives P{|X — 2| < 2} > %, while the actual probability is 1—? .

Solution:

xx 1 2 3 4
EOO)=2xP(0= 2y =5ty

=1(1+ 2A+3A +4N +...) “ta-nyi=2, (A:lj
2 2 2

E(X?)=2x p(x):ix—zzi+i+g+...

x=12x 2 22 23

:%{1+4A+9A2+...} where A=

~ %(1+ A)(1-A)"=6

cVar(X) =02 =EX) —{EX)P =6—-4=2=0=12

. , . . 1
Using ChebycheV’s inequality, we get P{|X — E(X)| > ko|} < =

With k = V2, weget P{IX — 2| > V2-V2} <= P[IX - 2| <2] >1—- =

The actual probability is given by

P{X—-2|<2}=P{0 <X <4}=P{X =123 or 4}

2 3 4
SUORIORTORE
2 2 2 2 16



P3:
Does there exist a variate X for which
Plu—20<X<u+20]=0.6 ... (1)
Solution:
We have
Pu—20<X<u+20)=P(X—ul <20)
By Chebychev’s inequality P(|JX —u| < 20) =21 — 2% = 0.75

Since lower bound for the probability is 0.75, there does not exist a r.v. X for
which the equation (1) holds.



P4:

(a) Forap.m.f

N\

- , x=-1
8
6

p(x)={5 , x=0
1
\5 , x=1

Find P(|X — u| = 20).
(b) Compare this result with that obtained by using Chebychev’s inequality.

Solution:

(a)

X 1 0 1
p(x): 1 6 1
8 8 8

cu=EX)=Yxplx)=-1 ><§+1><§=Oand

1 1
E(X?) = Exzp(x) =1Xx=+1x%x=

8 8

1
~Var(X) = E(X?) —{E(X)}? = 2 =0 =
P{{X —u|l=20}=P{X|=21}=1-P(|X| < 1)
1

=1—P(—1<X<1)=1—P(X=0)=Z
(b) P{|X —u| = 20} < ziz (By ChebycheV’s inequality: P{|X — u| = ko} < %)
In this case, both results are same.

Note: This example shows that, in general, Chebychev’s inequality cannot be
improved.



3.1 .Probability inequalities

Exercise:

1. The Chebychev’s inequality for random variable X is (—2 < X < o) > % ,
find E(X) and V(X).

2. Two unbiased dice are thrown. If X is the sum of the numbers showing up,

prove that P(]JX — 7| = 3) < 2 . Compare this with the actual probability.

3. If X is the number scored in a throw of a fair die, find the upper bound for
P(|X — u| = 2.5) where u = E(X). Also find the actual probability.

4. If Xisar.v. such that E(X) = 3 and E(X?) = 13, find the lower bound of
P(-2 < X <8).

5. A discrete random variable X is specified by p(—a) = p(a) = % and p(0) = z.

Compute
(i) P(|X| = 20) and
(ii) ChebycheV’s inequality bound.

Answers:

1. EX)=3andV(X) =4

2. Actual probability = g

3. Upper bound = 0.47 and actual probability = 0

21
25

5. (i)

(i) -



Probability & Statistics Name_@_
HW 7 - Chebyshev & Empirical & Z score

1,

The average IQ of the students in one calculus class is 110, with a standard deviation of 5; the
average IQ) of students in another class is 106, with a standard deviation of 4. A student has an IQ
of 112, in which class is he ranked higher?

« HN2-11D 3 .
= 51 Zy= '—l—z—q—‘ﬂf— — Ranked highcr in
zl = O'Ll 22: 1.5 J?.nd CJGSS.

The average price of the wagon at Car Dealer A is $25,000, with a standard deviation of $4000. The
average price at Car Dealer B is $20,000, with a standard deviation of $2000. If I spent $23,000 at
dealer A and my sister paid $18,000 ot desler B, which was a better deal?

Z4 = 23,000~ 35,000 Ze = 18,000 ~ 20p00 .
4,000 , 2 000 Dealer B
—> was +he
ZA = =0.5 Z8= —| beHer deal .

The average score on an English final examination was 85, with a standard deviation of 5; the average
score on a history final exam was 110, with a standard deviation of 8. T made an 80 on the English
test and a 100 on the history test. Which test was better?

Zg = 80-85 2y = loo-ilo
5 ) ,E§r¥31i3V7 !

Zeg = ~| Zn = ~1.25 -

The average age of the accountants at Three Rivers Corp. is 26, with a standard deviation of 6; the
average salary of the accountants is $31,000 with a standard deviation of $4000. I'm applying at
both places and I'm 31 and want to make $35,000, in which category will I be higher?

. 3l -~ -
zAge. - 3 lp?_i_e Zsala@ -~ 35000 - 31000

Yoo
—
Z'.ﬂ = 0486 %5 l

Using Chebyshev's theorem, solve the following problems for a distribution with a mean of 80 and a

standard deviation of 10
a. At least what percentage of values will fall between 60 and 100? -—A/))\]\l\

i}

k=2~ (1=52) (100) - oo 50 10 1

b. At least what percentage of values will fall between 65 and 95?

K=t5 > (1= 88) ) - [50% ] s
_ 1.5 ioo _ 221.5 2=~

Thus, K = 13

Z: b5 “80



6. The mean of a distribution is 20 and the standard deviation is 2, Answer each using Chebyshev's

theorem.
a. At least what percentage of the values will fall between 10 and 30? 1 . m

[
K=5 Z = 30 20 C: 12 e 2224 2, 28 B
from  or f [l (5)1] (1ov) = O/" 92

Graph? Z = 5
b. At least what percentage of the values will fall between 12 and 28?2

= = 28-20 A 0
K=d or Z= =7 [l"(q)"-l(wo) = 193.15,

A
7. The mean of a distribution is 50 and the standard deviation is 5. Answer each using The Empirical

Rule.
a. At least what percentage of the values will fall between 45 and 55? m

I L]
- S
[ stdey —>» OR gz = E_SBWEQ., 35 4o 4550 56 Lo

Z=|
b. At least what percentage of the values will fall between 35 and 65?

3 st dev a — °
> 199.7 %,
8. A sample of the hourly wages of employees who work in restaurants in a large city has a mean of
$8.58 and a standard deviation of $1.29. m

:zqsss 4,81 Itk 12,45
a. Using Chebyshev's theorem, find the r'ange in which at least 75% of the J‘um values will fall,

152 | - gz -0.25k"s -1 : 8,58t 2(1.29)

T -7 K 2=
K2 = 0,25 W—b "‘”'M

b. Using the Empirical Rule, find the range ih which at least 95% of the data values will fall,
5% > Astdev  Thus | range is B +o ﬂn.nﬂ

9. A sample of the labor costs per hour to assemble a certain product has a mean of $15.72 and a
standard deviation of $2.15, Using Chebyshev's theorem, find the values in which at least 88.89% of
the data will lie.

3884 = - .41 - 15:[2:1: BCQ'IS) v((rm
- %
—o.lil = ~ g }M.a'l to aa.ﬂl
0-'””2%_]% - - 4.21 napr B.5Ti51g 1187 20,02 2211

10. The average score on a special test of knowledge of wood refinishing has a mean of 53 and a standard
deviation of 6. Using the Empirical Rule, find the values in which at least 68% of the data will lie,

8% > latdev 53 F () -/l/h\_—

41 53 59




3.2

Moment Generating Function

Certain derivations presented in modules 2.4, 2.5 and 2.6 have been somewhat
heavy on algebra. For example, determining the mean and variance of the
Binomial distribution turned out to be fairly tiresome. Another example of hard
work was determining the set of probabilities associated with a sum,

P(X +Y =t).Many of these tasks are greatly simplified by using probability
generating functions.

Moment Generating Function: The moment generating function (m.g.f) of a
random variable X is dentoed by My (t) and it is defined as

My (t) = E(e™)

2 3
8 M) =E@E®) =E[1+Z+E5+ 85 4|

2 3 r
= E() +SEQ) + SE(XD) + SEX®) + -+ SEXT) + 4 o0

t2 t3 t"

L My(t) =1 ,ul+2',u2+3'u3+ + ,ur+ I T (1)

1!

0

tr
- ;F:ur

which gives the m.g.f in terms of moments.

T

t
Therefore the coeffceint of; in My (t) is Uy , where r =1,2,3,...and

Uy = E(X") , moment about origin.

The m.g.f of X about mean u = p; = E(X) is defined as
My_(©) = E[e @ P] = E[1+ X =)+ S (X =2 + S X =) +

2 3
=1+ EX - i)+ EX — )2+ ZE(X —)* +



t t? t3
=1+ +up+ust+
where E(x — u)" = u, is known as the rth central moment forr = 1,2, ...
Notethaty, =EX—w)=EX)—u=u—u=0
Since My (t) generates moments, it is called moment generating function.

If X is a discrete random variable with p.m.f. p(x) then
M, (t)=E(e™) =1 e"p(x)
X
If X is a continuous random variable with p.d.f. f(x), then

_ x\_ [©
M, (t)=E(e*)=]__e™f(x)dx
Moments Using Moment Generating Function:

Differentiating equation (1) with respect to t and then putting t = 0, gives

r - |2
M1 = dtMX(t)]t=o

u = [ Me®)]

In general,

dT'

w = dtrMX(t)]t=0, r=1,23,..

Note: Moment generating function My (t) is used to calculate the higher
moments.

Theorems on Moment Generating Function:
Theorem 1: M ,x(t) = Mx(at), where a is a constant.
Proof: By definition M x(t) = E(et**) = E(e™X) = My(at)

Therefore, M, (t) = My (at)



Theorem 2: The moment generating function of the sum of n independent
random variables is equal to the product of their respective moment generating

functions, i.e, My .x,ix,++x,(t) = My ()My,(O)My, (1) ... Myx_(1)
Proof: By definition,

MX1+X2+X3+“'+Xn (t) = [Et(X1+X2+X3+...+Xn)]

= E(et®™)E(et®2)E(e!*3) ... E(et®n)
(Since X3, X,, ..., X,, are independent).

Therefore, My ,x,+x,+.+x,(t) = My, (t)Mx, () ... My (1)
Hence the proof.

Uniqueness Theorem of Moment Generating Function:

The m.g.f. of a distribution, if exists, uniquely determines the distribution. This
implies that corresponding to a given probability distribution, there is only one
m.g.f (provided it exists) and corresponding to a given m.g.f, there is only one
probability distribution. Hence My (t) = My (t) = X and Y are identically
distributed.

Effect of Change of Origin and Scale on Moment Generating Function:

Let a random variable X be transformed to a new variable U by changing both the

.. . X—-a
origin and scale in X as = 0 where a and h are constants.

The m.g.f of U (about origin) is given by
X—-a tX ta at tX
My(t) = E(etV) = E [et(T)] =F (3(7‘7)) = ¢ ®E (e(7)>

- Ma-a(8) = € # M (1)

h

Note: If Y = aX + b, then My (t) = e’ My(at)



Example 1: If X represents the outcome when a fair die is tossed, find the m.g.f.
of X and hence, find E(X) and Var(X).

Solution: When a fair die is tossed

P(X = x) =§, x=1,2,3,4,5,6

6 18
Mx(t):ZetxP(X:x)z—Zetx
X=1 6 %=1
= %(e't + e?t + e3t + et 4 o5t 4 e5Y)

[et + 2e%t + 3e3t + 4e* + 5e° + 6e°],-,

[N N

EX) = |[GMx®)] =

t=0

=Z(1+2+3+4+5+6)=>="

1
6
7

~ Mean=E(X) = 3

Now, E[X?];= = {;_tzz [MX(t)]}t=o

1
= E[ L+ 4e2t + 9e3t + 16e* + 25e°¢ + 36e%t],-,

91

=-(1+4+9+16+25+36) ==

2 91 49 35
VX)) =EX?) - (EQX)) = —-—=T
Example 2: Find the m.g.f. of the random variable X whose probability function

PX=x)= zix,x =1,2,3,... and hence find its mean.

Solution: By definition,



Therefore, My(t) = ¢

2—et

, [d d[ et _ [2—ePet —ef(—eh) _2-D1+1
My = [EMX(t)] < >l i = [ ==

o lat\2—et (2 — eb)? ., @-1?
Thus, E(X) =mean= 2

Example 3: If the moments of a random variable X are defined by
E(X")=0.6,r=1,2,...ShowthatP(X=0)=0.4,P(X=1) =0.6,and
PX=2)=0

Solution: We know that

o0 tr
IVIX (t) = Z_l Hy
r=0 '
where U =EX") =0.6

1+Z ur—1+z 06—1+(O6)( +< + + )

=14 (0.6)(ef —1)=1— 0.6+ 0.6e’ = 0.4 + 0.6¢" e (D

But by definition,

My(t)=PX=0)+ePX=1)+e?PX=2)+e3P(X =3) +..4. ...... (2)



From equations (1) and (2), we have
04+ 06et=PX=0)+etPX=1)+e?PX=2)+e3PX =3)+ -
Equating the coefficients of like terms on both sides,
P(X=0)=04 PX=1)=0.6
PX=2)=PX=3)=-=0 =PX=2)=0

Example 4: Find the m.g.f. of a random variable whose moments are
u=@+1) 27

Solution: By definition, we have My (t) = ZC:)F Hy

r o0

(r+1)12" = Zo(r+1)(2t)r

-1|:—|-

1
T (1-2t)2

=1422t)+3Qt)2+-=(1-2t)"2=

1
(1-2¢t)2

My(t) =

Example 5: If X~B(n, p), find the m.g.f of X and hence find its mean and
variance.

Solution: Since X~B(n, p), its p.m.f. is given by
p(x) = (Z)pxq"_x, x=012,..,nandg=1—-p.

Then the m.g.f. of X is given by

M, (t)=E[e” |- Zetxp Zetx(j =i[nj(pet)xq”‘x

X=

= My(t) = (q +pe)"

dMx(t)

iMx(t) =n(q + pe")" pet =Mean=p} = [
dt t= 0



d? 3 ~
Next, — (Mx(8)) = np[(n — 1)(q + pe")"?pe? + (q + pe" )" e']

= u, = [;—; (MX(t))] =np[(n—Dp+1] =npnp —p+ 1] = np(np + q)

t=0
= p, =n’p® +npq
Now, variance = 2 = u, — (u1)? = n?p? + npq — n?p? = npq
Thus, u = np and 62 = npq
Note that 62 = npq = uq where (0 < g < 1) .Thus, u > o2.
Note: For binomial distribution, mean is always greater than variance.
Example 6 : If X~P(A), find its m.g.f. and hence find its mean and variance.
Solution: Since X~P (A1), then its p.m.f. is given by

e~ A)x

p() = P(X =x) =

, x=20,1,...and A >0

The m.g.f. of X is given by

M, (t)= E[e”(]:getxp(x): ie“e_;—fx

x=0

2 (2]
-2 — o pret — pA(et-1)
= X!

== MX(t) = e’l(et_l)
Since %(Mx(t)) = eMe™~D)et : Mean=pu =y’ = [% (MX(t))]t=o - A
Now, ;_:Z(MX(t)) = A[el(et_l)et n el(et—l)/le”]

d?Mx(t)
dt?

Thenug=[ ]t=0=z(1+,1)=,1+,12

Thus, variance = 0% = u) — (U2 =1+ 12 -2 =1



Therefore, u = 0% = 1
Note: Mean and variance are same for Poisson distribution.
Example 7: If X~NB(r, p), find its m.g.f. and hence find its mean and variance.
Solution: Since X~NB(r, p), its p.m.f. is given by
—r
pe) = () x=012,.

The m.g.f of X is given by

= Mx(t) =p"(1—qe")™.

Now, = (My()) = p" (1)1 — qe®)"*V(—qe®) = qrp" (1 — qet) Vet
R 3 — re4 _ N\—(r+1) — T —-(r+1) 14

Mean=u = u; = [dt (MX(t))]t:O =qrp"(1—q) = qrp" (p) =3

d? d _
Further, E(MX(t)) — rqprﬁ{(l — get) (T+1)et}

=rqp’{~(r + D1 - qe)" "D (—qe*) + (1 — qe) " Ve}

Then 4, = [ (Mx(®)| _ =rap"[(r + Dgp+2 + p=+)]

rq((r+1
=r(r+ 1)q2p_2 + rqp_l = ﬁ(g +

rq
1 =?(rq+1)

p p
r’q® 1q
= Hp = > T3
p p
. r22 r T22 r
Hence, variance =02 =y — ()* ="+ 2 -t = o} =2

p p? p? p



Example 8:Let X be a random variable with p.d.f.

1 _«x
fw=y3¢* x>0
0 , otherwise
Find
i) PX>3)

(i) M.gf.ofX
(iii) E(X)andVar(X)

Solution:

0 P(X>3):J:Of(x)dx:j;%e_3dx=§[e

_1
3

(i)  My(t)= E(etx)zjowetxf (x)dx

1

1

=[ e %e_ 3y = %_[:e(t_3jxdx = %_[;O e_[3 tjxdx =2

S I R P |
3 _(l_tj 3 (1—3tj
3 3
1 —
Mx() = — =(1-3D)7"

£ [My(0] = (1 - 302(=3) =3(1 30

(i)  E(X) = Mean = [%Mx(t)]t_o =3

dZ
dat?

[Mx(t)] = —6(1 —3t)73(—3) = 18(1 — 3t) 3

[
| E )
w 8
I

1




E(Xz)-[

ﬂﬂ@@]o=w
Var(X) =E(X?>) - [E(X)]?=18-9=9
Example 9: Let X be a discrete random variable with p.d.f.

1

px)=<x(x+1)
0 , otherwise

, x=1,2..

Show that E(X) does not exist even though m.g.f. exist.

Solution:

0o 0 1 0
E(X :Z]; Z];n: Z

X=

><||—\

NII—\
OOII—\
-l>||—\

o0
But )’ Lisa divergent series.
1 X

Therefore, E (x) does not exist and hence, no moment exists.

Now, m.g.f. of X is given by

o0 o0 tx
MX(t):Z p( ZX
x=1 x=1
Substituting z = et,
00 7 ZZ Z3
z1X X+1 1.2+2.3+3.4+
e I
=(z+Z+Z 4 )22

[l
S

Q
—~
—_

[

N
-
[

N R
—~
NINN
+
|
+

| N
+
N———



=—log(l—z)+1+§l0g(1—z),|z| <1
=1+e—1)log(1—z), 1z] < 1

_(1+ (e t=1Dlog(1—¢€Y) t<0
MX(t)_{1 ) for t=0

and My (t) does not exist fort > 0.



3.2

Moment Generating Function

Certain derivations presented in modules 2.4, 2.5 and 2.6 have been somewhat
heavy on algebra. For example, determining the mean and variance of the
Binomial distribution turned out to be fairly tiresome. Another example of hard
work was determining the set of probabilities associated with a sum,

P(X +Y =t).Many of these tasks are greatly simplified by using probability
generating functions.

Moment Generating Function: The moment generating function (m.g.f) of a
random variable X is dentoed by My (t) and it is defined as

My (t) = E(e™)

2 3
8 M) =E@E®) =E[1+Z+E5+ 85 4|

2 3 r
= E() +SEQ) + SE(XD) + SEX®) + -+ SEXT) + 4 o0

t2 t3 t"

L My(t) =1 ,ul+2',u2+3'u3+ + ,ur+ I T (1)

1!

0

tr
- ;F:ur

which gives the m.g.f in terms of moments.

T

t
Therefore the coeffceint of; in My (t) is Uy , where r =1,2,3,...and

Uy = E(X") , moment about origin.

The m.g.f of X about mean u = p; = E(X) is defined as
My_(©) = E[e @ P] = E[1+ X =)+ S (X =2 + S X =) +

2 3
=1+ EX - i)+ EX — )2+ ZE(X —)* +



t t? t3
=1+ +up+ust+
where E(x — u)" = u, is known as the rth central moment forr = 1,2, ...
Notethaty, =EX—w)=EX)—u=u—u=0
Since My (t) generates moments, it is called moment generating function.

If X is a discrete random variable with p.m.f. p(x) then
M, (t)=E(e™) =1 e"p(x)
X
If X is a continuous random variable with p.d.f. f(x), then

_ x\_ [©
M, (t)=E(e*)=]__e™f(x)dx
Moments Using Moment Generating Function:

Differentiating equation (1) with respect to t and then putting t = 0, gives

r - |2
M1 = dtMX(t)]t=o

u = [ Me®)]

In general,

dT'

w = dtrMX(t)]t=0, r=1,23,..

Note: Moment generating function My (t) is used to calculate the higher
moments.

Theorems on Moment Generating Function:
Theorem 1: M ,x(t) = Mx(at), where a is a constant.
Proof: By definition M x(t) = E(et**) = E(e™X) = My(at)

Therefore, M, (t) = My (at)



Theorem 2: The moment generating function of the sum of n independent
random variables is equal to the product of their respective moment generating

functions, i.e, My .x,ix,++x,(t) = My ()My,(O)My, (1) ... Myx_(1)
Proof: By definition,

MX1+X2+X3+“'+Xn (t) = [Et(X1+X2+X3+...+Xn)]

= E(et®™)E(et®2)E(e!*3) ... E(et®n)
(Since X3, X,, ..., X,, are independent).

Therefore, My ,x,+x,+.+x,(t) = My, (t)Mx, () ... My (1)
Hence the proof.

Uniqueness Theorem of Moment Generating Function:

The m.g.f. of a distribution, if exists, uniquely determines the distribution. This
implies that corresponding to a given probability distribution, there is only one
m.g.f (provided it exists) and corresponding to a given m.g.f, there is only one
probability distribution. Hence My (t) = My (t) = X and Y are identically
distributed.

Effect of Change of Origin and Scale on Moment Generating Function:

Let a random variable X be transformed to a new variable U by changing both the

.. . X—-a
origin and scale in X as = 0 where a and h are constants.

The m.g.f of U (about origin) is given by
X—-a tX ta at tX
My(t) = E(etV) = E [et(T)] =F (3(7‘7)) = ¢ ®E (e(7)>

- Ma-a(8) = € # M (1)

h

Note: If Y = aX + b, then My (t) = e’ My(at)



Example 1: If X represents the outcome when a fair die is tossed, find the m.g.f.
of X and hence, find E(X) and Var(X).

Solution: When a fair die is tossed

P(X = x) =§, x=1,2,3,4,5,6

6 18
Mx(t):ZetxP(X:x)z—Zetx
X=1 6 %=1
= %(e't + e?t + e3t + et 4 o5t 4 e5Y)

[et + 2e%t + 3e3t + 4e* + 5e° + 6e°],-,

[N N

EX) = |[GMx®)] =

t=0

=Z(1+2+3+4+5+6)=>="

1
6
7

~ Mean=E(X) = 3

Now, E[X?];= = {;_tzz [MX(t)]}t=o

1
= E[ L+ 4e2t + 9e3t + 16e* + 25e°¢ + 36e%t],-,

91

=-(1+4+9+16+25+36) ==

2 91 49 35
VX)) =EX?) - (EQX)) = —-—=T
Example 2: Find the m.g.f. of the random variable X whose probability function

PX=x)= zix,x =1,2,3,... and hence find its mean.

Solution: By definition,



Therefore, My(t) = ¢

2—et

, [d d[ et _ [2—ePet —ef(—eh) _2-D1+1
My = [EMX(t)] < >l i = [ ==

o lat\2—et (2 — eb)? ., @-1?
Thus, E(X) =mean= 2

Example 3: If the moments of a random variable X are defined by
E(X")=0.6,r=1,2,...ShowthatP(X=0)=0.4,P(X=1) =0.6,and
PX=2)=0

Solution: We know that

o0 tr
IVIX (t) = Z_l Hy
r=0 '
where U =EX") =0.6

1+Z ur—1+z 06—1+(O6)( +< + + )

=14 (0.6)(ef —1)=1— 0.6+ 0.6e’ = 0.4 + 0.6¢" e (D

But by definition,

My(t)=PX=0)+ePX=1)+e?PX=2)+e3P(X =3) +..4. ...... (2)



From equations (1) and (2), we have
04+ 06et=PX=0)+etPX=1)+e?PX=2)+e3PX =3)+ -
Equating the coefficients of like terms on both sides,
P(X=0)=04 PX=1)=0.6
PX=2)=PX=3)=-=0 =PX=2)=0

Example 4: Find the m.g.f. of a random variable whose moments are
u=@+1) 27

Solution: By definition, we have My (t) = ZC:)F Hy

r o0

(r+1)12" = Zo(r+1)(2t)r

-1|:—|-

1
T (1-2t)2

=1422t)+3Qt)2+-=(1-2t)"2=

1
(1-2¢t)2

My(t) =

Example 5: If X~B(n, p), find the m.g.f of X and hence find its mean and
variance.

Solution: Since X~B(n, p), its p.m.f. is given by
p(x) = (Z)pxq"_x, x=012,..,nandg=1—-p.

Then the m.g.f. of X is given by

M, (t)=E[e” |- Zetxp Zetx(j =i[nj(pet)xq”‘x

X=

= My(t) = (q +pe)"

dMx(t)

iMx(t) =n(q + pe")" pet =Mean=p} = [
dt t= 0



d? 3 ~
Next, — (Mx(8)) = np[(n — 1)(q + pe")"?pe? + (q + pe" )" e']

= u, = [;—; (MX(t))] =np[(n—Dp+1] =npnp —p+ 1] = np(np + q)

t=0
= p, =n’p® +npq
Now, variance = 2 = u, — (u1)? = n?p? + npq — n?p? = npq
Thus, u = np and 62 = npq
Note that 62 = npq = uq where (0 < g < 1) .Thus, u > o2.
Note: For binomial distribution, mean is always greater than variance.
Example 6 : If X~P(A), find its m.g.f. and hence find its mean and variance.
Solution: Since X~P (A1), then its p.m.f. is given by

e~ A)x

p() = P(X =x) =

, x=20,1,...and A >0

The m.g.f. of X is given by

M, (t)= E[e”(]:getxp(x): ie“e_;—fx

x=0

2 (2]
-2 — o pret — pA(et-1)
= X!

== MX(t) = e’l(et_l)
Since %(Mx(t)) = eMe™~D)et : Mean=pu =y’ = [% (MX(t))]t=o - A
Now, ;_:Z(MX(t)) = A[el(et_l)et n el(et—l)/le”]

d?Mx(t)
dt?

Thenug=[ ]t=0=z(1+,1)=,1+,12

Thus, variance = 0% = u) — (U2 =1+ 12 -2 =1



Therefore, u = 0% = 1
Note: Mean and variance are same for Poisson distribution.
Example 7: If X~NB(r, p), find its m.g.f. and hence find its mean and variance.
Solution: Since X~NB(r, p), its p.m.f. is given by
—r
pe) = () x=012,.

The m.g.f of X is given by

= Mx(t) =p"(1—qe")™.

Now, = (My()) = p" (1)1 — qe®)"*V(—qe®) = qrp" (1 — qet) Vet
R 3 — re4 _ N\—(r+1) — T —-(r+1) 14

Mean=u = u; = [dt (MX(t))]t:O =qrp"(1—q) = qrp" (p) =3

d? d _
Further, E(MX(t)) — rqprﬁ{(l — get) (T+1)et}

=rqp’{~(r + D1 - qe)" "D (—qe*) + (1 — qe) " Ve}

Then 4, = [ (Mx(®)| _ =rap"[(r + Dgp+2 + p=+)]

rq((r+1
=r(r+ 1)q2p_2 + rqp_l = ﬁ(g +

rq
1 =?(rq+1)

p p
r’q® 1q
= Hp = > T3
p p
. r22 r T22 r
Hence, variance =02 =y — ()* ="+ 2 -t = o} =2

p p? p? p



Example 8:Let X be a random variable with p.d.f.

1 _«x
fw=y3¢* x>0
0 , otherwise
Find
i) PX>3)

(i) M.gf.ofX
(iii) E(X)andVar(X)

Solution:

0 P(X>3):J:Of(x)dx:j;%e_3dx=§[e

_1
3

(i)  My(t)= E(etx)zjowetxf (x)dx

1

1

=[ e %e_ 3y = %_[:e(t_3jxdx = %_[;O e_[3 tjxdx =2

S I R P |
3 _(l_tj 3 (1—3tj
3 3
1 —
Mx() = — =(1-3D)7"

£ [My(0] = (1 - 302(=3) =3(1 30

(i)  E(X) = Mean = [%Mx(t)]t_o =3

dZ
dat?

[Mx(t)] = —6(1 —3t)73(—3) = 18(1 — 3t) 3

[
| E )
w 8
I

1




E(Xz)-[

ﬂﬂ@@]o=w
Var(X) =E(X?>) - [E(X)]?=18-9=9
Example 9: Let X be a discrete random variable with p.d.f.

1

px)=<x(x+1)
0 , otherwise

, x=1,2..

Show that E(X) does not exist even though m.g.f. exist.

Solution:

0o 0 1 0
E(X :Z]; Z];n: Z

X=

><||—\

NII—\
OOII—\
-l>||—\

o0
But )’ Lisa divergent series.
1 X

Therefore, E (x) does not exist and hence, no moment exists.

Now, m.g.f. of X is given by

o0 o0 tx
MX(t):Z p( ZX
x=1 x=1
Substituting z = et,
00 7 ZZ Z3
z1X X+1 1.2+2.3+3.4+
e I
=(z+Z+Z 4 )22

[l
S

Q
—~
—_

[

N
-
[

N R
—~
NINN
+
|
+

| N
+
N———



=—log(l—z)+1+§l0g(1—z),|z| <1
=1+e—1)log(1—z), 1z] < 1

_(1+ (e t=1Dlog(1—¢€Y) t<0
MX(t)_{1 ) for t=0

and My (t) does not exist fort > 0.



P1:

Find the m.g.f. of uniform distribution U[a, b] and hence obtain the mean and
variance of the distribution.



P2:

Find the m.g.f. of Normal N(u, 6?) distribution and hence find its mean and

variance.
Solution:

Since X~N(u, 02) , its p.d.f. is given by

x) = — (-5
100 ="z *P

The m.g.f. of X is given by

M, E[e‘X} m/_ ie Xexp(— 2(1;2()(_#)2)

Let z =x?T“.Thusx =u+ozanddx =o0.dz
52
Thus, M, J_I_wexp y+az))exp(—?jdz

=——¢@ exp| ——(z° - 2toz) |dz
¢27Z' —o0 p 2( )

1 0
_ plH

N _wexp[—%{(z—at)z—aztz}}dz

1 t/1+10'2t2 ©

1 2
=——p¢ 2 exp| —=(z—-ot) |dz
\N2r —o0 p[ 2( )}
letu=z—0t = du=dz

Ly

1
t,u+0
= e 2 du

S L

1 2.2
_ ptutzo’t



152¢2 1 2.2

= u =Mean= u; = My(t)|=o = pt

152¢2 122
Further, My (£) = e™*27% (u + g26)2 + 427" (62)
= Uy = My (t)l¢=0 =,112+O'2 = U, =‘u2 + g2
The variance is given by

Variance = uj — (u})? = u? + 02 — u? = o2.



P3:

Find the m.g.f. of geometric G(p) distribution and hence obtain its mean and
variance.

Solution:
If X~G(p), its p.m.fis given by p(x) = g*pforx =0,1,2,..., 0<p < 1.
Then the m.g.f. is given by

Mx(t):E[etx]:)(zé)etqup:xzé)(qet)x= p t

1-qe

P
1—gqet

= My (t) =

! ! - / 7] 2q?
Then pi = My(t)|=o = pq(1 —q)7% = %and Hy = My (t)|¢=0 = % +pi2

2 2 2
q , 2q q qa ,q qap+q q(p+q) q

and =yl — ’2=——|———(—) =—-4 —= = = —
.UZ ﬂz (.ul) p pz p p pz pz pz pz

a
p

-4

— = = ; — 2
Thus, Mean= u = y; = = and variance = g“ = )



P4:

Find the m.g.f. of exponential E(A4) distribution and hence find its mean and

variance.
Solution:
Since X~E(X), its p.d.f. is given by f(x) = le ™ forx > 0and 1 > 0

The m.g.f. of X is given by

= Mx(t):i(%jr for 2>t

r=0

, - t’ . r!
But ;- = coefficient of —in My (t) = Fforr=12,..

, 1 , 2 , , 2 11
Thus, uy =Zand My =7 and hence p, = u, — (u})? R TIRETRRT

1 1
Thus, p = ~and g% = =



3.2. Moment Generating Function

Exercise:
1. Find the m.g.f of a.r.v. whose moments are given by u,. = (r + 1)! 2"

2. If My(t) = %, find standard deviation of X

3. Find the m.g.f. of a.r.v X whose p.d.f is given by
-,0<x<2
fx) = {2 _
0 , otherwise
4. Find the m.g.f and hence find the mean and variance of a.r.v. X whose p.d.f. is

given by

. _( 2e7%x x =0
N fx) = { 0 , otherwise
= —1<x<2
ii flx) = {3 ’
0 , otherwise
1.3 >0
i, F(x) {3 €, X=
0 , otherwise
z 0<x<k
iv. f(x) { k'
0, otherwise

f(x) =260 x> q



Answers:

1

1. MX(t) = m

1 2t _ 2t
3. 2t2(1+2te e<t)

4,
_ 2z 1 2_1
[ MX(t)—Z_t,u— , O "
eZt e—t
i, My(t) = { rel
1 , t=0
i. My@®)=0-3t)"Y, u=3, ¢2=9
. _ etk—l _ E 2 k_2
Iv. MX(t) - Kkt )l’l - 2’ o~ = \/E
_Ae® 9+l 5, 1
V. My (t) = T M=, 00 =



3.3

Characteristic Function

In some cases m.g.f. does not exist. For example, consider the p.m.f. given by

6

0, otherwise

Its m.g.f. is given by

= t 6 <« e
M, (t)=2 e =—22—2,
x=1
which is divergent. Thus, M (t) does not exist. A more serviceable function that

the m.g.f. is the characteristic function.

Characteristic function: The characteristic function of a.r.v. X is defined by

Je' £ (x)dx if X is acrvwithpd.f f(x)
_ itX
x (t)_E[e } > e p(x) if X isadrv.with pm.f p(x)

where i = v —1, the imaginary number.

Note:

1. 05| = |E(e'™®)| < E(|e®*|) = E(Vcos?tX + sin?tX) = E(1) = 1
Since |@x(t)]| < 1, @4 (t) always exists for any probability distribution.
2. @,(t) = E[eitx E[l + (i)X + &L (lt) @)” w2 (Lt) X3 + - ]

(lt) (lt)

=1+ (@EQX) +—-EX?) +—-E(X?) + -

. 2 . 3
@2 G

=1+ (it)u + o K2 3 M3




where u. = E(X") = r*® moment abut origin forr = 1,2, ...

3. If @4 (t) is given, then the " moment about origin is given b
W, = coefficient of% in @x ().
Properties:
1. 0x(0)=1
Proof: @4 (t) = E[eitx] =E(1)whent=0
=1
Thus, 0,(0) =1

2. |@x(t)| < 1forallrealt.

Proof: |0x(D)| = |E(e™)| < E(|e'*|) = E(Vcos?tX + sin?tX) = E(1) = 1
= |0, (t)] < 1 for all real t

3. @x(t) continuous function of t in (—oo0, ).

Proof: For h # 0,

18x(t + h) — ()| = |[E(e!ETWX) — E(eiX)]| = |E(elE+MX — eitX))|

= |[E{e®™* (et — 1)}| < E(|e™*||e"* —1]) =E(|e""* —1]) - 0as h — 0
Thus m |0x(t +h) —0x(t)| =0

= lim By(t +h) = Bx(©)

= @4 (t) is a continuous function of t in (—o0, ) .



4. Ox(—t) = Ox(t),i.e, Ox(—t) is the complex conjugate of Dy (t).

Proof: Here @ (t) = E[etX] = E[costX — isintX]
= Qy(—t) = E[cos(—tX) + isin(—tX)] = E[costX —isintX] = @, (t)
Thus, @x(—t) = Ox(t)

5. If the p.d.f.iseveni.e., f(—x) = f(x), then the characteristic function is real

valued and even function of t.

Proof: We know that, @, (t 'tX j e'™ f(

letx = —y = dx = —dy. Then

T (y)dy (+ f is an even function)

)=["e™f(-y)(-ay)=["
= E[e™®] = 9x(-t)

Thus, @x (¢) = Px(—t)

= @x(t) is an even function of t.

Further, @5 (t) = @x(—t) (by property 4)

= Qx(t) (Since @y (t)iseven function)

Thus, @y (t) is real.



6. If X is a r.v. with characteristic function @x(t) and u,. = E(X ") exists, then
= (0" 2z (2x®)|

dtr

Proof:
— (®X(t)) — (E(eltX)) =" [XreitX] — lTE(XT)

Now, —((Z)X(t))| =i"E(X")and u, = E(X") = ——(@X(t))|

dat” T dtT

Thus, uf = (=" 4= (8x(0)| _

at’

7. Effect of change of origin and scale .

Let U = Xh;a where a and h are constants.
i L (X—-a ita ([t
Then @y (t) = E[eltu] =F [elt(T)] =e rE [el(ﬁ)x]

= 0,1 = 70y (1)

8. If X41,X,, ..., X,, are independent, then
Dx 4t x, (8) = Dy, (E) By, (L) ... O, (E)

Proof:
Bxy 4t 2, (E) = Elettat Xt Xn)| = Eleith eithz  eithn]

(v Xy, X,, ..., X, are independent)
= E[eitxl].E[eitXZ] E[eitxn]

= 0y, (). Dy, (t) ... Dx, ()
= Oyt x, (1) = Dy, (£)- Dy, (¢) .. B, (1)

Note: Converse need not be true.



Uniqueness Theorem for Characteristic Functions:

The characteristic function uniquely determines the distribution. That is,

A necessary and sufficient condition for two distributions with p.d.fs f,(.) and
f2(.) to be identical is that their characteristic function ®,(t) and @,(t) are
identical.

Example 1: If X~B(n, p), find its characteristic function and hence obtain its
mean and variance.

Solution: Since X~B(n, p), its p.m.f. is given by

p(x) = ( : ) p*q"*forx=0,1,2,..,n
The characteristic function of X is given by

4 ()= E[€™ ] = Y e"p(x) ieitxwpanX‘xi@(pe“)xq“

X= x=0

= By (t) = (q + pe')” and % (0x()) = npi(q + pet)" "eit

The mean of X is given by
p=EQ) =i = (05 (0x(0)| _ = (=D [npi(q +pe)"ei|
= (=) npi =np

Now, (@X(t)) = (npl) [(q + pelt) ]

dtZ
= (npi) [(n —1(q+ peit)n_zpieZit +(q + peit)n_lieit]

Thus, 4y = (=245 (0x(®)| _ = (~D2(pD[(n — Dpi + 1]

dt2

= (np)[np —p + 1] = np(np + q) = n*p* + npq

= pp =n’p® +npq



Therefore, the variance of X is given by

o? =V(X) = u; — (u1)* = n’p® + npq —n’p*
= 0?2 =npq.

Example 2: If X~P(A), find the characteristic function X and hence obtain its
mean and variance.

Solution: Since X~P (1), its p.m.f. is given by

e~ Apx

x!

p(x) = x=0,1,,2 ..

The characteristic function of X is given by

" (t) _ E|:eitX ] _ ieitx p(x) _ ieitx e
x=0 x=0 !

X

_ el _ e;t(e“—l)

d _ /1 it_l . t
Now,&(Q)X(t)) = eMe" 1) yjel
Thus, the mean is given by

= (=D) =4

t=0

d
p=p =EX) = (—i)a(ﬁbx(t))

= u=A
Now, ;—;(@X(t)) — (/u)% [e)t(eit_l)eit]

— (A) [ea(eit—1)/1l-62it n e/’l(eit—l)ieit]



Thus, u; is given by

d2
up = (0?25 (0x(®)| = (ED?ADA+D) = (=D*E)AA+ 1)
t=0

=AA+1)=22+2
Hence, the variance is givenby 62 =y, — (u))? =212+ 1 -2 =1= o2 =1

Example 3: If X~N(u, 6?), find the characteristic function of X and hence obtain
its mean and variance.

Solution: Since X~N(u, 02), its p.d.f. is given by

1 1
fx) = =exp [—;(x—u)z] ,— < x, 1 < 0,0 >0

The characteristic function of X is given by

()= E[™ =" e F (x)dx=— O;eitxexp{—ziz(x—y)z}dx

—© o2

Let%=z = x=Uu+oz=dx=0dz
1 o0

o2 ™

_ v 12
'™ exp[—z—lz(x—u)z}dx:j gll4+o2lg 2" gz
o —00

eit,u %

= E_[_Ooexp —%(22 - 2iazt)}dz
e [ N exp_—%(zz ~2iczt +i’c™? - izaztz)}dz

2z =

22
it,u—%

:effwexp[—%(z —iat)z}dz




letz —iot =u = dz =du

2:2 2
It,u—% 1 © -
=e —— | e 2du
2 °
2
2:2
i 1 © -—
w7 [“e Zau-1
N2z 9 ®
. a?t?
= Ox(t)=e"™ " 2

ag2t2

d ity — 2
NOWI E (@X(t)) = eltﬂ 2 (l,u - O-Zt)
, ~ d N /e
Then 1f = (=) 5 (8x(®)| _ = (=0 () =
Thus, Mean=E(X) = .
2 , 1 . 1
Now, %((Z)X(t)) = eltu—g(ﬂtz(i# . O_zt)z + eltu—EtZJZ (_0_2)

Thus, b = (=% 2 (0x(®)| _ = (-2 [i2%2 = 0% = (~1)(=4? = 0?)

= pp =pt+o’

Hence, the variance is given by

V(X) =y — (u)* = p? + 0% —p* = o?

= Variance = V(X) = ¢?

Finding p.m.f. (or p.d.f.) when characteristic function is known.

If X is a d.r.v. with characteristic function @ (t), then @, (t) = Y. P(X = j)e'¥.

First write the characteristic function in this form and then identify the P(X = j)
which is the p.m.f. of the d.r.v. X.



Example 4: Find the p.m.f. of the d.r.v. X whose characteristic function is given
by @x(t) = (q + pe't)".

Solution: We have, @y (t) = (q + peit)n and

Ox(t) = (q+pet)" =

s

(7)@weYqr

J=0

M:

)piqnieiti = ZP(X =j)e'ts
]:0 j=

= E[e"*] where P(X =) = (7) plqn/
Thus p.m.f. |sp(])—(n)p q"J forj =0,1,2,.
Example 5: Find the p.m.f. of a d.r.v. X whose characteristic function is given by
Oy (t) = etett-1)

Solution: We have, @4 (t) = eAe-1)

(00 0e] —A
T Rl o

= z P(X = x)e'* = E[e'*X|
x=0

—-A9x
A forx = 0,1,2, ..., which is Poisson distribution with

where P(X = x) = =

parameter A.

Theorem 1: If X is a continuous random variable with characteristic function
@y (1), then its p.d.f. is given by

1 r* |
) =5 j eit%g, (t)dt



Example 6: Find the p.d.f corresponding to the characteristic function
Ox () = et 2",

Solution:

(00]

, Lo 1.5 5
f(x) :% e—ltxeltu 2t o dt

1 oo
=—| e

- %[tzaz—zit(x—u)] dt
21

— 00

% p [_g{w_i(X;ﬂ)}z+(";“)Z]dt

e I e Ca S I

Letta—i(’%“)=u=>dt=d—”.

g

1 1 (x - ,u)z‘ 1 JOO < u2> it
= exp |—= exp| ——
oV2iT p- 2\ o 1\2m)_o P 2
1 1 x — N2
o Znexp _E( o )

N2
Therefore, f(x) = m/lﬁ exp [—%(%) ] ,—00 < x < 00

= X~N(u,0?)

Example 7: Find the p.d.f. corresponding to the characteristic function defined
by

C(1—e , <1
Q(t)_{ 0, |t>1

Solution: The p.d.f. of f(x) is given by



( )_ifoo —itx@ t)dt—ijl _itxqj(t)dt
fx C2n _ooe ( C2n _1e

1 r° 1 (.
= —j e (1 + t)dt + —f e (1 —t)dt
2m J)_, 21 ),

(vfor—=1<t<0,|t]=—tandfor0<t<1,|t] =t)
Now,
—itx

o 10
j e (1 + t)dt = [ (1+ t)] + ,—j e X dt
—lix o Wy

-1

0

1 1 e—itx
= —.—+.—[ - ]
X ILX| —lX _1

Similarly,

o 1
foe‘l“‘(l t)dt__+(lx)2 (em* —1)

. e* 4+ e7ix
f()_ﬁ[(lx)z{e —lte _1}] nx2< B 2 )

1
:f(x)zm(l—cosx),—m<x<oo



P1:

If X~NB(r,p), find its characteristic function and hence obtain its mean and
variance.

Solution:

Since X~NB(r, p), its p.m.f. is given by

pe) = (", )p" (—)* x=012,..

The characteristic function of X is given by

(Z)X(t) — E[eitX] — Z ltxp(x) 2 eltx p ( q)x

0

X= X

T

( ;) (_qeit)x = pr(1- qeit)—T

=D

MS

x=0

Thus, Px(t) =p" (1 - qeit)_r

Now,
%(@X(t)) = pr(—r)(l _ qeit)—(r+1)(_q)l-eit — iprqreit(l _ qeit)—(r+1)
Thus, mean=pu =y, = (— l)—(QX(t))|

r
= (~Dip"qr(1 = )V = prgr(p) D = =

= U=—
p

W, dtz (@X(t)) p rql_[(l_ ) (r+1) lt]

= p"rqi [—(r +1(1- qeit)_(r”)(—qi)ez"t +(1- qeit)_(rﬂ)ieit]



d2

= (0x0)|

= (—0)2p"rqi[(r + Dqip~T*? + p= 1]

Thus, u,’ = (—i)?

= (=02 rqi’p~ "I [(r + 1)q + p]

rq rq
=F(rq+q+p) =p—2(rq+1)

r2q®> 1q

pZ +p2

= Uy =
Thus, the variance is given by

of =" — () = ——+




P2:

Find the characteristic function of uniform U[a, b] distribution and hence obtain
the mean and variance of the distribution.

Solution:

Since X~U(a, b), its p.d.f, is given by

f(x)=b_a,a<x<b

The characteristic function is given by

x b b1 1 ("
— itX] — itx — itx — itx
Ox(t) = E[e'™X] L e f(x)dx ja et~ _adx - _aJa eit*dx

rab
_ 1 e _ 1 (et — gita)
b—al it . (b —a)it
ith _ eita
— 0Oy
1 A A
= thy(t) = = (el“’ — elta) e (D
Differentiating both sides of (1) w.r.t. t, we get
L0 4 (£) + By (t) = ——[(ib)e™ — (ia)eit?] ... )

i(b—a)

Again differentiating both sides of (2) w.r.t. t, we get

(0" (8) + 0’ () + ' (8) = 15— [(D)?e™® — (ia)?e*7]

(ib)zeitb _ (ia)zeita]

1
= t0"x(0) + 205 () =

In general,



k+1

d d B
tW(Q)X(t)) + (k+ 1)@(@){(0) =

[(ib)k+1eitb _ (ia)k+1eita]

1
(b—a)
Ift = 0, then

= - 1 [(ib)k+1 _ (ia)k+1]

(k + 1) (@X(t)) =

= L0 0)| _ = s (@ = (@F] e (3)

From (3), the mean is given by

p=mean=yp, = (—i)%(QX(t))L:O

= (=D 5r—= [()* — ()] = (b? - a®)

1 ————————————

2i(b —a) 2(b—a)
1 b+a

=m(b—a)(b+a)=7

b+a

> U= 5

Again from (3),

k' = (0?55 (0x(0)| _ = (-0 55— (@) - (i)®) =
=—3(b_a)(b—a)(b2+ab+a2)
. b*+ab+a?
= U = 3

Thus, the variance is given by

b2+ab+a®  (b+a)®> _ 4(b*+ab+a?)-3(b*+2ab+a?) _ (b-a)?
3 4 12 12

0% =p' —(u')? =

(b —a)?
12

2:

=0



P3:

Find the characteristic function of exponential E(A) distribution and hence find
its mean and variance.

Solution:
Since X~E(A), its p.d.f. is given by
flx) = le™ x>0,1>0

The characteristic function of X is given by

e f(x)dx = )Lf eitXe=Ax gy = /1[ e~ (A=ix gy
0 0

(0.0)

(Z)X(t) — E[eitX] =j

0

it\ 1

—A(A—i)l = (1—7)

o~ (A-it)x *®
A

—Q-in), A-it

(00]

() -y

© L\ |
=00 =) S

r=0

Thus, u," = coef. of% in Ox(t) = %

Hence, the meanis givenby u = u;" = %

2!

2
Further, u,’ = rrimirT] — and variance is given by

2 1 1

o =‘u2,_(‘u1,)2=ﬁ_ﬁ:ﬁ



P4:

Find the p.m.f. of r.v. whose characteristic function is given by

dx() = -

1-geit

Solution:

Given @y(t) = —— = p(1- qeit)_1

1-qgeit

=p ) (qe")" = ) pgreis
x=0 x=0

= z P(X = x)e'™ = E|e'*X]
x=0

where P(X = x) = pq*,x = 0,1,2, ... which is geometric distribution.



3.3. Characteristic Function

Exercise

1.

Find the characteristic function of a r.v. X whose moments are given by
u = (@r+1)2".

Cf D, (t) = % , then find standard deviation of X.

. Find the characteristic function of a r.v.X, whose p.d.f. is given by

X

f(x):{z , 0<x<2

0 , otherwise

Find the characteristic function and hence obtain the mean and variance of a
r.v.X, whose p.d.f. is given by

_ (2e7%* x>0
fx) = { 0 , otherwise
. Find the characteristic function of a r.v. X whose p.d.f. is given by
1
-, —1<x<?2
o=ff - <2
0 , otherwise

Find the characteristic function and hence find the mean and variance of a
r.v.X whose p.d.f. is given by

f(x)={%e_§ , x=>0

0 , otherwise
1 0<x<k

Ar.v.X has the p.d.f. f(x) = {k ’ :
0 , otherwise

Find the characteristic function, mean and variance of X.

Find the characteristic function and hence find the mean and variance of a

r.v.X whose p.d.f. is given by f(x) = e 72&~®) x > q.
eit

2—eit’

Find the p.m.f. whose characteristic function is given by @, (t) =



Answers:

1
1 @x(6) = (1-2it)2
2. =
3
1 2. . 2.
3. ;(e i _ 2ite?t — 1)
2 1 1
4, @X(t)=m,,u=5,0'2 =3
eZit_eit
5, QX(t)={ el
1 , t=0
6. (1-3it) ', u=3,02=9
eltk—1 k k2
7O =T =50t =g
Aedit al+1 1
8 Ox(O) =7 u="70" =5

9. p(x) = (%)k k=123,..



3.4

Cumulant Generating Function

Just as the moment generating function (m.g.f.) My (t) or characteristic function
(ch.f.) @4 (t) of ar.v.X generates its moments, the logarithm of My (t) or @ (t)
generates a sequence of numbers called the Cumulants of X. Cumulants are of
interest for the following two reasons.

1. Moments in terms of cumulants can be obtained easily when compared to
obtaining them from m.g.f. or ch.f.

2. jth cumulant of a sum of independent r.vs is simply the sum of the jth
cumulants of the summand.

Since the ch.f. exists for every r.v(the m.g.f. need not exist for some r.vs), the
cumulant generating function (c.g.f.) is defined as the logarithm of the ch.f.

Cumulant generating function: Let X be a r.v. with characteristic function
Dy (t) = E[eitx]. The cumulant generating function (c.g.f.) of X is defined by

Kx(t) = In(@x(t)) (1)

for all t in some open interval about 0 in R, provided the RHS can be expanded as
a convergent series in powers of t.

Thus,
Ky (0) = ky (i6) + kp S 4t e, & (2)
Note that, k; = coef of(l%j in Ky (t) and it is called the j** Cumulant of X
We have,
Bx(t) =14 p,'(it) +u2’("2%)2+ ~-+ur’(":!)r . (3)

From (1), (2) and (3), we have



kq(it) + ky,— (lt) =1+ u'(t)+ -+ -]

2 3

, (it)? 1 s , (it)?
5 (@ ' ) =

=OMGH+#22!+"J—§OMGQ+#£WV+W)

2!

X3 4

(~ Iin(1 +x)—x——+———+ ‘)

Comparing the coefficients of like powers of t, we get the relationship between
moments and cumulants. Hence, we have

ki =pu,' =Mean=pandk, = u,’ — (u;')? = variance = 2.
Thus, u = ky and 62 = k,.

Note:

1. From (2), Kx(t) can be written as
it))
Ke(0) = Z g

ity
Thus j™ cumulant = kj = coef. of% in Ky (t).

2. From (2),jth cumulant is obtained as

d/Kx (t)

= (—i)J
k; (—1) TS,

t=0

Example 1: If X~B(n, p), then obtain the c.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~B(n, p), its p.m.f. is given by

p@) = (0)p*q"* x =012,...,n

Then the characteristic function of X is given by



= 0x(t) = (q + peit)n
Thus, the c.g.f. of X is given by
Kx(t) = In(@x(t)) = In[q + 'peit]n

= Kx(t) = nin(q + pe™)

' o ()
=nln q+p<1+(lt)+ T +>]

(it)?
2!

=nlin|1+ (it)p +

(it)

. ? 1( . (it)? i
= Ky(t) =n {(lt)p-l— 5] p+---}—z{(1t)p+ p+---} + -

2
(np —np?) + -

= Ky(t) = G np) + o

i+)2
~ k; = coef. of (it) = np and k, = coef. of (l;) =np —np? =np(1 — p) = npq

Thus mean and variance are givenby u = k; = np and 2 = k, = npq

Example 2: If X~ Poisson P(A), then find the c.g.f. of X and hence obtain its
mean and variance.

Solution: Since X~P(A), , its p.m.f. is given by

e—A X
p(x) = po ,x=0,1,2, ...

The characteristic function of X is given by



Dx(t) = E[eitX] = Z eitp(x) = z ix & M _ —/’li (Af:)x

x=0 x=0 x=0
— e—)leleit — e;{(eit_l)
Thus, @ (t) = pAlett-1)
The c.g.f. of X is given by
Ke () = In(0x(©)) = tn [ X" | = 2(e" — 1)

awi )3
=/1[1+(it)+(l;? +(l2 +o—1

(i)
2!

= Ky(t) = (A +—— 1 + -

Thus, k; = coef. of (it) in Kx(t) = A and k, = coef. of U2 |n Ky (t) =

Hence, mean = variance = A

Example 3: If X~NB(r, p), then find the c.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~NB(r,p), its p.m.f is given by

p) = (" )p (-9, x=012,.

The characteristic function of X is given by

Ox(t) = E[e"™] = Z e p(x) = i tx p( q)*

x=0

prz ( qelt) =p (1 _qelt)
x=0

= 0y (t) = 'pr(l — qeit)_r



The c.g.f. is given by
Kx () = In(0x(t)) = In(p" (1 - qe"t)_r)
=rinp —rin(1 - qe')

irge't

Now, —(KX(t)) = (-1)—

1- qelt T 1-gelt

d
kl = (_l)a(KX — ( ) (l?"q) rpq
And _(KX(t)) qu dt 1 qelt — [(1 qe(i?_i::i_:)ezitqieit:l
vk =(— l) (KX(t)) = (- zq]
=0
rq
= k2 = F

Thus mean and variance are given by
T r .
u=ky= ?q ando? =k, = p—z respectively.

Example 4: If X~N(u, 6%), then obtain the c.g.f. of X and hence find its mean
and variance.

Solution: If X~N (u, 02), then its characteristic function can be shown that

..o 1 2.2
Px(t) = e 727°F (recall!)

Hence, the c.g.f. is given by
. 1
Kx(t) = In [elt”_i"ztz] = ity — %aztz

@* ,
2!

= Ky(t) = (it)u +



~ ky = coef. of (it) in Ky(t) = u and k, = coef. of( ) in Ky (t) = o

Thus, mean = u and variance = g2.

Example 5: If X~E(4), then obtain the c.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~E (1), its ch.f. can be shown that

Dy (8) = Ai.t = (1 —;—t)_l (recall!)

The c.g.f. of X is given by

K () = (@ () = (1) In (1-2) = (-1) [_g_g(i_t)z _ ]

A

(i)* 1
= Ky(t) = (w) gt

f()

Thus, k; = coef. of (it) in Ky(t) = - and k, = coef. 0 in Ky(t) = —.

Thus, the mean and variance are given by u = 1 Lando? = /1—2 respectively.

Properties of Cumulants: Here we develop some useful properties of cumulants.
Let k,,(X) be the n'™" cumulant of a r.v. X.

Theorem 1: k, (cX) = c"k,(X) for some real constant c.
Proof: Consider @.x (t) = E[e"*X] = E[e*)X] = ¢4 (tc)
= Ocx (t) = Oy (ct)
= InQ.x(t) = InOy(ct)
= Kcx(t) = Kx(ct)

Cﬂ,

,wherect =s

Then, ;—;(ch(t))L =

i (Kx(0)| = 35 (Kx ()| _

Therefore, (—i)":—; ch(t))L: = (- l)nCn—(Kx( ))|



= k,(cX) = c"k,(X)

k. X)+b ,if n=1
k,(X) ,if n>1

Theorem 2: k,(X + b) = {
Proof: ®X+b (t) — E[eit(X+b)] — eith[eitX] — eitwa(t)
= Py4p(t) = e P By (1)

= In[@x4p ()] = ith + In[@x ()]

= Ky, (t) = ith + Kx(t)

= (0" 1 (K ®)|_ =0, R

Ifn=1,then K,,(X + b) = b + K,,(X).
Ifn>1, K,(X+b) = K,(X).
Theorem3: If X and Y are independent random variables and S = X 4+ Y, then
ken (S) = ky(X) + kn (Y).
Proof: Since X and Y are independent,
Bs(t) = Bx(0)Dy (t)
= In[0s(0)] = In[@x (O] + In[@y ()] = Ks(t) = Kx(t) + Ky (£)

= (0" 55 (K0)| _ = Comm (ke®)] _ + 0" 5 (K0©)]

atn
= kn(S) = kn(X) + kn(Y)

Generalization: If § = X + --- + X,,, where X, X, ..., X,,, are independent
random variables, then

kn(S) = kn(Xq) + kn(X2) + -+ ky(Xp)



Theorem 4: Let u;’ = E(Xj) be the j™ moment of X about zero for
j=1,2,3,..,nwhere uy’ = 1. Let kq, k5, ..., k,, be the n cumulants of X. Then

r(r
ey = JZ;)[JIUJ k(r+l—j) - (1)
forr=0,1,..,n—1.

Proof: Forj =10,1,2,...,n, we have

= (@X(t))| and k; = (- 1)1—(KX(t))|

dt)
where @y (t) = E[e™X] and Kx (t) = In[@(t)] or equivalently, P (¢) = eXx®),
Differentiating this last identify w.r.t. t gives

Oy (t) = eXxO Ky (1) (2)
and evaluating this at t = 0 gives iy, = ik; = ' = k4 holds for r = 0.

Differentiating (2) for r times, it gives

r

Q)X(r+1) (t) = 2 (7; ) @X(j) (t)KX(r+1—J') (t)

Jj=0
(Use Leibnitz theorem for the nt* derivative of the product of two functions)

and evaluating this at t = 0 gives

r

1 r 1
Hea'= 2 i Hj k(r+1—j) forr=0,1,..,n—1

Note: Takingr = 0,1,2,3 in (1) produces

m' =k )
ty' =ky+ uy'ky } (3)
ps' = ks + 2u1"ky + py'ky

ta' = kg +3u1"ks +3u;"k, + #3”‘1J



These recursive formulae can be used to calculate the (u')s efficiently from
ks and vice versa.

letyu; = E [(X — E(X))j] = E[(X — M1')j] forj = 1,2, ... are unknown as central
moments.

Then formulae (3) simplify to

Ho =Kz, 3 = K3, g = ks + 3k22and ko=t k3 =ps, ky=ps—3u°

Note: Mean = u = k, and variance = u, = % = k,.



P1:

Let X be a.r.v with p.d.f

1
f(x)={ﬂ’ —a<x<a
0, otherwise

Find the c. g. f.of X and hence find its mean and variance.
Solution:

The characteristic function of X is given by

itX ] _ a jtx _1 a jtx
E[e ]_I_ae f(x)dx—z—a _e'%x

1 eitx a 1 . i
= —|= ] = [elta —e lta]
it 1- 2ait

(lta)2 (ita)3 (lta)2

(ita)3

= alt[(1+t + + + - ) (1—lta+

3!

(lta)3 (ita)®

5!

+2

——|2ita + 2 =

(it)? a (it)* a*
= 0y = [1+92 4+ & ?+---]

The c.g.f. of X is given by

KX(t) = ln[¢x(t)] =In [1 + — (lt)z (lt)4 _|_ ]

2

(it)? a? | (it)* a* 1[(it)?>a® | (it)* a*

3!

= KX(t):(Z! ERY ?4_...)_5 2 3 T s ] te

ﬁkl_

Thus, the mean and variance are given by 4 = 0 and g2 = %

)]



P2:

Let X be r.v. with p.d.f

1
f(x) = Ee"x',—oo <x< oo

Find the c.g.f. of and hence find its mean and variance.
Solution:

The characteristic function of X is given by

b ()=E[e™ = e™f(x)dx= 117 et Mgy

2—00

= %Ui(costx +i sintx)e_xdx} = %Zj:(cost x)e Mldx

(Since the integrals in the first and
second integrals are even and odd functions of x repsectively).

®_x
:_[0 e costxdx

1

102 _y
Z—ZJ e " costxdx
t= 90

(On integration by parts)

1 1
=  Ox(@) = 2 Dx(t) = Ox(t) = 1122

1+t2

The c.g.f. is given by Ky (t) = In(@x(t)) = ln[ ! ] =—In(1+t?)

(it)*

T 2 4 ...

= Ky(t) =

= ky = coeff.of (it) in Kx(t) = 0and k, = coeff.of (izL!)zin Ky(t) =2

Thus, the mean and variance are givenby u = 0and g% = 2



P3:
Let X be a.r.v. with p.m.f given by

— qxp ’ x=0,1,2,,0<p<1,q=1_p
p(x)_{ 0 ,  otherwise

Find the c.g.f. and hence find its mean and variance.
Solution:

The characteristic function of X is given by

¢x (t) |: |tXi| Zeltxp geitqup
_ pxzzé(qe")x - p(l—qeit )_1

= 0x(t) = p(1 - geit)™

The c.g.f. is given by Ky (t) = In[@x ()] = Inp — In(1 — qe™)

Now, %(Kx(t)) = et _ = (iq) [1 qew]

1-gqelt

)i =1
_ =0 =2

d
vk = (_i)E(KX

Further, — (KX(t)) = (iq) [(1 qz t);e;:;iw lq] and
ke = (-2 (Kx(w) = (—D2(i )(p+lq)=>k2=pq—2
t=0

Thus, the mean and variance are given by u = % and g2 = % respectively.



P4:
Let X be ar.v. with p.d.f.
f(x) =%exp [#],—oo <x,u<o, >0
Find the c.g.f. and hence obtain its mean and variance.
Solution:
It can be shown that the characteristic function is given by

eitu

1+A2¢t2

Dy (t) =

(doit!)

it
The c.g.f.is given by Ky (t) = In[@x(t)] = In [1;22]
=ity — In(1 + A?t?)
= ity — (A%t* + )
i+)2
= Ky(t) = ity + 222 + -~
= k, = coef.of(it) = uand k, = coef. of(izt—?2 = 27?

Thus, the mean and variance are given by u and 212 respectively.



3.4. Cumulant Generating Function
Exercise

X— )
1. LetU = Ta where a and h are real constants. Obtain the cumulants of U

interms of cumulants of X.

2. For a distribution, the cumulants are given by
k,=n(r—1)!',n>0
Find the ch.f.

3. The p.m.f of X is given by
p(x)=q"1p,r=1,23,..
Find the c.g.f. and hence find its mean and variance.

4. The p.d.f. of X is given by
—-X

e
f(X)zm, —oo < x <o

Find the c.g.f. and hence find its mean and variance.



Answers

B¥)7a o nd k.(U) = &rx)forr =2,3..

1. k,(U) = .

2. (Z)X(t) = (1 - it)_n

1+q

1
3. ,uzgandazz _

2

4. u=0and02=%



3.5

Probability Generating Function

Let X be a non-negative integer valued random variable with p.m.f.
p(x) = P(X = x). Then the probability generating function (p.g.f.) of X is
defined by

(00]

6x(0) = E[t*] = ) £p(®)

x=0
where —1 <t < 1is a dummy variable.

Advantages:

It is easy to compute.
Moments and some probabilities can be obtained easily.
The p.m.f. can be obtained easily from p.g.f.

HwnN e

It is easy to handle with sum of independent r.vs.
Effect of linear transformation of p.g.f:

Theorem 1: Let X be a discrete random variable with p.g.f. Gx(t). Let
Y = a + bX where a and b are real constants. Then Gy (t) = t“GX(tb)

Proof: By the definition of probability generating function, we have,
Gx(t) = E[tX]. Then

Gy () = E[t(@*PX)] = E[t9PX] = t*E[(t2)*] = %G (t?)

= Gy (t) =ty (t?)



Theorem 2: Additive Property: If X and Y are independent random variables,
then for constants a, b, we have

G ax+br) (1) = Gx(t%) + Gy(tP)

Proof: Gayypy(t) = E[t*¥+PY] (by P.g.f.)
= E[(t))*(t")"]
= E[(tY)X]E[(t?)Y] (~ X&Y are indpendent.)
= Gy (t*)Gy (t")

Thus, Gax4+py (1) = Gx(E*)Gy (t?)

Note: In particular, ifa = b = 1, then Gx,y(t) = Gx(t)Gy(t)

Generalization: If X{, X,, ..., X, are independent random variables, then
Gxy+-+x,) (1) = Gx, (£)Gx, () ... Gx (F)

Relationship between p.g.f. and m.g.f:

The p.g.f. and m.g.f. of a random variable X are defined by G4 (t) = E[t*] and
M, (t) = E[e*X] respectively.

Now, My (t) = E[e™*] = E[(e")*] = Gx(e")
= My(t) = Gx(e")
Further, Gy (t) = E[t*] = E[e™(t)] = E[eX"t] = My(Int)
= Gy(t) = My(Int)

Theorem 3: p.m.f. from p.g.f : Let Gx(t) be the p.g.f. of a discrete r.v. X that can
take the values 0,1,2,.... Then the p.m.f. of X is given by

1
p() = P(X =) =—6P0)| _



Proof: By definition, we have

Gx(t) = E(t¥) = Z t*p(x)
x=0

=PX=0)t+PX =Dt'+PX =2)t>+ -+ P(X = x)t* +

It can be observed that the coefficient of t* in Gy (t) is P(X = x). To obtain
coefficient of t¥, differentiate Gy (t), x times and substitute t = 0. Thus,

P =x(x—1D(x—2) 21 PX=0)+ @+ D) +2-1 - PX=x+1) + -

When t = 0, all terms after the first vanish. Thus,
1 1
PX=x)=—6®)| =—6y(0)

Computation of moments using p.g.f:
In the derivation of moments, we use Taylor’s expansion:

Suppose f(x) has derivatives of all orders at x = a. The Taylor’s expansion of
f(x) at the point x = a is givne by

f(a)
n!

F@) = f(@) + (@ —a) + 2 (e - a)? + - X — @)+ -

==Y D -y
i=0

The Taylor’s expansion of f(t) = t¥ about t = 1 is given by

_q (t— )2 (t— )3
=1+ Xt—-1D+XX 1) ———+ XX —1)(X —2) ——=—
= Gy (t) = E[t¥]
_1+(t—1)E(X)+“ D% plx(x — 1] + &2 1) E[X(X — 1)(X —2)] +

Differentiating (1) w.r.t., t r times and setting t = 1, we get



c;y)(t)|t=1 =EXX-1)..(X =1+ 1)]

=S EXX-1)..X-r+1)]=61) (2)

which is known as ™" factorial moment of X. Using these, we can find the
moments about origin as follows:

If r =1in(2), we have
w' = EX) = 6’ (1)
If r = 2in (2), we have
E[X(X —1)] = E[X?> —X] = E(X?) — E(X) = G (1)

= E(X?) = 62 (1) + E(X) = 6,2 (1) + 6P (1)

Thus, the second moment about origin is given by

w' = E(X?) = 671 + 60 (1)
Similarly, we can find any moment about origin.

Computation of mean and variance using p.g.f:

Theorem 4: If the r.v. X has p.g.f. Gx(t), then the mean and variance of X are
given by

1 =EX) =GP (1)and

2
a2 =V(X)=6P 1) +6P1)-[6{P(1)]
respectively.

Proof: From the above, we have
m' =GP W), ' = 6P M) + 6P ()

Thus,the mean u = u,' = G)((l)(l) and variance 62 = u,’ — (uy')?



2
=02 =GP (1) + 6 (1) - (657 (1))
Convolution formula:

Theorem 5: If X and Y are independent integer-valued random variables with

PX=x)=p;(x)andP(Y =y) =p,(y),x=0,1,2,...andy=0,1,2, ..,
then

PX+Y=2)=p@ = ) pi(0)p2z— %)
x=0

Proof: We have,

Gx() = ) P () and Gy(O) = ) P,
x=0 y=0
Now, Gyiy(t) = Gx(t)Gy(t) (Since X and Y are independt)

= (i txp1(x)) i t¥p, ()

x=0 y=0

= Gry (0 = ) ) p@pEH (D
x=0 y=0

LetZ =X +Y.Then

(ee)

6,(8) = E[t?] = ) t*p(2) - (2)

z=0

From (1) and(2), we have

[o0] [o0]

D tr@ =) i P2 (0P, (e

z=0 x=0y=0



= Z tp(2) = Z (Z P2 (P (7 - x)) ¢

= p(z) = z p1(xX)p,(z —x) ,forz=10,1,2, ...
x=0

Example 1: If X~B(n,p), then find the p.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~B(n, p), its p.m.f. is given by
p(x):(Z)pan—x,x=0,1,...,n, 0<p<1’q=1—p

The p.g.f. of X is given by

n n

x=0 x=0

=) (%) @y =@+

= Gx(t) = (q +tp)"

Differentiating both sides w.r.t., t we get

GV () = n(q +tp)"p

= U =mean= U, = G)gl)(l) = np and variance is given by
=62+ 6" - [6°]

But Gy (¢) = np(n — 1)(q + tp)"p

= G)gz)(t) =n(n — 1)p? = n?p? — np?

Therefore, 02 = n?p? —np? + np — n’p? = np(1 — p) = o2 = npq



Example 2: If X~P(A), then find the p.g.f. of X and hence obtain its mean and
variance.

Solution: Since X~P (A1), its p.m.f. is given by

e A
p(x) = — X = 0,1,..andA >0
The p.g.f. of X is given by
[ee] [ee] —AAx [e'e) tl X
Gx(t) = E[tX] = Z t*p(x) = Z txe — = et % — ppth — pAlt-1)
x=0 x=0 X X=0 X:

== Gx(t) = ell(t_l)
Differentiating both sides w.r.t. t, we get
G)gl)(t) = et-D) and G)((Z)(t) = A(t-1))2
Thus, G2 (1) = Aand G2 (1) = A2
Hence, the mean and variance are given by u = G)((l)(l) =1
2 _ @ Wy _ (@D = 22 3 — 32 — :
and 0% =Gy (1) + Gy (1) — |Gy "(1)| =A%+ A — A% = Arespectively.

Example 3: If X~NB(r, p), then find the p.g.f. of X and hence obtain its mean
and variance.

Solution: Since X~P (A1), its p.m.f. is given by

pe) = (" )p*(-a)*,x=012,.

The p.g.f. of X is given by

oo

6x(®) = E[t*] = ) ep(0) = ) ¢ (7)) pr ()

x=0

=p’ Z (7)) (~tey* =p (1 —tq)™

x=0



= Gx(t) =p"(1—-tq)™"
= G (1) =p" (-1~ tq) " (=q) = rqp” (1 — tq)~"*V
= 6”0 =rqp" (- + D)1~ tq)" T (=) =r(r + Dg’p" (1 - tq)" "+

Thus, G)gl)(t) =rqp"p TtV = % and

2
GO =+ Dgpp D = ¢+

2,2 2
r r
q+iz

(2) —
= Gy (t) = 2 >

Thus, 4 = mean = G)((l)(l) = %and

2
0% = variance = G)((Z)(l) + G)((l)(l) — [G;((l)(l)]

r2q2

rq?

2.2
rq rq rq 2 _Tq
—_— = — + = 0° = —
p? p? p p? p? (g +p) p?

Exampled: If X~G(p), then find the p.g.f. of X and hence obtain its mean and
variance.

Solution: Since X~G (p), its p.m.f. is given by
p(x)=q¢*p, x=012,..

The p.g.f. of X is given by

(00] oo

Gx(t) = E[tX] = z t*p(x) = Z t*q*p = pi(tq)" =P

1—1tq

x=0 x=0
= Gx(t) =p(1 —tg)™*

G () = p(-1)(A - tq) 2(=q) = pq(1 — tq) 2



(1) pa 9
=6, (1)=—=-—
X p? p

Now, G2 () = pa(-2)(1 — tq)3(~q) = 2pq?(1 — tq)~3

e’ _ 24"

2 _
= Gy '(1) = 3 e

Hence, the mean pu and variance a2 of X are given by:

U= G)((l)(l) = %and

o2 =GP M) + 6P (1) - [G§1)(1)]2

_2¢* a_4a
p? p p? p

Example 5:The j.p.m.f. of (X,Y) is given in the following table. Prove or diprove

Griy(t) = Gx(t)G,(¢) iff X and Y are independent.

Y 0 1 2 Total
X
0 1 2 0 1
9 9 3
1 0 1 2 1
9 9 3
2 2 0 1 1
9 9 3
1 1 1 1
Total § § §

Solution: Since P(X = 1,Y = 2) = % +#P(X=1)P(Y =2) = §§ = g , it follows

that X and Y are not independent.

Now, Gy (t) = Gy(t) = (1 + t + t2)

letZ=X+Y.ThenZ =0,1,2,3,4. Letp; = P(Z =1),i = 0,1,2,3,4.



po=P(Z=0)=P(X+Y=0)=P(X=0,Y=0)=§

2 2
p1=P(Z=1)=P(X+Y=1)=P(X=0,Y=1)+P(X=1,Y=0)=§+0=§

p,=P(Z=2)=PX+Y=2)=PX=0Y=2)+PX=1,Y=1)+PX=2Y=0)

P3=P(Z=3)=P(X+Y=3)=P(X=1,Y=2)+P(X=2,Y=1):§+0=

P4=P(Z=4)=P(X+Y=4)=P(X=2,Y=2)=%

The p.d.f. of Z = X + Y is given by

1 2 3 2 1
Gyiy(t) = 5+3t+5t2 +3t3 +;t4

2
= Gyyy (D) = %(1 F2t+3t2 42634+ t4) = E(l +t+ tz)]

= Gy.y(t) = Gx(t)Gy(t) but X and Y are not independent. Thus the statement
is disproved.

Example 6: Can Gx(t) = % be the p.d.f. of .r.v. X? Give reasons.

Solution: We have Gy (1) = % = % =1

Further, Gy (t) = 1i+t =201+t T =2(1—t+t2—t3+-)

— Gy(t) = 22(—1)’%"

Thus, p(x) = P(X = x) = coef.of t¥in Gx(t) = 2(—=1)*
=p(x) =2(-1)*,x=0,1,2,..

Note that it takes negative values also. Hence, Gx(t) is not a p.g.f.

2

9



Example 7 : A fair die is thrown n times. Let S be the total number of points.

Showthat P(S=n+5) = (n + 4) (1)n.

5 6
Solution: The p. g.f. of a single throw is given by:
6 6
tx
6x() =) @) =) =
x=1 x=1
t (1-t°)

_1 24 ...46y=1L e 5y =t
—6(t+t+ +t°) 6(1+t+ +t°) P

= GO =-(1-t)(1-7"
Since the n throws are identical and independent,

Gs(t) = [Gs(D)]" = t"@-tﬁgnm-o—n

=> P(S=k+6j+n) g1
k=0



where,

P(S:k+6j+n):inzn:(—1)j[r_]j[n+k_lj
6 =0 J k
Now,P(S=n+5)=P(S=k+6j+n)withj=0andk =5

~s ) ="

n+4)

1
=>P(S=n+5)=6—n( 5



P1:

Urns U, and U, have the following distribution

U1 UZ
X 0] 1 2 3 y 1 2 3
p1(x) 04102 | 01 | 03 p.(¥) 03 | 0.6 | 0.1

A ball is drawn from each urn and the numbers X, Y appearing are added. Find
the p.m.fof X + Y by using p.g.f.

Solution:

Here X and Y are independent. The p.g.fs of X and Y are given by

3
Gy(t) = t'p,(x) = 0.4+ 0.2t + 0.1t* + 0.3t3

x=0
and
Gy(t) = typz(y) = 0.3t + 0.6t% + 0.1¢t3
y=1
respectively. Since X and Y are independent

Gyry (1) = Gx()Gy(t) = (0.4 + 0.2t + 0.1t + 0.3t3)(0.3t + 0.6t% + 0.1t3)

= 0.12t + 0.30t% + 0.19¢3 + 0.17t* + 0.19¢> + 0.03t°



Thus the p.m.f. of X + Y is given by

r

P(X+Y=1)

0.12

0.30

0.19

0.17

0.19

0.03




P2:

Lottery tickets bear numbers from 000000 to 999999. Find the probability
that a ticket bears a number whose sum of the first three digits equals the sum
of the last three digits.

Solution:

Let the ticket bear the number Y, Y, Y;Y,Y:Y,. Obviously, all Y's are identically and
independently distributed with

p(x) = P(YJ x) =1—10, x=20,1,2,..9

The p.g.f. of each Y is given by
Gy(t) = —(1+t+-+1t°)

1 (1-t19)
= Gy(t) :1_0 (1-0t)

LetXl =Y1+Y2+Y3 andXZ =Y4+Y5+Y6.

Then Gy, (t) = Gy, (£)Gy, () Gy, (1)
= (%) a-eora-o

Similarly Gy, (8) = (%) (1 - 81931 - )
Let Gy, (£) = Gy, (8) = G(2)

Then P(X, = 1) = coef.of t" in G(t)

and P(X, = 1) = coef.of t TinG(t™1)

~p=PX, =X,) =coef.of t°inG)G(t™1)



1

- coe.of ein(3) =0 -0 () (1= ) (1-2)
1\3
= p = coef.of t°in (1_0) (1 — t10)6,£727(1 — £)~6

Now, (1 — t10)6 = 1 — (?) £10 4 (g) £20 _ ..

and(l—t)‘6:1+(g)t+(;)t2.|_...(5‘5|‘7”)tr_|_...

p=() (D) - E)+O ()]



P3:
Find the p.g.f. of P(X > n).
Solution:

The p.g.f. of X is defined by

o0

G(t)= Z p(x)t* ,where p(x) is the p.m.f. of X.
x=0

Let f,, = P(X >n)and p(n) = P(X = n)
ConsiderP(X=n+1)=PX>n)—PX>n+1)
= pn+1)=fi— fan

1 1
= () 0 = o+ 1)

= it” f —Eit“ﬂ f.. =Eit””p(n +1) . (1)
n=0 t =0 t =0
et H(t)=> t"f, (@)
n=0
Now, Ztn+1 P(N+1) = tp(1) + £2p(2) + £3p(3) + -
n=0
= Z(;t””p(n+1):(3(t)— p(0) ..(3)
n=
Note that Ztn+l fn+1 =H (t) o f0 -~ (4)
n=0

Butf, =P(X>0)=1—P(X =0)=1-p(0) .. (5)



From (4) and (5), we have

STt (n+1)=H (t)—1+ p(0)
n=0
On substituting (2), (3) and (6) in (1), we get

H(t) —=[H(®) = 1+ p(0)] =

~ | =

[G(t) = p(0)]
tH(t) —H() +1-p(0) = G(®) — p(0)

= (t—1DH@)+1=0G6(t)

G(t)-1
t—-1

1-G(t)
1-t

= H(t) = = H(t) =

... (6)



P4:

Find the p.g.f. of P(X < n).

Solution:

From the relation P(X <n+ 1) — P(X <n) = P(X = n),

we get @, — @, = p(n) where @,, = P(X < n)

PR R RL)

or t HH(t) — @o] — H(t) = G(t)
Since, @, = P(X < 0) = 0, the above result is

t.G(t)

tHH(®) ~ H() = G(6) = (1~ OH(D) = tG(8) = H(O) = ——




3.5. Probability Generating Function

Exercise

1.

N

Let X be ar.v. with the following p.m.f.

. Let Gx(t) =

X 1 2 3 4
1 1 1 3
p(x) 3 6 8 8
Find the p.g.f.
1

fp(x) =PX =x) = forx = 3,4,5, .... Find the p.g.f. of X

ZX—Z

. Let X be ar.v. with p.g.f. Gx(t). Find the p.g.f. of

() X+1
(i) 2X

If G(t) is the p.g.f. of X, then find the p.g.f. of% where a and b are real

constants.
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. What is the range of X? What is its p.m.f.?



Answers

1. Gy(t) = t+-t? 43+t

t3
2. GX(t) - a

3. () tGy(t)

(i) Gx(t?)

4.t_%{?(t%)

5.
X 1 0 1 2
16 37 54 )
p(x) 81 81 81 81 81




