
Unit – 3 

Probability Inequalities and Generating Functions 

3.1 

Probability Inequalities 

Inequalities are useful for bounding quanties that might otherwise be hard to 

compute. They will also be used in the theory of convergence and limit 

theorems. 

Chebychev’s Inequality 

When we want to find the probability of an event described by a random variable, 

its c.d.f or p.d.f. or p.m.f. is required. If it is not known but its mean and variance 

are known, we can use Chebychev’s inequality to find the upper bound or lower 

bound for the probability of the event. 

Theorem 1:  If   is a random variable with mean   and variance   , then 

                                       
  

                      

where     

Proof:  The proof is given for a continuous random variable. Let   be a continuous 

r.v.  with p.d.f.     . Then 

            
 

                      
 

  

 

                    
   

  

              
   

   

              
 

   

 

                   
   

  

              
 

   

 

 



In the first integral, 

                                                            

In the third integral,                         

              
   

  

        
 

   

  

                                

                                       

                       

Thus,                            
  

  
 

Note: The proof is similar as in the case of d.r.v.  except that integration is 

replaced by summation. 

Alternative forms: 

                          
  

   

                   
  

  
           

Let      for    . Then from    , we have 

                      
 

  
            

and from (2), we have 

                          
 

  
             

 

 

 



Example 1: If a r.v.   has mean    and variance   and the probability 

distribution is unknown, then find          . 

Solution: Since the probability distribution of   is not known, we can’t find the 

value of the required probability. We can find only a  lower bound for probability 

using Chebychev’s inequality. We have, for    . 
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Let    . Then              
 

  
   

 

 
      

                     

Thus, the probability of   lying between   and    is alseast      

Example 2: A d.r.v.   takes the values      and   with probabilities 
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  respectively. Evaluate             and compare it with the upper bound 

given by Chebychev’s inequality. 

Solution: We have, 
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Consider                     
 

 
           

                                                           

                                                                

                                                 
 

 
 

 

 
 

 

 
 

 

 
      

                  

On the other hand, by Chebychev’s inequality, 

                                           
 

  
 

 

 
 

Note that the two values are same. 

Example 3: Use Chebychev’s inequality to find how many times must a fair coin 

be tossed in order that the probability that the ratio of the number of heads to 

the number of tosses will lie between      and      will be at least     . 

Solution: Let   denote the number of heads obtained when a fair coin is tossed   

times. Then         . That is         and         . 

Let    
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Since   
 

 
 for a fair coin,      
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By Chebychev’s inequality for   

                         
 

 
       

 

  

  
   

 

    
 



   
 

 
     

 

 
      

 

     

Notice that, if        then                  
 

    
 

Now, find   when        and   
 

    
         

 

           
      

   
 

      
      

 

      
         

 

         
 

 

      
 

     

 
      

Thus,        

Bienayme – Chebychev’s inequality 

Theorem 3: Let      be a non-negative function of a r.v.   . Then for every 

   , we have 

                  
       

 
          

Proof: Here we shall prove the theorem for continuous random variable. The 

proof can be adapted to the case of discrete random variable on replacing 

integration by summation over the given range of the variable. 

Let   be the set of all   for which       .That is,              . 

Now,       ,
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Note: 

1.  If              
 

       , then                 and 

replacing   by      in equation    , we get 

                        
  

     
 

   

                  
 

   

       which is Chebychev’s inequality. 

2.  If          in      then we get for any    ,  

         
      

 
 

       which is known as Markov’s inequality. 

3. If           in      then we get  

           
       

   

      which is known as generalized Markov’s inequality. 

Cauchy – Schwartz Inequality 

When the j.p.d.f. of   and   is known, upper bound for expected value of the 

product of   and   can be found by using Cauchy – Schwartz inequality when 

second moments about origin of   and   are given (   .,       and       are 

given). 

Theorem 2: For any two random variables   and   

           
 

            

Proof: Consider            for any real number  . That is,                                       

                                                                                            

which is a quadratic expression in  . This expression is always positive only when   



has complex roots. This is possible only when discriminant of the expression is 

negative. Thus, 

        
 

               

        
 

            

Hence the result. 

Example 4: The j.p.d.f. of       is given by 

       
   

  
 for         and      . 

Verify whether Cauchy-Schwartz inequality. 

Solution: The joint and marginal p.m.fs       and       of   and   respectively 

are given in the following table. 
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Verification of Cauchy-Schwatz inequality: 

Here        
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Note that        
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Example 5: Let   and   be c.r.vs with j.p.d.f. 

          
               

           
  

Verify Cauchy-Schwartz inequality. 

Solution: The m.p.d.f. of   is given by 

               
 

  

         
 

 

     
  

 
 
 

 

   
 

 
 

         
  

 

 
      

           
  

Since        is symmetric in        , the m.p.d.f. of   is given by 

          
  

 

 
      

           
  

Now,  



            
 

 
   

 

 

      
  

 
   

 

 

  
  

 
 

  

 
 
 

 

 
 

 
 

 

 
 

  

  
 

Similarly,       
  

  
 .Now, 
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Hence        
 

            . 

 



P1: 

A symmetric die is thrown     times. Find the lower bound for the probability 

of getting    to     sixes. 

Solution:  

Let   be the total number of sixes. 

Then         
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Using Chebychev’s inequality, we get 

                  
 

  
             

   

 
    

 

  
 

Therefore,         
   

 
         

   

 
    

 

  
 

Taking    
  

 
   

 

 , we get               
 

     
 

   
 
 

  

  
 

The lower bound for the probability of getting    to     sixes. 



P2: 

For geometric distribution                    , prove that Chebychev’s 

inequality gives            
 

 
 , while the actual probability is 

  

  
 . 
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Using Chebychev’s inequality, we get                 
 

  
 

With     , we get                
 

 
              

 

 
 

 

 
 

 The actual probability is given by 

                                     

                               
 

 
  

 

 
 
 
  

 

 
 
 
  

 

 
 
 
 

  

  
 

 



P3: 

Does there exist a variate   for which  

                     ……….     

Solution:  

We have 

                             

By Chebychev’s inequality               
 

  
      

Since lower bound for the probability is 0.75, there does not exist a r.v.   for 

which the equation     holds. 

 



P4: 

(a)   For a p.m.f 

         

 
 
 

 
 

 

 
     

 

 
    

 

 
    

   

       Find            . 

(b) Compare this result with that obtained by using Chebychev’s inequality. 

Solution: 

(a)  
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(b)              
 

  
 (By Chebychev’s inequality:             

 

  
   

In this case, both results are same. 

Note: This example shows that, in general, Chebychev’s inequality cannot be 

improved. 



3.1 .Probability inequalities 

Exercise: 

1. The Chebychev’s inequality for random variable   is          
  

  
 ,  

find      and     . 

 

2. Two unbiased dice are thrown. If   is the sum of the numbers showing up, 

prove that             
  

  
 . Compare this with the actual probability. 

 

3. If   is the number scored in a throw of a fair die, find the upper bound for 

             where       . Also find the actual probability. 

 

4. If   is a r.v. such that        and         , find the lower bound of 

         . 

 

5. A discrete random variable   is specified by            
 

 
 and      

 

 
. 

Compute  

(i)           and  

(ii)  Chebychev’s inequality bound. 

 

Answers: 

1.        and        

2. Actual probability  
 

 
  

3. Upper bound       and actual probability    

4. 
  

  
 

5. (i) 
 

 
      (ii) 

 

 
 

 







3.2  

Moment Generating Function 

Certain derivations presented in modules    ,     and     have been somewhat 

heavy on algebra. For example, determining the mean and variance of the 

Binomial distribution turned out to be fairly tiresome. Another example of hard 

work was determining the set of probabilities associated with a sum ,                             

         . Many of these tasks are greatly simplified by using probability 

generating functions.  

Moment Generating Function: The moment generating function (m.g.f) of a 

random variable   is dentoed by       and it is defined as  
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which gives the m.g.f in terms of moments.  

Therefore the coeffceint of 
  

  
 in       is   

  , where            and 

  
        , moment about origin.  

The m.g.f of   about mean     
       is defined as  

                        
 

  
      

  

  
       

  

  
          

                                             
 

  
       

  

  
        

  

  
          



                                          
 

  
   

  

  
   

  

  
     

where            is known as the     central moment for          

Note that                        

Since       generates moments, it is called moment generating function.  

If   is a discrete random variable with p.m.f.      then  
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If   is a continuous random variable with p.d.f.     , then  
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Moments Using Moment Generating Function: 

Differentiating equation (1) with respect to   and then putting    , gives  

                                                  
   

 

  
      

   
  

                                                  
   

  

   
      

   
 

In general, 

                                                  
   

  

   
      

   
           

Note: Moment generating function       is used to calculate the higher 

moments. 

Theorems on Moment Generating Function: 

Theorem 1:                 where   is a constant. 

Proof:    By definition                               

Therefore,                



Theorem 2: The moment generating function of the sum of   independent 

random variables is equal to the product of their respective moment generating 

functions,                     
       

      
      

       
                                  

Proof: By definition, 

                      
                        

                                                                               

                  (Since            are independent). 

 Therefore,               
       

      
       

    

Hence  the  proof.  

Uniqueness Theorem of Moment Generating Function: 

The m.g.f. of a distribution, if exists, uniquely determines the distribution. This 

implies that corresponding to a given probability distribution, there is only one 

m.g.f (provided it exists) and corresponding to a given m.g.f, there is only one 

probability distribution. Hence               and   are identically 

distributed. 

Effect of Change of Origin and Scale on Moment Generating Function: 

Let a random variable   be transformed to a new variable   by changing both the 

origin and scale in   as  
   

 
 , where   and   are constants.  

The m.g.f of   (about origin) is given by  

                
  
   

 
 
      

 
  

 
 
  

 
 
     

  

    
 
  

 
 
  

                                             

 

       
  

    
 

 
                                

Note: If       , then                 



Example 1: If   represents the outcome when a fair die is tossed, find the m.g.f. 

of     and hence, find      and       .  

Solution: When a fair die is tossed 
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Now,           
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Example 2: Find the m.g.f. of the random variable   whose probability function 

       
 

  
            and hence find its mean.  

Solution: By definition, 
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Thus,      mean                                                                                                                           

Example 3:  If the moments of a random variable   are defined by                                    

         ,         .Show that           ,           , and 

        . 

Solution: We know that  
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But by definition, 
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From equations     and    , we have 

                                                     

Equating the coefficients of like terms on both sides, 

                                                            

                               

Example 4: Find the m.g.f. of a random variable whose moments are                      
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Example 5: If         , find the m.g.f of   and hence find its mean and 

variance.  

Solution: Since         , its p.m.f. is given by  
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Now, variance       
     

                                        

Thus,       and        

Note that           where         .Thus,     . 

Note: For binomial distribution, mean is always greater than variance.  

Example 6 : If       , find its m.g.f. and hence find its mean and variance. 

Solution: Since       , then its p.m.f. is given by  
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The m.g.f. of   is given by  
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Thus, variance       
     

              



Therefore,         

Note: Mean and variance are same for Poisson distribution. 

Example 7: If          , find its m.g.f. and hence find its mean and variance.  

Solution: Since          , its p.m.f. is given by  

      
  
   
                   

The m.g.f of   is given by  
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Further,   
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Example 8:Let   be a random variable with p.d.f. 
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(i)        

(ii) M.g.f. of   

(iii)      and        
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Example 9: Let X be a discrete random variable with p.d.f. 

      

 

      
          

                                 

  

Show that      does not exist even though m.g.f. exist.
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and       does not exist for    . 

 



3.2  

Moment Generating Function 

Certain derivations presented in modules    ,     and     have been somewhat 

heavy on algebra. For example, determining the mean and variance of the 

Binomial distribution turned out to be fairly tiresome. Another example of hard 

work was determining the set of probabilities associated with a sum ,                             

         . Many of these tasks are greatly simplified by using probability 

generating functions.  

Moment Generating Function: The moment generating function (m.g.f) of a 

random variable   is dentoed by       and it is defined as  
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which gives the m.g.f in terms of moments.  

Therefore the coeffceint of 
  

  
 in       is   

  , where            and 

  
        , moment about origin.  

The m.g.f of   about mean     
       is defined as  

                        
 

  
      

  

  
       

  

  
          

                                             
 

  
       

  

  
        

  

  
          



                                          
 

  
   

  

  
   

  

  
     

where            is known as the     central moment for          

Note that                        

Since       generates moments, it is called moment generating function.  

If   is a discrete random variable with p.m.f.      then  

                                 t X t x

X

x

M t E e e p x   

If   is a continuous random variable with p.d.f.     , then  

                               tX t x

XM t E e e f x dx



    

Moments Using Moment Generating Function: 

Differentiating equation (1) with respect to   and then putting    , gives  

                                                  
   

 

  
      

   
  

                                                  
   

  

   
      

   
 

In general, 

                                                  
   

  

   
      

   
           

Note: Moment generating function       is used to calculate the higher 

moments. 

Theorems on Moment Generating Function: 

Theorem 1:                 where   is a constant. 

Proof:    By definition                               

Therefore,                



Theorem 2: The moment generating function of the sum of   independent 

random variables is equal to the product of their respective moment generating 

functions,                     
       

      
      

       
                                  

Proof: By definition, 

                      
                        

                                                                               

                  (Since            are independent). 

 Therefore,               
       

      
       

    

Hence  the  proof.  

Uniqueness Theorem of Moment Generating Function: 

The m.g.f. of a distribution, if exists, uniquely determines the distribution. This 

implies that corresponding to a given probability distribution, there is only one 

m.g.f (provided it exists) and corresponding to a given m.g.f, there is only one 

probability distribution. Hence               and   are identically 

distributed. 

Effect of Change of Origin and Scale on Moment Generating Function: 

Let a random variable   be transformed to a new variable   by changing both the 

origin and scale in   as  
   

 
 , where   and   are constants.  

The m.g.f of   (about origin) is given by  

                
  
   

 
 
      

 
  

 
 
  

 
 
     

  

    
 
  

 
 
  

                                             

 

       
  

    
 

 
                                

Note: If       , then                 



Example 1: If   represents the outcome when a fair die is tossed, find the m.g.f. 

of     and hence, find      and       .  

Solution: When a fair die is tossed 

                           
 

 
                  

       
6

t x

X

X 1

  M t e P X x


  
6

t x

x 1

1
e

6 

   
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Now,           
  

   
        

   
 

 
 

 
                                    

                            
 

 
                 

  

 
         

                 
 
 

  

 
 

  

 
 

  

  
.                                                        

Example 2: Find the m.g.f. of the random variable   whose probability function 

       
 

  
            and hence find its mean.  

Solution: By definition, 

                                 tX t x

X
x

M t E e e P X x




  
0

x
t

tX

x

x 1 x 1

1 e
e

2 2

 

 

  
    

   
   



                                   
  

 
  

  

 
 

 

  
  

 
 

 

    

                                                               
  

 
   

  

 
  

  

 
 
 

    
  

 
   

  

 
 
  

   

                                                      
  

 
 
    

 
 

  

 
  

 
 

 

    
  

  

    
    

   Therefore,        
  

    
   

  
   

 

  
      

   
  

 

  
 

  

    
  

   

  
                

       
 
   

 
        

      
   

Thus,      mean                                                                                                                           

Example 3:  If the moments of a random variable   are defined by                                    

         ,         .Show that           ,           , and 

        . 

Solution: We know that  

                           
 

r
'

X r

r 0

t
M t  

r !






  

where                
            

         
   

r r
'

X r

r 1 r 1

t t
 M t 1  1  0.6

r ! r !


 

 

               
 

  
 

  

  
 

  

  
    

                                                                

But by definition, 

             
     t x t x

X

r 0

M t E e e P X x




    

                                          …+… …… (2) 



From equations     and    , we have 

                                                     

Equating the coefficients of like terms on both sides, 

                                                            

                               

Example 4: Find the m.g.f. of a random variable whose moments are                      

            . 

Solution: By definition, we have   X r

r
'

r 0

t
M t  

r !






  

                               
    

r
rr

r 0 r 0

t
 r 1 !2 r 1 2t

r !

 

 

    
           

 

                                                          
 

       
 

             
 

       
 

Example 5: If         , find the m.g.f of   and hence find its mean and 

variance.  

Solution: Since         , its p.m.f. is given by  

       
  
  
       ,              and      .  

Then the m.g.f. of   is given by  

   X

n n
t X t x t x x n x

x 0 x 0

n
M t E e e p x e p q

x



 

 
      

 
     

xn
t n x

x 0

n
pe  q

x





 
  

 
  

                  

 
 

  
                     Mean   

   
      

  
 
   

    



 Next, 
  

   
                                             

     
   

  

   
        

   
                                              

     
           

Now, variance       
     

                                        

Thus,       and        

Note that           where         .Thus,     . 

Note: For binomial distribution, mean is always greater than variance.  

Example 6 : If       , find its m.g.f. and hence find its mean and variance. 

Solution: Since       , then its p.m.f. is given by  

            
     

  
          and     

The m.g.f. of   is given by  

   
x

t X tx t x

X

x 0 x 0

e
M t E e e p x e

x!

 

 

        

                                             
 

xt

x 0

e
e

x!








          
 
     

     

            
     

Since 
 

  
            

        ; Mean       
 

  
        

   
  . 

Now,  
  

   
              

           
          

Then   
   

       

   
 
   

             

Thus, variance       
     

              



Therefore,         

Note: Mean and variance are same for Poisson distribution. 

Example 7: If          , find its m.g.f. and hence find its mean and variance.  

Solution: Since          , its p.m.f. is given by  

      
  
   
                   

The m.g.f of   is given by  

                  
   X

xt x r

x 0

r
M t e p q

x





 
  

 
  

                             
   

xxr t r t

x 0 x 0

r r
p qe p qe

x x

 

 

    
      

   
   
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Now,  
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Further,   
  

   
            

 

  
                  

                                                                                        

Then   
   

  

   
        

   
                             

                    
  

 
 
      

 
    

  

  
       

     
  

    

  
 
  

  
 

Hence, variance       
     

    
    

  
 

  

  
 

    

  
      

  
  

  
                                              



Example 8:Let   be a random variable with p.d.f. 

      

 

 
   

 
                       

                          

  

Find  

(i)        

(ii) M.g.f. of   

(iii)      and        

Solution: 

(i)    
x

3

3 3

1
P X 3 f x  dx e dx

3

 
     

 

 
 
 
  
 
 

  
 

 

 
 

 

              
 

 
 

                  

(ii)      tX t x

X 0
M t E e e f x dx


    

1x t x
t x 33

0 0

1 1
e e dx e dx

3 3

 
  

 
 

  

1
t x

1 3t x
3

0

0

1 1 e
e dx

13 3
t

3

 
       

 





 
 

   
       

  

                 
1 1 1 1

0
1 1 3t3 3

t
3 3

   
   
     

                   

 

                 
 

    
          

        
 

  
                                

(iii)            
 

  
      

   
   

 
  

   
                                  



        
  

   
      

   
    

                             

Example 9: Let X be a discrete random variable with p.d.f. 

      

 

      
          

                                 

  

Show that      does not exist even though m.g.f. exist.
 

Solution: 

   
x 1 x 1 x 1

1 1 1 1 1
E X x p x ... 1

x 1 2 3 4 x

  

  

       


     

But 
x 1

1

x




  is a divergent series.  

Therefore,      does not exist and hence, no moment exists.  

Now, m.g.f. of   is given by  

   
 

tx
tx

X

x 1 x 1

e
M t p x e

x x 1

 

 

 


   

Substituting        

 
 

x 2 3

X

x 1

z z z z
M t ...

x x 1 1.2 2.3 3.4





    


  

                   
 

 
     

 

 
 

 

 
     

 

 
 

 

 
    

                  
  

 
 

  

 
    

 

 
 

  

 
 

  

 
  

                         
 

 
 
  

 
 

  

 
 

  

 
    



                           
 

 
               

                  
 

 
                  

        
                                                
                                                                           

  

and       does not exist for    . 

 



P1: 

Find the m.g.f. of uniform distribution        and hence obtain the mean and 

variance of the distribution. 



P2: 

Find the m.g.f. of Normal         distribution and hence find its mean and 

variance. 

Solution: 

Since            , its p.d.f. is given by  

     
 

     
     

 

   
         

The m.g.f. of   is given by 

   
2t X

X 2

t x1 1
M t E e e exp x

22


 





 
      

 
  

Let   
   

 
. Thus        and         

Thus,     
2

X

1 z
M t exp t z exp dz

22
 







 
   

 
  

                         2t1 1
e exp z 2t z dz

22

 






 
   

 
   

                          2 2 2t1 1
e exp z t t dz

22

  






 
    

 
  

                         
2

1 2 2t t
21 1

e exp z t dz
22

 








 
   

 
  

    Let                

                       

21
u

2

1 2 2t t
2 1

e e du
2

 






   

                            
 

 
    

 



               
 

 
        

         
 

 
            

       Mean   
    

            

Further,   
          

 

 
                 

 

 
         

      
     

                   
        

 The variance is given by  

 Variance    
     

               . 

 



P3: 

Find the m.g.f. of geometric      distribution and hence obtain its mean and 

variance.  

Solution: 

If       , its p.m.f is given by          for                   . 

Then the m.g.f. is given by  

                   
x

tx x t

X t

t X

x 0 x 0

p
M t E e e q p qe

1 qe

 

 

    
  

   

        
 

     
 

Then   
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Thus, Mean     
  

 

 
  and variance     

 

   
 



P4: 

Find the m.g.f  of exponential      distribution and hence find its mean and 

variance.  

Solution: 

Since        , its p.d.f. is given by            for     and     

The m.g.f. of   is given by 

   t xt X tx x

X 0 0
M t E e e e dx e dx

 
 

 
        

                                       

1 r

r 0

t t
1  for t

t




  

 



   
       

    
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r
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t
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
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
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But   
   coefficient of 
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Thus,   
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  and hence      

     
    

 

  
 

 

  
 

 

  
 

 Thus,    
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3.2. Moment Generating Function 

Exercise: 

1. Find the m.g.f of a r.v. whose moments are given by   
           

 

2. If       
 

   
, find standard deviation of    

 

3. Find the m.g.f. of a.r.v   whose p.d.f is given by  

                               
 

 
        

             
  

4. Find the m.g.f and hence find the mean and variance of a.r.v.   whose p.d.f. is 

given by  

i.              
                           

                                  
  

 

ii.               
 

 
                 

                        
  

 

iii.                  
 

 
  

 

                

                   

  

 

iv.                
 

 
               

                   
  

 

v.                               

 

                                     

                                           

                              

 



Answers: 

1.       
 

       
 

 

2.   
 

 
 

 

3. 
 

   
               

 

4.  

 

i.       
 

   
    

 

 
     

 

 
 

 

ii.          
       

  
                  

                             

  

 

iii.                              

 

iv.         
     

  
     

 

 
        

  

  
 

 

v.       
    

   
    

    

 
    

 

  
 

 

 

 

 

 

 



3.3  

Characteristic Function 

In some cases m.g.f. does not exist. For example, consider the p.m.f. given by  

                                          
 

                   

            
  

Its m.g.f. is given by  

   X 2 2

tx
t x

x 1 x 1

6 e
M t e p x

x

 

 

    , 

which is divergent. Thus,       does not exist. A more serviceable function that 

the m.g.f. is the characteristic function. 

Characteristic function: The characteristic function of a.r.v.   is defined by  

 
   

   

i t x

i t X

X i t x

x

e f x dx  if X  is a c.r.v.with p.d. f  f x

t E e
e  p x   if X  is a d.r.v. with  p.m. f p x






    






 

where      , the imaginary number. 

Note: 

1.                                                          

          Since          ,       always exists for  any probability distribution.  

2.                           
     

  
   

     

  
      

                                 
     

  
      

     

  
        

                              
  

     

  
  

  
     

  
  

    



where    
            moment abut origin for         

3. If       is given, then the     moment about origin is given b  

                                  
                

     

  
 in      . 

Properties: 

1.          

Proof:                     when     

                                      

Thus,         

2.           for all real  . 

Proof:                                                                 

           for all real   

3.        continuous function of   in          

Proof: For    ,  

                                                         

                                                        as                                                                    

Thus    
   

                     

     
   

                

       is a continuous function of   in        .                                                   



4.              ,             is the complex conjugate of      . 

Proof: Here                                 

                                                            

 Thus,                     

5. If the p.d.f. is even                 , then the characteristic function is real 

valued and even function of  .  

Proof: We know that ,      i t X i tX

X t E e e f x dx



    

Let             . Then 

      ity ity

X t e f y dy e f y dy  
 

 
                                                             

                                                                           

Thus,              

        is an even function of  . 

 Further,                              (by property 4) 

                                        (Since        is even function)                                                                                                 

Thus,       is real. 

 

 

 



6. If   is a r.v. with characteristic function       and    
         exists, then  

                                        
         

  

   
        

   
 

Proof: 

  
  

           
  

                                  

Now,  
  

           
   

         and   
        

 

  
  

 

           
   

  

Thus,   
         

 

           
   

 

7. Effect of change of origin and scale . 

Let   
   

 
 where   and   are constants.  

Then                  
   

   

 
 
     

    

    
  

 

 
  

  

           
   
    

 

 
  

   

8. If            are independent, then 

                                                         
       

       
       

    

Proof: 

          
                                               

                                                                                                              

                                                       

                               
       

       
                 

            
       

       
       

     

Note: Converse need not be true. 



Uniqueness Theorem for Characteristic Functions: 

The characteristic function uniquely determines the distribution. That is                      

A necessary and sufficient condition for two distributions with p.d.fs       and 

      to be identical is that their characteristic function       and       are 

identical.  

Example 1: If         , find its characteristic function and hence obtain its 

mean and variance.  

Solution: Since         , its p.m.f. is given by  

       
 
 
         for             

The characteristic function of   is given by  

   X

n n
it x it xitX x n x

x 0 x 0

n
t E e e p x e p q

x
 

 

 
      

 
   

n xit n x

x 0

n
pe q

x





 
  

 
  

                
 

 and 
 

  
                   

   
    

The mean of   is given by  

                 
  

        
   

                 
   

    
   

 

                                                                                      

 Now,  
  

                
 

  
         

   
     

                                                      
   

               
   

      

Thus,   
         

 

           
   

                       

                                                           

        
           



Therefore, the variance of   is given by  

          
     

                    

        .               

Example 2: If        , find the characteristic function   and hence obtain its 

mean and variance.  

Solution: Since       , its p.m.f. is given by  

                                     
     

  
            

The characteristic function of   is given by  

   
x

X

it x it xitX

x 0 x 0

e
t E e e p x e

x!




 

 

        

            
   

it
x

ite 1ite

x 0

e
e  e e e

x!

 



 

 



    

 
 
 
 

X

i tλ e -1

⇒ j t = e  

Now, 
 

  
                       

Thus, the mean is given by  

    
             

  
        

   
            

      

Now,  
  

               
 

  
                

                                                                         



Thus,   
  is given by 

  
         

 

   
        

   

                                 

                                                                  

Hence, the variance is given by      
     

                                   

Example 3: If          , find the characteristic function of   and hence obtain 

its mean and variance.  

Solution: Since            , its p.d.f. is given by  

             
 

     
     

 

   
                      

The characteristic function of   is given by  
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 Let 
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                                    Let                
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Now, 
 

  
               

    

                                   

Then   
        

  
        

   
              

Thus, Mean         . 

Now,  
  

                
 

 
    

               
 

 
    

      

Thus,   
         

  

           
   

                                               

     
        

Hence, the variance is given by  

        
     

                        

  Variance          

Finding p.m.f. (or p.d.f.) when characteristic function is known. 

If   is a d.r.v. with characteristic function      , then                  . 

First write the characteristic function in this form and then identify the        

which is the p.m.f. of the d.r.v.  . 



Example 4: Find the p.m.f. of the d.r.v. X whose characteristic function is given 

by               
 

. 

Solution:  We have,               
 

 and  

                                      
 

    
 
           

 
    

 

   

 

                                      
 
             

 

   

            

 

   

 

                                          where         
 
         

Thus p.m.f. is       
 
         for            . 

Example 5: Find the p.m.f. of a d.r.v. X whose characteristic function is given by 

                   . 

Solution:  We have,                  

                             
      

      
 

  

 

   

  
     

  
    

 

   

 

                                                

 

   

             

where        
     

  
 for          , which is Poisson distribution with 

parameter  . 

Theorem 1: If   is a continuous random variable with characteristic function 

     , then its p.d.f. is given by 

                                                   
 

  
             

 

  

 



Example 6: Find the p.d.f corresponding to the characteristic function             

                                                                 
 

 
    

. 

Solution: 

                             
 

  
            

 
 
    

  
 

  

 

                                  
 

  
    

 
 
               

  
 

  

 

                                  
 

  
      

 

 
      

   

 
  

 

  
   

 
 

 

   
 

  

 

                                  
 

  
     

 

 
 
   

 
 

 

       
 

 
      

   

 
  

 

   
 

  

 

                                                 Let      
   

 
       

  

 
 . 

                                  
 

    
     

 

 
 
   

 
 

 

 
 

   
      

  

 
   

 

  

 

                                  
 

    
     

 

 
 
   

 
 

 

  

Therefore,      
 

    
     

 

 
 

   

 
 

 

          

           

Example 7: Find the p.d.f. corresponding to the characteristic function defined 

by 

          
           

       
  

Solution:  The p.d.f. of      is given by 



                    
 

  
            

 

  

 
 

  
            

 

  

 

                          
 

  
             

 

  

 
 

  
             

 

 

 

(  for               and for            ) 

Now, 

             
 

  

  
     

   
      

  

 

 
 

  
        

 

  

 

                                       
 

  
 

 

  
 
     

   
 
  

 

 

                                       
 

  
 

 

     
        

Similarly, 

             
 

 

 
 

  
 

 

     
         

      
 

  
 

 

     
                

 

   
   

        

 
  

      
 

   
                 



P1: 

If          , find its characteristic function and hence obtain its mean and 

variance. 

Solution: 

Since          , its p.m.f. is given by 

      
  
   

                    

The characteristic function of   is given by 

                       

 

   

        
  
   

        

 

   

 

                                                                
  
   

        
 

           
  

 

   

 

Thus,                 
  

 

Now,  

 
  

  
                      

      
                         

      
 

Thus, mean      
         

  
        

   
 

                                               
  

 
 

      
  

 
 

Now,  
   

                
 

  
         

      
     

                                         
      

                  
      

      



Thus,    
         

  

           
   

 

                                                       

                                                

                   
  

  
         

  

  
       

     
  

    

  
 

  

  
 

Thus, the variance is given by 

     
     

    
    

  
 

  

  
 

    

  
 

    
  

  
 

                                                     

 

 



P2: 

Find the characteristic function of uniform        distribution and hence obtain 

the mean and variance of the distribution. 

Solution:  

Since         , its p.d.f, is given by 

     
 

   
        

The characteristic function is given by 

                         
 

 

      
 

   
  

 

 

 
 

   
       

 

 

 

                                                                 
 

   
 
    

  
 
 

 

 
 

       
            

            
         

       
 

             
 

      
                            

Differentiating both sides of     w.r.t. t, we get 

   
           

 

      
                              

Again differentiating both sides of     w.r.t. t, we get 

      
       

       
     

 

      
                      

      
        

     
 

      
                      

In general, 



 
    

     
             

  

   
        

 

      
                          

If    , then 

       
 

   
        

   

 
 

      
                  

   
 

           
   

 
 

   

 

      
                             

From      the mean is given by 

   mean    
         

  
        

   
 

                                    
 

       
              

 

      
        

                                
 

      
           

   

 
 

     
   

 
 

Again from      

   
         

  

           
   

       

       
               

                                                      
 

      
                

     
  

        

 
 

Thus, the variance is given by 

     
     

    
        

 
 

      

 
 

                        

  
 

      

  
  

    
      

  
 



P3: 

Find the characteristic function of exponential      distribution and hence find 

its mean and variance. 

Solution:  

Since       , its p.d.f. is given by 

                    

The characteristic function of   is given by 

                         
 

 

             
 

 

              
 

 

         

                                  
         

       
 
 

 

 
 

    
              

  

 
 
  

 

                                  
  

 
 
  

   

  
     

  

  

  

 

   

 

          
     

  

  

  

 

   

 

Thus,   
         of 

     

  
 in       

  

  
 . 

Hence, the mean is given by     
  

 

 
 

Further,    
  

  

  
 

 

  
 and variance is given by 

     
     

    
 

  
 

 

  
 

 

  
 

Thus,    
 

  
 



P4: 

Find the p.m.f. of r.v. whose characteristic function is given by 

           
 

       

Solution: 

Given         
 

      
          

  
 

                                                     
 

 

   

         

 

   

 

                                                             

 

   

          

where                       which is geometric distribution. 



3.3. Characteristic Function 

Exercise 

1. Find the characteristic function of a r.v. X whose moments are given by 

  
          . 

 

2. If       
 

    
 , then find standard deviation of  . 

 

3. Find the characteristic function of a r.v.X, whose p.d.f. is given by                            

                                        
 

 
      

           
   

 

4. Find the characteristic function and hence obtain the mean and variance of a 

r.v.X, whose p.d.f. is given by 

 

                                         
         
           

  

5. Find the characteristic function of a r.v.   whose p.d.f. is given by                     

                                       
 

 
       

           
  . 

6. Find the characteristic function and hence find the mean and variance of a 

r.v.X whose p.d.f. is given by  

                                    
 

 
  

 

     

           

  

7. A r.v.X has the p.d.f.       
 

 
      

           
 . 

Find the characteristic function, mean and variance of  . 

 

8. Find the characteristic function and hence find the mean and variance of a 

r.v.X whose p.d.f. is given by                    . 

9. Find the p.m.f. whose characteristic function is given by       
   

     
 . 



Answers: 

1.       
 

        
 

2. 
 

 
 

3. 
 

   
                 

4.       
 

    
    

 

 
     

 

 
 

5.        
        

   
    

     

  

6.                     

7.       
      

   
    

 

 
    

  

  
 

8.       
     

    
    

    

 
    

 

  
 

9.       
 

 
 
 
            



3.4 

Cumulant Generating Function 

Just as the moment generating function (m.g.f.)       or characteristic function 

(ch.f.)       of a r.v.X  generates its moments, the logarithm of       or       

generates a sequence of numbers called the Cumulants of  . Cumulants are of 

interest for the following two reasons. 

1. Moments in terms of cumulants can be obtained easily when compared to 

obtaining them from m.g.f. or ch.f. 

2.  th cumulant of a sum of independent r.vs is simply the sum of the  th 

cumulants of the summand. 

Since the ch.f. exists for every r.v(the m.g.f. need not exist for some r.vs), the 

cumulant generating function (c.g.f.) is defined as the logarithm of the ch.f. 

Cumulant generating function: Let   be a r.v. with characteristic function 

             . The cumulant generating function (c.g.f.) of   is defined by 

                                                                                                                    …     

for all   in some open interval about   in  , provided the RHS can be expanded as 

a convergent series in powers of  . 

Thus,  

                                                          
     

  
     

     

  
                      ….                              

Note that,     coef of 
     

  
 in       and it is called the     Cumulant of   

We have,                        

                                   
        

      

  
      

     

  
                            ….     

From         and    , we have 



          
     

  
          

           

     
        

      

  
    

 

 
   

        
      

  
   

 

 
 

 
   

        
      

  
   

 

   

                   (           
  

 
 

  

 
 

  

 
  ) 

Comparing the coefficients of like powers of  , we get the relationship between 

moments and cumulants. Hence, we have 

     
   Mean    and      

     
     variance    .                                                                                              

Thus,      and      . 

Note:  

1. From            can be written as 

         

     

  

 

   

 

            Thus  th cumulant      coef. of 
     

  
 in      . 

2. From (2),  th cumulant is obtained as 

          
      

    
   

 

Example 1: If         , then obtain the c.g.f. of   and hence obtain its mean 

and variance. 

Solution: Since         , its p.m.f. is given by 

        
 
 
                     

Then the characteristic function of   is given by 



                    
 
 
       

 

   

   
 
 
       

 
    

 

   

 

                                                                                     
 

 

                
 

 

Thus, the c.g.f. of   is given by 

                                  
 

  

                   

                                   
     

  
     

                                
     

  
     

                
     

  
     

 

 
       

     

  
    

 

    

                
     

  
           

     coef. of         and     coef. of 
     

  
                    

Thus mean and variance are given by          and           

Example 2: If    Poisson     , then find the c.g.f. of   and hence obtain its 

mean and variance. 

Solution: Since       , , its p.m.f. is given by 

     
     

  
            

The characteristic function of   is given by 



                       

 

   

      
     

  

 

   

     
      

 

  

 

   

 

                                       
           

Thus,                 

The c.g.f. of   is given by 

                                        

                                             
     

  
 

     

  
      

             
     

  
    

Thus,     coef. of      in         and     coef. of 
     

  
 in         

Hence, mean   variance    

Example 3: If          , then find the c.g.f. of   and hence obtain its mean 

and variance. 

Solution: Since          , its p.m.f is given by 

      
  
   

                    

The characteristic function of   is given by 

                       

 

   

       
  
   

        

 

   

 

                                     
  
   

        
 

 

   

           
  

 

                 
  

 



The c.g.f. is given by 

                               
  

  

                                           

Now,  
  

  
            

      

      
 

      

      
 

           

  
        

   
     

     

   
 

  

 
 

And  
   

   
           

 

  
 

   

      
      

                     

        
   

            
  

           
   

               
   

    

    
  

   

Thus mean and variance are given by 

     
  

 
 and       

  

  
 respectively. 

Example 4: If          , then obtain the c.g.f. of   and hence find its mean 

and variance. 

Solution: If          , then its characteristic function can be shown that  

             
 

 
    

                      (recall! )     

 

Hence, the c.g.f. is given by 

               
 

 
    

      
 

 
     

             
     

  
   



     coef. of      in         and     coef. of 
     

  
 in          

Thus, mean    and variance    . 

Example 5: If       ,  then obtain the c.g.f. of   and hence obtain its mean 

and variance. 

Solution: Since        , its ch.f. can be shown that  

                      
 

    
    

  

 
 

  
                                     (recall! ) 

The c.g.f. of   is given by 

                          
  

 
        

  

 
 

 

 
 

  

 
 

 
    

            
 

 
 

     

  

 

      

Thus,     coef. of      in       
 

 
 and     coef. of 

     

  
 in       

 

  
 .                           

Thus, the mean and variance are given by   
 

 
 and    

 

  
 respectively. 

Properties of Cumulants: Here we develop some useful properties of cumulants. 

Let       be the  th cumulant of a r.v. X. 

Theorem 1:                 for some real constant  . 

Proof: Consider                                   

                                       

                                           

                                       

Then,   
  

            
   

   
 

            
   

   
 

           
   

    ,where      

Therefore,        
 

            
   

          
 

           
   

 



                

Theorem 2:          
               

                  
  

Proof:                                            

                   

                           

                   

        
 

             
   

        
 

           
   

        
 

           
   

 

If    , then                . 

If                  . 

Theorem3: If    and   are independent random variables and      , then  

                 . 

Proof: Since   and   are independent,  

                 

                                                   

         
 

           
   

        
 

           
   

        
 

           
   

 

                    

Generalization: If           where            are independent 

random variables, then 

                             

 



Theorem 4: Let   
        be the  th moment of   about zero for                                    

            where   
   . Let            be the   cumulants of  . Then 
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for            . 

Proof:  For            , we have 

     
    

 

   
        

   
 and           

 

   
        

   
  

where               and                or equivalently,             . 

Differentiating this last identify w.r.t.   gives 

                                                    
             

                                                       …    

and evaluating this at     gives    
        

     holds for    . 

Differentiating (2) for    times, it gives 

  
            

 
     

        
          

 

   

 

(Use Leibnitz theorem for the     derivative of the product of two functions) 

and evaluating this at     gives 
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 
   for             

Note: Taking           in (1) produces 

 

  
    

                   
       

   

                                     
        

      
   

                                                         
        

       
      

    
 

 
                



These recursive formulae can be used to calculate the     s efficiently from                     

 s and vice versa. 

Let              
 
         

     for         are unknown as central 

moments. 

Then formulae     simplify to 

     ,      ,           
 and                 ,          

     

Note: Mean       and variance          . 

 

 

 

 

 

 

 

 

 

 

 



P1: 

Let   be a.r.v with p.d.f  

                                     
 

  
            

                   
  

Find the       of   and hence find its mean and variance. 

Solution: 

The characteristic function  of   is given by  

   itX

X

a aitx itx

a a2a

1
t E e e f x dx e dx

 
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The c.g.f. of   is given by  

                      
     

  

  

 
 

     

  

  

 
    

          
     

  

  

 
 

     

  

  

 
    

 

 
 
     

  

  

 
 

     

  

  

 
   

 

   

    coeff. of      in         and    coeff.of 
     

  
 in       

  

 
 

Thus, the mean and variance are given by     and    
  

 
 

 



P2: 

Let   be r.v. with p.d.f 

     
 

 
             

Find the c.g.f. of and hence find its mean and variance.  

Solution:  

The characteristic function of   is given by                                      

   itX

X

xitx itx1
t E e e f x dx e e dx

2


  
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                                           (Since the integrals in the first and 

second integrals are even and odd functions of   repsectively).  

         

x

0
e costxdx


   

          
x

0
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t t             (On integration by parts) 

           
 

   
 

                   
 

     

  The c.g.f. is given by                      
 

    
            

                                                          
  

 
 

  

 
        

  

 
 

  

 
   

        
     

  
    

                  in         and             
     

  
 in         

Thus, the mean and variance are given by      and       



P3: 

Let   be a.r.v. with p.m.f given by  

                       
                                        

                                                                                            
  

Find the c.g.f. and hence find its mean and variance. 

Solution: 

The characteristic function of   is given by  

   itX itx itx x

X

x 0 x 0

t E e e p x e q p
 

 
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x 1it it
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p qe p 1 qe
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The c.g.f. is given by                                  

Now,    
 

  
        

     

      
      

   

      
  

           

  
        

   
         

 

 
 

 

 
 

Further, 
  

                
                    

        
   and 

          
 

           
   

          
       

  
     

 

  
 

Thus, the mean and variance are given by   
 

 
 and    

 

  
 respectively. 

 

 



P4: 

Let   be a r.v. with p.d.f.  

     
 

  
    

      

 
  ,                 

Find the c.g.f. and hence obtain its mean and variance. 

Solution: 

It can be shown that the characteristic function  is given by 

                                                 
    

      
                     (do it!) 

The c.g.f  is given by                    
    

      
  

                                                                                          

                                                                                       

             
     

  
      

                    and           
     

  
     

Thus, the mean and variance are given by   and     respectively. 

 

 



3.4. Cumulant Generating Function 

Exercise 

1. Let   
   

 
 where   and   are real constants. Obtain the cumulants of   

interms of cumulants of  .  

 

2. For a distribution, the cumulants are given by  

                                               

Find the ch.f. 

 

3. The p.m.f  of   is given by  

                                                    

Find the c.g.f. and hence find its mean and variance. 

 

4. The  p.d.f. of   is given by  

     
   

        
         

Find the c.g.f. and hence find its mean and variance. 

 

 

 

 

 

 

 

 

 



Answers 

1.       
       

 
 and       

     

  
 for        

2.                

3.   
 

 
 and    

   

  
 

4.     and    
  

 
 

 

 

 



3.5 

Probability Generating Function 

Let   be a non-negative integer valued random variable with p.m.f.                            

           . Then the probability generating function (p.g.f.) of   is 

defined by 

                   

 

   

 

where        is a dummy variable. 

Advantages: 

1. It is easy to compute. 

2. Moments and some probabilities can be obtained easily. 

3. The p.m.f. can be obtained easily from p.g.f. 

4. It is easy to handle with sum of independent r.vs. 

Effect of linear transformation of p.g.f: 

Theorem 1: Let   be a discrete random variable with p.g.f.      . Let 

       where   and   are real constants. Then                

Proof: By the definition of probability generating function, we have,                          

           . Then  

                                               

                

 

 

 



Theorem 2: Additive Property: If   and   are independent random variables, 

then for constants    , we have 

                          

Proof:                                                        (by P.g.f.) 

                                                               

                                                                       (     are indpendent.) 

                                                               

Thus,                        

Note: In particular, if      , then                    

Generalization: If            are independent random variables, then 

                 
      

       
    

Relationship between p.g.f. and m.g.f :  

The p.g.f. and m.g.f. of a random variable X are defined by             and 

              respectively. 

Now,                               

              

Further,                                         

                

Theorem 3: p.m.f. from p.g.f : Let       be the p.g.f. of a discrete r.v. X that can 

take the values 0,1,2,…. Then the p.m.f. of   is given by 

            
 

  
   

       
   

 

 



Proof: By definition, we have 

                   

 

   

 

                                                                     

It can be observed that the coefficient of    in       is       . To obtain 

coefficient of   , differentiate      ,   times and substitute    . Thus, 

   
                                                         

When    , all terms after the first vanish. Thus, 

       
 

  
   

       
   

 
 

  
  

       

Computation of moments using p.g.f: 

In the derivation of moments, we use Taylor’s expansion: 

Suppose      has derivatives of all orders at    . The Taylor’s expansion of 

     at the point     is givne by 

                      
      

  
         

     

  
         

       
     

  

 

   

       

The Taylor’s expansion of         about     is given by 

                  
      

  
            

      

  
   

             

                                
      

  
          

      

  
                 

Differentiating (1) w.r.t.,     times and setting    , we get 



   
       

   
                   

                                                       
                                  …    

which is known as  th factorial moment of  . Using these, we can find the 

moments about origin as follows: 

If     in (2), we have 

  
         

       

If     in (2), we have 

                               
       

         
              

         
       

Thus, the second moment about origin is given by 

  
          

         
       

Similarly, we can find any moment about origin. 

Computation of mean and variance using p.g.f: 

Theorem 4: If the r.v. X has p.g.f.      , then the mean and variance of   are 

given by  

         
       and 

                                                                 
         

          
       

 
 

respectively. 

Proof:  From the above, we have 

  
    

          
    

         
       

Thus , the mean     
    

       and variance       
     

    



      
         

          
       

 
 

Convolution formula: 

Theorem 5: If   and   are independent integer-valued random variables with 

             and                        and          , 

then 

                           

 

   

 

Proof:  We have , 

              

 

   

                     

 

   

 

Now,                                                 (Since   and   are independt) 

  

          

 

   

          

 

   

  

                         

 

   

 

   

                                                                         

Let      . Then 

                                              

 

   

                                                               

From     and   , we have 

       

 

   

                 

 

   

 

   

 



        

 

   

                

 

   

   

 

   

 

                   

 

   

                

Example 1: If         , then find the p.g.f. of   and hence obtain its mean 

and variance. 

Solution: Since         , its p.m.f. is given by 

       
 
 
                                

The p.g.f. of   is given by 

                   

 

   

      
 
 
        

 

   

 

                                
 
 
           

 

   

         

               

Differentiating both sides w.r.t.,   we get 

  
                   

    mean    
    

          and variance is given by 
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Example 2: If       , then find the p.g.f. of   and hence obtain its mean and 

variance. 

Solution: Since       , its p.m.f. is given by 
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The p.g.f. of   is given by 

                   

 

   

    
     

  

 

   

     
     

  

 

   

                

               

Differentiating both sides w.r.t.  , we get                                                         
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Thus,   
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Hence, the mean and variance are given by       
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           respectively. 

Example 3: If          , then find the p.g.f. of   and hence obtain its mean 

and variance. 

Solution: Since       , its p.m.f. is given by 
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Example4: If       , then find the p.g.f. of   and hence obtain its mean and 

variance. 

Solution: Since       , its p.m.f. is given by 

                   

The p.g.f. of   is given by 
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Hence, the mean    and variance     of   are given by: 
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Example 5:The j.p.m.f. of       is given in the following table. Prove or diprove 

                   iff   and   are independent. 
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Solution: Since            
 

 
              

 

 

 

 
 

 

 
  , it follows 

that   and   are not independent.  

Now,             
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The p.d.f.  of       is given by  

         
 

 
 

 

 
  

 

 
   

 

 
   

 

 
   

           
 

 
                   

 

 
         

 
              

                     but   and   are not independent. Thus the statement 

is disproved.  

Example 6: Can       
 

   
 be the p.d.f. of .r.v.  ? Give reasons. 

Solution: We have       
 

   
 

 

 
   

Further,       
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Note that it takes negative values also. Hence,       is not a p.g.f. 



Example 7 : A fair die is thrown   times. Let   be the total number of points. 

Show that           
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Solution: The        of a single throw is given by:   

              

 

   

 
  

 

 

   

 

 

  
 

 
            

 

 
           

 

 

      

   
 

         
 

 
               

Since the   throws are identical and independent, 
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P1: 

Urns    and    have the following distribution 

                                                                                             

                                                                       

 

                          

A ball is drawn from each urn and the numbers     appearing are added. Find 

the p.m.f of      by using p.g.f. 

Solution: 

Here   and   are independent. The p.g.fs of   and   are given by  
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respectively. Since   and   are independent 

                                                             

                                                                                      

 

 

 

             

                                               

        

                                  



Thus the p.m.f. of     is given by 

              

                                       
 



P2: 

Lottery tickets bear numbers from        to       . Find the probability 

that a ticket bears a number whose sum of the first three digits equals the sum 

of the last three digits. 

Solution: 

Let the ticket bear the number             . Obviously, all  s are identically and 

independently distributed with  

                                               
 

  
                     

The p.g.f. of each   is given by  
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P3: 

Find the p.g.f. of       . 

Solution: 

The p.g.f.  of   is defined by 
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P4: 

Find the p.g.f. of       . 

Solution: 

From the relation                          

we get              where           
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3.5. Probability Generating Function 

Exercise 

1. Let   be a      with the following p.m.f  

          

     
 

 
 

 

 
 

 

 
 

 

 
 

    Find the p.g.f. 

2. If             
 

    
 for          . Find the p.g.f  of   

 

3. Let   be a      with p.g.f.       . Find the p.g.f. of   

 

                          

                

 

4. If      is the p.g.f. of  , then find the p.g.f. of 
   

 
 where   and   are real 
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. What is the range of  ? What is its p.m.f ? 
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