Unit-1V
Order Statistics and Limit Theorems
4.1

Order Statistics

Independent and identically distributed random variables:
We say that X;, X,, ..., X;, are independent and identically distributed random
variables (i.i.d.r.vs) if

n
Fy, x, (X1, 0, Xy) = ﬂin(xi) (independent) ..(1)
i=1
and Fy (x) = F(x) Vi = 1,2,...,n (identically distributed) . (2)

where Fy (x) is the c.d.f. of X; fori = 1,2,...,nand Fy  _x (xq,...,x,) is the
j.c.d.f.of Xi, ..., X,,.

For continuous random variables, the c.d.fs are replaced with p.d.fs in equations
(1) and (2) while for discrete random variables the c.d.fs are replaced with
p.m.fs.

Definition: We say that X;, X5, ..., X;, is a random sample from a population with
c.d.f. F(x) (or p.d.f. f(x) or p.m.f. p(x))if X4, ..., X,, are i.i.d.r.vs with common
c.d.f. F(x) (or p.d.f. f(x) or p.m.f. p(x)).

Definition: Let X;, X5, ..., X;, be a random sample from a population with c.d.f.
F(x). Define

X1y = smallest of X, X5, ..., Xp,

X(2) = second smallest of Xy, X5, ..., X,

Xy = r" smallest of X;, X, ..., Xp,,



Xn) = largest of Xy, X5, ..., X.

The ordered values X1) X2)s s X are known as the order statistics (o.s) of the
nrvs Xq,X,, ..., X,.

Note:

1. o.s arer.vs themselves (as functions of X3, ..., X},)

2. o.s.satisfy X(q) < X(g) < - < X

3. X1,X5,...,X, arei.i.d.r.vs but X1y X(2)r s X () are neither independent nor
identically distributed because of order restriction.

Distributions of 0. s. in continuous case:

Let X;, X5, ..., X;, be arandom sample from a continuous population with c.d.f.
F(x) and p.d.f. f(x).

Marginal distributions:

1) The c.d.f. and p.d.f. of X,,, the n™ o.s. are given by

Fx, (x) =[F(x)]™ and fx(n) (x) = n[F(x)]* 1 f(x)respectively.

2) The c.d.f. and p.d.f. of X4, the first o.s. are given by
Fx, (x)=1-[1-F(x)]"and fx(l) (x) =n[1 = F(x)]* 1f(x) respectively.

3) The c.d.f. and p.d.f. of X(jy,1 < j < n, the jth 0.s. are given by

n

Frgy 0 = ) () FGOY[L = FGoI™~ and
i=j
fry ) = T [FGOV 1 = FOI" /£ (%)
respectively.



Joint distributions

4) For1 <i <j<n,thej.p.d.f. of X;;yand X is given by

fX(i)'X(j)(u'v)

n!

— i—-1 _ j—i—1 _ n-—j
oDy F @I F@) = Fw)] [1-F)]"/f)f )
for—oo<u<v<o
5) The j.p.d.f. of k-order statistics Xjr X(jp)r = X(j,) Where

1<n<n<--<n<nandl<k<nisforx; <x, <-- < x; given by
fX(jl)""’X(jk) (1, e X5)
n!
" Gi= DIGz =i = DU Ge— Joet = DI =)t
it (e)[F () = FOe) Ve L [F Gy = F o) Piien™
[[1 = FGedI™ %] fOe) f (e oo f (i)

6) The j.p.d.f. of X(4y, X(2), ..., X(n) is given by

n! f(xy)...f(x,) , —00 < x; << Xy < O
o , otherwise

fX(l),...,X(n) (xl, ,xn) = {

Distribution of Range: Let us obtain the p.d.f. of the r.v. R;; = X(;) — X(;
for i <j.Thej.p.d.f. of X(;y and X;y is given by
fX(i),X(j) (ui U)

_ n!
T -DIG-i-D!(n—j)!

[F)I ' F@) - FV 7 1 = FOI" fFf () ... (1)

Let R;j = X(jy —Xpand X = X;) = rnj=v—uandx =u
= u=xandv =r;+x

The Jacobian of transformation is given by



du Jdu
_ o(wy) ox arl] 1 O _ _
] = ey = ‘av . 1| —1land|/| =1 -(2)
ox 61“11

From (1) and (2), the j.p.d.f. of X(;y and R;; is given by
fX(i)'Rij(x’ rij)

_ n! l 1 j-i- 1
= Sy F @I F(x +1y) = FGO)

[1—F(x+r”)] (x)f(x+rl]) . (3)

From (2), the m.p.d.f. of R;; is given by

fRij (rij)_fooo fx( )R (X ']J)dx (4

Letj = nandi = 1. Then the range is given by W = X(;;y — X(4). From (3) and
(4), the p.d.f. of W is given by

gw) =n(n-1) J [F(x +w) — FQ)I" £ (x + w)f (x)dx
The c.d.f. of wis given by

Gw)=P(W <w) = Jwg(u)du
_ j ! (n(n ~1) j CIFGe+w) — FOOT™2F(x + ) f(x)dx> du
= nf f(x) U m—Dfx+uw)[F(x+u)— F(x)]"'zl dx

= G(w) = njoof(x)[F(x +w) — F(x)]" tdx



Example 1: Let X4, X,, X3, X4 be a random sample of size 4 from uniform [0, 0]
distribution. Find the p.d.f. of X (1), X(3) and X (4,.

Solution: Since each X~U (0, ), its p.d.f. is given by f(x) = % ,0<x < 0andits
c.d.fis given by

F(x)_P(X<x)—j f(t)dt—f ‘dt_[g]:_

The p.d.f. of X4 is given by

4-11

frn @) =11 = FOI" £ (x) = 4 (1 - g) .

4 x\3
=>fX(1)(x)=5(1—5) 0<x<0

The p.d.f of X(5) is given by

4! rx1? 11 12x%*(6 —x)
fry () = 2!1![9] ( _5) 0 94
12x2%(0 — x)

= fpy (X) = o 0<x <6

The p.d.f of X4 is given by

31 4x3
frip ) = nIFCOI11 () = 4(5) 5=9—’i

fX(4)(x) 94 —,0<x<80



Example 2: Let X4, X5, ..., X,, be i.i.d.r.vs with common p.d.f.

1, 0<x<1
f (x)_{O , otherwise

Find (i)pdf.ofX;,1<j<n
(i) j.p.d.f.of Xjy and Xy for1 < j <k <n
(i) p.d.f.of R = X () — X9
Solution: Given
pdf: f(x)=1,0<x<1
cgfi F(x)= foxf(t)dt =x =>Fx)=x0<x<1
(i) The pdf of X(;y is given by

nl .

! _ n—j .
fXU)(xj) - (j—1)!(x—j)!xj] '(1-x) "for0<x<1,1<j<n

(i) The j.p.d.f. of X(;) and Xy is given by

Frgpoxao (% %) = (j—l)!(k—:'u—l)!(n—k)! 177 (e — xj)k_j_l(l — %)™,
0<xj<x,<lwhere 1<j<k<n
The j.p.d.f. of X(4y and X, is given by
fxayxm 1 Xn) = — 1) —2)"72,0 <xy <%, <1
(iii) The p.d.f. of R = X5y — X(q) is given by

gw)=nn—-Dw" 21 -w),0<w<1



Example 3: Let X (1), X(2), X(3) be the o.s. of i.i.d.r.vs X;, X;, X3 with common
p.d.f.

Be*B,x>0>0
0,otherwise

@ =1
LetY; = X3y — X(2) and Y, = X(,) . Show that Y; and Y, are independent.
Solution: The c.d.f. is given by F(x) = foxf(t)dt =1—e*F x> 0.

Then the j.p.d.f. of X(,) and X(3 is given by

3!
fX(z).X(3)(x;y) = 110101 (1 - e_ﬁx)ﬁe_ﬁxﬁe_ﬁy,() <x < y <

Herey;, =y—xandy, = x
= x=Yyandy =y, +,

The Jacobian of transformation is given by

ox  ox
a(x,y) dy1 0y, 0 1
] 0(y1,y2) a_y 6_31 1 1| and Ul
dy1 0y3

The j.p.d.f. of Y; and Y, is given by
f(r,y2) =31B%(1— e PY2)e Pr2eF0nty2) 0 <y, <o0,0<y, <o .. (1)
The m.p.d.f. of Y, is given by

folyz) = 31Be™2hr2(1—e7F72),0 <y, < e (2)
and the m.p.d.f. of Y; is given by

fiy) =Be P, 0<y, <o . (3)

From (1), (2) and (3), Y; and Y, are independent.



Example 4: Let X, X5, ..., X,, be a random samples from a population with
continuous density. Show that Y = min(X, X5, ..., X,,) is exponential with
parameter nA iff each X; is exponential with parameter A.

Solution: Let X; be the i.i.d exponential variates with parameter A and p.d.f.

f(x) = le™ x>0,1>0
— _ [ (XA, A AX
and F(x)=P(X SX)—IO f(u)du —ﬁjo e Mdu=1-e
The distribution function of Y; = min(Xy, ..., X;,) is given by
Frb)=1-[1—F"=1-[1-1+e ] =1 - x

which is the distribution function of exponential distribution with parameter nA.
Thus, Y; ~exp(nA).

Converse: Let Y; = min(Xy, ..., X,,) ~exp(ni)
ThenP(Y; <y)=1—e ™

Now, P(Y; 2y) =1-P(¥; <y)=1—(1—e ™) =™
= P[min(Xy, ..., X,) = y] = e ™

=SPX, 2y, X, 2y, .. X, =y]=e ™

= ILIF’(Xi > y)=e"“y (v~ Xsarei.d.d)
i1

=>P(Xi2y)=€_/1y =>P(XiSy)=1—e_/1y

which is exp(4) distribution. Thus, X;’s are i.d.d Exp(A).



Example 5: For exponential distribution f(x) = e ™, x = 0, show that the c.d.f.
of X,y ina random sample of size n is F,,(x) = (1 — e ®)™. Hence prove that
as n — oo, the c.d.f. of X,, — Inn tends to the limiting form

exp(—exp(—x)),—o < x < .
Solution: Here f(x) =e™, x>0 =>F(x)=PX <x)=1-—-e77".
The c.d.f of X(y,) is given by Fx = [FO)" =1 —e™)"
The c.d.f. of X,y — Inn is given by
Gn(x) = P[Xmy —Inn < x| = P[Xn) < x + Inn]
— [1 _ e—(x+lnn)]" =[1- e—xe—lnn]n

- n
ex

= G,(x) = (1 _ T)

= lim G,(x) = lim (1 - eT)n e ( lim (1 + g)" - ex)

n—-oo n—-oo

Distribution of O.S. in discrete case: In discrete case there is no magic formula to
compute the distribution of any X(; or any of the joint distributions. A direct

computation is the best course of action.

Let X;, X5, ... X;, be a random sample, from a population with p.m.f.
p(x;) = P(X =x)fori=1,2,..

Let I; :kiZ_lp(Xk)-Then P(X(j) < xi): Zn:([(]] rik (1_ri)n—k

P[5 -3} Jr @ -r-r ]



Example 6: Let X;, X,, ... X;; are i.i.d.r.vs with common geometric p.m.f. given by
pkzp(XZk)zqu—l’ k = 1,2,..., O<p< 1, q= 1—p

(i)  Findp.mf.of Xy, 1 <7 <nand
(i)  Show that X; and X3y — X(4) are independent random variables and
X(2) — X(1) has a geometric distribution.

Solution:
(i) Foranyintegerx > landr =1,
P[Xey = x| = P[X¢ry < x] = P[Xery < (x = D)

Now P(X(r) < x) = Plat least rof X s are < x]

DI O (O

and P(X1 ZX):équ_lz(l— p)x_lqu—l
It follows that, P[ = ]:.:r(l) [q (1 q) ( qx_l)i}

x=12,...
(i) Letn=7=2.Then, P[Xp =x]|=pq" ' (pg** +2-2¢""1),x =1
Also, for integers x,y = 1, we have P[X(l) =x, Xz —Xa) = y]
= P[X(l) = x,X(z) =x+ y]
=P[X1 =X,X2 =X+y]+P[X1 =X+y,X2 =X]
= 2pq*'pq* = 2pq***pq”
= P(Xa) = x)P(X) =)

and P(X) = 1, Xz = Xy = 0) = P(X(ny = X»y = 1) = p*



It follows that X,y and X,y — X(4) are independent random variables and,
moreover, that X,y — X(1) a geometric distribution.



AMS570
Order Statistics

1. Definition: Order Statistics of a sample.

Let X1, X2, ..., X,, be arandom sample from a population
with p.d.f. f(x). Then,

X(l) = min(Xl,Xz, ""Xn)
X(n) = maX(Xl,Xz, ""Xn)
and X(l) < X(z) <.-< X(k) <-.-< X(n)

2. pd.f's for Xjand X,

W.L.O.G.(Without Loss of Generality), let’s assume X is
continuous.

n
P(Xy > x) =P(Xy > x,X; > x,..., X, > x) = Hp(xi > x)

i=1
n

=] [ - Pl

i=1
Fxoy () = 1= [TL4[1 — Fy, )]

fir, (®) = =TT [1 = Fx (0] = =<1, [1 - F@)]" =
n[1 — F)]"'f(x)

Fxpy ) = P(Xm < %) = PXy SxXp <%, X, S %) =
i=1 Fyx, ®)=[Fx)]"
iy X = n[FGO" (%)
i.i.d

Example 1. Let X, exp(A),i=1,..,n

Please (1). Derive the MLE of A
(2). Derive the p.d.f. of X(y)
(3). Derive the p.d.f. of X,
Solutions.

(1)
n n
L= 1_[ f(x;) = 1_[(7\6_}"“) =" M Eimx
i=1 i=1
n

[ = InL = nln) — xzxi
i=1



dl n Z —0:>X—1
A LNT ~X

Is A an unbiased estimator of A? E (ﬁ) =7

A
My, (t) = Tt

Myn % ® = (%)

n

Y= z X; ~gamma(A, n)

n

._.
1l
-

fygn, (X = ) Q)" le ™V
Let Y = X;
i=1
B(y) = [ s ie ey
Y o y(n—1)!
— A joo A A n—2 —?\yd
ho1 ), o WTeTdy
A
- n—1

E<1)— (7\)_ nAi 22
)" "\n-1) Tn-1
A is not unbiased

(2) X(l) = min(Xl, Xz, ...,Xn)

P(Xy > x) = [T, P(X; > x) = [TL4[1 = F(0)]=[1 — F()]"
Fy,, () = 1 - [1 = F(]"
fxy %) = n[1 = FGI" (%)
f(x) = Ae™,x > 0 (exponential distribution)
Fo) = [ fwdu = [ AeMdu = [—e X = 1 — e
(X)Jo(u)ufoe u[e]|0 e
fixpy ) = nAe ™1 — (1 — e = nle ™™ (e™™)"1

=nA(e™)"x >0



(3). Xy = max(Xy, Xy, ..., Xp)
Fx ., () = P(Xm < x)=[TL; P(X; < ) = [F(0)]"

fxy ) = n[F)]" (%) = n[1 —e™]"Ae™,x > 0

3. Order statistics are useful in deriving the
MLE's.

Example 2. Let X be arandom variable with pdf.
. 1
f(X)={1,1fXE[e_E,e+1/2]

0, otherwise
Derive the MLE of 0.

Solution.
Uniform Distribution — important!!

L_l—[f( 5o {1 ifall x; € [6_5 0+1/2]

0, otherwise
MLE : max InL -> max L
1
means =>6—ESX1 <0+1/2

0—2<X,<0+1/2

®
Nl)—‘

<X, <0+1/2

Now we re-express the domain in terms of the order
statistics as follows:

1
G—ESX(DSX(Z)S“‘SX(H)SG-F]./Z
1
0<X =
< (1)+2

1
0=Xnm — >
Therefore,
1 1
If B€ [X(n) _E’X(l) +§],then L=1

Therefore, any be [X(n) — %, X(l) + %] is an MLE for 6.



4. The pdf of a general order statistic X

Let X1y, X2y, Xemy denote the order statistics of a random

sample, X;,X,,,X,, from a continuous population with cdf
Fy(x) and pdf fyx(x).Then the pdfof X is
!

n! s i
iy @ = Gy GV L = Bl

Proof: Let Y be a random variable that counts the number of
X1, X5, +, X, lessthan or equal to x. Then we have
Y~B(n, Fy (x)). Thus:

Fr, () =P 2)) =)

n

n
(1) [ GOT¥[L = Ex (1™
k=j
5. The Joint Distribution of Two Order
Statistics X(;) and X

Let X(1),X(2), """, Xy denote the order statistics of a
random sample, X;,X,,-,X,,, from a continuous
population with cdf Fy(x) and pdf fx(x). Then the
joint pdfof X;) and X(;), 1<i<j<mn,is

fX(i),X(j) (uF 17)

n!
TG-DIG-1-DIn—j)
— Fe )P [1 = Ry ()]

for—oo<u<v<oo

fr @) fx W) [Fx ]~ [Fx (v)

6. Special functions of order statistics
(1) Median (of the sample):
X1 fn=2k+1
LNORRITHY
—
(2) Range (of the sample): X,y — X(q)

if n=2k



7. More examples of order statistics

Example 3. Let X1,Xz, X3 be a random sample from a
distribution of the continuous type having pdf f(x)=2x,
0<x<1, zero elsewhere.

(a) compute the probability that the smallest of X1,X2, X3
exceeds the median of the distribution.

(b) If Y1<Y2<Y3 are the order statistics, find the correlation

between Yz and Ys.

Answer:
(@)
F(x) =P(X, <x)=x%

P(min(X,, X,, X;) >t)=P(X, >t, X, >t, X; >t) = P(X, >t)P(X, >t)P(X; >t)

- FOF -0t =2

(b)

Please refer to the textbook/notes for the order statistics pdf
and joint pdf formula. We have
fr,(x) =6%x>0<x<1
fr,(@) =12+ (x* —x*);0<x <1
E(Y3) =6/7,
E(Y,) = 24/35;
fror, (V2 y3) = 24 % (1) % y3,0< y, <y3 < 1

11 r¥3 3
EraYs) =j U yz*y3*24*(yz)3*y3dy21dy3 =5
0 0

var(Y;) = é — <9>2 0

g \7) ~ 392’
1 /24\2
corr(Y,, ¥,) = E(Y,Y3) — E(Y;)E(Y3) e
23 Jvar(Yy)var(Ys) .

Example 4.Let Y; < Y, < Y3 denote the order statistics
of a random sample of size 3 from a distribution with pdf
f(x) =1,0<x<1,zero elsewhere. Let Z = (Y{+Y3)/2 be the
midrange of the sample. Find the pdf of Z.



From the pdf, we can get the cdf : F(x) = x, 0<x<1
Let
W=y,
Z=Y,+Y;)/2

The inverse transformation is:
Yl = W
Y;=2Z-W

The joint pdfof Y; and Y3 is:

_(6(y3—y1), 0<y;<y;<1
Fomys) = {703 Vs
We then find the Jacobian: ]=-2
Now we can obtain the joint pdf of Z, W:

f(z,w) =
{|2|6(22—w—w)=24(z—w), O<w<2z—w<1
0, 0.W.
From 0 <w < 2z —w < 1, we have:
w > 0;
w>2z—1;
w<z

Together they give us the domain of w as:
max(0,2z—-1)<w<z

Therefore the pdf of Z (non-zero portion) is:
Z
j 24(z—w)dw = 12(z — 1)?, 2z—1>0
2z—-1
f(z) =
Z
j 24(z —w) dw = 12(z?), 2z—1<0
0

We also remind ourselves that:
0<z<1
Therefore the entire pdf of the midrange Z is:



f(z)

z
[.f 24(z—w)dw = 12(z — 1)?, 1/2<z<1
2z-1
— VA
f 24(z —w) dw = 12(z?), 0<z<1/2
0
0, otherwise

Example 5. Let Y1 < Y2 < Y3 < Y4 be the order statistics of a
random sample of size n = 4 from a distribution with pdf
f(x) = 2x, 0 <x < 1, zero elsewhere.

(a) Find the joint pdf of Y3 and Ya.
(b) Find the conditional pdf of Y3, given Y4 = y4.

(c) Evaluate E[Y3]|ya4].

Solution:
(a)
fyllyz,y3,y4_(J’1:J’2:3’3»y4) = 4! (2y1)(2y2)(2y3)(2y4)

for 0 <y; <y, <ys; <y, <1l Wehave:

Y2

V3
frsyv, (V3,¥4) = j le_Yz_Y3_Y4_(}’1:3’2'3’3:3’4) dy,dy,
¥2=0"y1=0

= 48y3°y,
for 0<y; <y, <1

(Note: You can also obtain the joint pdf of these two order
statistics by using the general formula directly.)

(b)
frov, (¥3,Y4) _ 48y5°y, _ 6y5°

fr, Va) - 8y,’ Va®

fygnf4 (r3lys) =

for 0 <y; <y,

(c)

E[51Ys = 4] =f Sy, = 2
o Ya



Example 6. Suppose X1, ..., Xn are iid with pdf f(x; 0) =
2x/02,0 <x <0, zero elsewhere. Note this is a nonregular
case. Find:

(a) The mle 6 for 6.

(b) The constant c so that E(c*8) = 6.

(c) The mle for the median of the distribution.

Solution:

vy Tn 2% _ 2P 2" [iL x4
(a)L(?'X) = =1 = 7o = fnaxoore
So 6 = X(n) X(n) = maX(Xl, Xn)

Dear students: note that this is no typo in the
above - the truth is that 8 = X,y -and so the

smallest possible value for 0 is Xy

2
(b) Fx(x) = [ dt == 0<x<6
<2\ x2n
So Fy,,,(X) = (5) =2 0<x<9
f L i 0<x<69
X(n) (X)_ 92n - X=
~ ~ 0 2nx*"~ 2nc
E(cB)=cE(B) =c/; x o dx=-——06=106
2n+1
So c=
2n

x? 1 ¢
(c)LetF(x) = 7z then x = 5

. . .. . 9
So the median of the distribution is 5

The mle for the median of the distribution is
0 Xm V2 <
V2 vz 2 W




Mean Squared Error (M.S.E.)

How to evaluate an estimator?

For unbiased estimators, all we need to do is to compare their
variances, the smaller the variance, the better is estimator.
Now, what if the estimators are not all unbiased? How do we
compare them?

Definition: Mean Squared Error (MSE)
Let T=t(Xy, X2, ..., X,) be an estimator of t(0), then the M.S.E.
of the estimator T is defined as:

MSEt(r(G)) =E [(T — 1:(9))2]: average squared distance from
T to t(6)

=E[(T — E(T) + E(T) — T(B))Z]

=E[(T - E(T))z] +E[(E(T) - r(e))z] + 2E[(T — E(T)) (E(T) —
w®)]
=E[(T - E(T))z] +E[(E(T) - r(e))z] +0
=Var(T) + (E(T) — 1(8) )

Here |E(T) —t(0)| is“thebiasof T~

If unbiased, (E(T) — 1(6))2 = 0.

The estimator has smaller mean-squared error is better.
i.i.d

n ~

Example 1. Let X4, Xz, ..., X N(w, 62)

M.LE. forpis fi=X ;MLE. for 0% is &°

1. M.S.E. of ©°%?

2.M.S.E.of S* asan estimator of o2
Solution.
1.

_ 2iXi-X)?
- n

2
MSE_z(0%) = E [(82 —o?) ] = Var(c?) + (E(8°) — 0?)?
To get Var(&z), there are 2 approaches.

a. By the first definition of the Chi-square distribution.

Ny %2
Note X~N(p, 0%); W = Zl=1(+P<)~

1 n—-1
»5=7)

X,_,> Gamma(A =



S S
E(W) = 1= n—1;Var(W) = z =2(n—1)
. w 4 4
Var(3%) = Var(= o%) = %Var(W) = E—ZZ(n -1)
b. By the second definition of the Chi-squre
distribution.

For Z~N(0,1), W=XY", Z;
Var(Z*) = E [(ZZ - E(ZZ))Z]
o)

= E[(Z* - 1)?]
Since Var(Z) = E(Z*) — E(Z) =
1 from Z~N(0,1), E(Z*) = 1 = E[Z* — 2E(Z%) + 1]
=E(z*) -1
Calculate the 4t moment of Z~N(0,1) using the mgf
of Z;
My (1) = e*/?

M/, (t) = tet’/2

M, () = tet’/2 + t2et/2

M®, (1) = 3tet"/2 + t2et*/2

M@, (0) = 3et/2 + 6t2et/2 4 thet’/2
Set t=0, M¥,(0) = 3 = E(ZY

Var(z))=3-1=2

n—1
Var(W) = Z var(z?) = 2(n — 1)
i=1

02

4
~2 2 o
=—W,V =—2(n-1
o = ar(o ) =) (n—1)

MSE_2(0?) = Var(8%) + [E(6°) — 6?]?
_ Z(Ilnz 1) ot + [E (n%l SZ) _ 02]2
2n—1) ,
=———0

n2

-1 2
+ [n - N 02] (we know E(SZ)
2n—1

10



The M.S.E. of 8% is 22 1g*

n2

We know S? isan unbiased estimator of o2

2
E[(S2 — 62)2] = Var(S?) + 0 = Var<‘y W)

n—1
B o2 \° W) = 20
“\n-—-1 var " n—-1

Exercise:

N X—%)2 n x.—%)2
Compare the MSE of 6% = —21=1(>;1 X" and 8% = §2 = 2= &%

Which one is a better estimator (in terms of the MSE)?

n—1

Solution.
MSE;2(0%) = E[(8° - 02)°| = Var(8?) + (E(6?) — 0?)
Then, we have M.S.E. of 6° is 21:1_;104.

MSEg:2(0%) = E[(S% — 02)?] = Var(5?) + (E(S?) — 0%)?

MSEgz(0%) = Var(S?) + 0 = Var (GZ—W) =

n—-1

(:—2)2 var(W) = 2%1

-1 n

. 2n-1 4 20* _ 1-3n
Y n-1  n2(n-1)
. 2N 2n—-1 4 20* _ 2
o MSE,G\Z(O' )—n—ZO' <E—MSE52(O' )

~ nLXi-X)? . .
. 8= MT) is the better estimator

ot <0

Homework : Read the following chapter/sections from our

textbook: Chapter1, 2, 3 (3.1, 3.2, 3.3), 4 (4.1, 4.2, 4.3, 4.5,
4.6),5 (5.1,5.2,5.3,5.4), 7(7.1,7.2.1, 7.2.2, 7.3.1). These are

materials covered so far in our class.

11



4.1. Order Statistics

Exercise

1.

Let X1y, X(2), - » X(n) be the set of order statistics of independent r.v s with
common p.d.f.

fo={fe™ . | x20

, otherwise
Show that X(,) and X5y — X(, are independent for any s > r.

. Let Xy, X,, ..., X,, bei.i.d .r.vswith p.d.f.

_(y® if 0<y<1
f) = {0 otherwise, a > 0

Show thatj:ﬁ ,i1=1,2,..,n—1and X are independent.
(n)

. Let X;,X,, ..., X,, bei.i.d .r.v s with common p.d.f.

a
f(x)=«a ZH, x> owherea>0, >0

Show that X,y and (X(Z) . X )> are independent.
X X()

Let X(1), X(2), ---» X(n) be the order statistics of n independent r.v.s X, X5, .., X,
with common p.d.f.
if 0<x<1

!
fe) = { otherwise

X X
Show that Y; = (1), Y, =2, .Y, ="2Yand¥, = X, are
1~y X n-1 X n n)
@ 3) ™)

independent.

. An urn contains N identical marbles numbered 1 through N. Form this urnn

marbles are drawn, and let X(;,y be the largest number drawn. Show that

P[X@my = k] _ o) k=nn+1,..,N
(n) (17\{) ) ) Iy
n(N+1)
n+1) ’

and E(X(n)) =



P1:

Find the j.p.d.f of extremes (i.e., X(1) and X,,)).



P1:

Find the j.p.d.f of extremes (i.e., X(1) and X,,)).
Solution:

The j.p.d.f. of X(;) and X(;y is given by

fX(i), X(]) (ur v)

= [FA)IHF@) — F)V ™1 = FO)I"  ff (v)

= (—DIG-i-Din-)!

forl<i<j<nand—-oo<u<v<oo,

Leti = 1andj = n.Then the j.p.d.f. of X1y and X, is given by

frayxay@v) =nn—D[F@) - FW]"* fWf(), —wo<u<v<o



P2:

Find the j.p.d.f. of the mid range M = %[X(l) + X))



P2:
Find the j.p.d.f. of the mid range M = %[X(l) + X))
Solution:

letx =uandy = %(u + v).Thenu = x and v = 2y — x and the jacobian of

transformation is given by

du OJu
_o(uwy) ox 5
S Axy)  |9v ov
dx Oy

_ |1 0]_ _
J =14 2|—2and|]|—2

X1y and X(,) givenin P, the j.p.d.f. of X1y and M is given by
fX(l),M(x' y) = fX(l),X(n) (X, Y) |.]|
=2n(n— D[FQ2y —x) — FG)I"?f () f 2y — x)

The m.p.d.f. of M is given by

o0

fu(y)= j_oo fx(l),M (x,y)dx

n-2

=2n(n-1)[" [F(2y-x)-F(x)] f(x)f(2y—x)dx



P3:

Find the conditional probability density function of X; given X,
for1 <i<j<n.



P3:

Find the conditional probability density function of X; given X,
for1 <i<j<n.

Solution:

The c.p.d.f. of X(;) given Xy is given by

fX i Xei (x,y)
Frlx (X1) = ;;(.(])(y)
)
_ D= PN HFO)—FV L 1-Fo)I" f@)f )
Dy FO T =FO)I™ I £ ()

= I F@ITHFG) - FEV T FO) I f () for y = x



P4:

Find the conditional p.d.f. of X;y given X;, 1)



P4:
Find the conditional p.d.f. of X;y given X;, 1)
Solution:

Letj =i+ 1inP3.Then

Fropon @1¥) = IFCOTIFOf ()



4.2

Convergence of Sequence of Random Variables

In this module we investigate convergence properties of sequences of random
variables. Throughout this module we assume that {X;,X,, ... }or {X,,} is a
sequence of r.vs and X is a r.v. We consider four different modes of convergence
for random variables.

1. Almost sure convergence: It is the probabilistic version of pointwise
convergence known from elementary real analysis. It is also known as
convergence with probability one.

The sequence of r.vs {X,,} is said to converge almost surely to ar.v. X if
P ({w : ,{‘1?0 X,(w) = X(W)}) =1

In this case we write X, 2ux (or X,, — X with probability 1).

2. Convergence in probability: It is essentially mean that the probability that
|X,, — X| exceeds any prescribed strictly positive value, converges to zero.
The basic idea behind this type of convergence is that the probability of an
unsual outcome becomes smaller and smaller as the sequence progresses.
The sequence of r.vs {X,,} is said to converge in probability to a r.v. X if

lim P({|X, ~X| > €)) = 0

P
for every € > 0.It is denoted by X,, — X.

3. Convergence in 1" mean: Let {X,,} be a sequence of r.vs such that
E(|X,|7) < oo for some r > 0. We say that X,, converges in the r'" mean to a
rv. Xif E(|X|") < oo and
E(|X, —X|") » 0asn — o

Tr
and we write X,, — X.



If r = 2, we call it as convergence in quadratic mean and it is denoted by

qm
X,—/™ X

4. Convergence in distribution: Convergence in distribution is very frequently
used in practice, most often it arises from the application of the central limit
theorem (to be discussed in module 4.5). Note that a cumulative distribution
function (c.d.f) is briefly called as distribution function (d.f) also.

Let {F, } be a sequence of cumulative distribution functions (c.d.fs), if there exists
a c.d.f. F such thatasn — oo,

Fo(x) — F(x)
for all x at which F is continuous, then we say that F,, converges weakly to F, and

it is denoted by F,, S F.

If {X,,} is a sequence of r.vs and {F, } is the corresponding sequence of c.d.fs, then
we say that X,, converges in distribution (or law) to X if there exists an r.v X with

d L
c.d.f. F such that E, =, F.Wewrite X,, — Xor X, — X.

Note: It is quite possible for a given sequence of c.d.fs to converge to a function
thatis not a c.d.f.

Example: Let F,(x) = {(1) i i Z
Asn — oo, F,(x) — F(x) = 0 whichis not a c.d.f.

Example 1: Let X4, X5, ..., X, be i.i.d.r.vs with common p.d.f

, 0<x<06,0>0
, otherwise

1
-]
0

L
Let X(,,) = max(Xy, ..., X,,). Then show that X, — X, where X is
degenerateat x = 0.

(Note: We say that ar.v.X is degenerateat x = @ if P(X = 60) = 1)



Solution: Corresponding to p.d.f. f(x) = %, the c.d.f. is given by

X

F(x) = [ f(t)dt = %fo" dt ==

0o , x<0
=F(x)={ 3 , 0<sx<6

1, x =0
Then the c.d.f. of X, is given by

0 , x<0

R =F@I"=] (3) , osx<o

1 , x>0

We see thatasn — oo
0if x<8@

F"(x)zF(x)={1 if x>0
which isthe d.f. of P(X = 6) = 1.i.e., X is degenerateatx = 6 .
L
Thus F, -, Fand hence X,, — X.

The following example shows that convergence in distribution does not imply
convergence of moments.

Example 2: Let F,, be a sequence of c.d.fs defined by

0 , x<0
1
Fo(x) = 1-—, 0<x<n
1 , xX=zn

Show that X, —L> X does not imply E(Xnk) — E(Xk).



Solution: We see thatasn — o

0,x<0
F(x)‘{1,x20

Note that E, is the c.d.f. of the r.v. X, with p.m.f.
1 1
P(Xn = 0) = 1—;,P(Xn =n) =;
and F is the c.d.f. of the r.v. degenerateat 0 i.e.,, P(X = 0) = 1.

L
Thus, F, SN F and hence X,, — X. We have
E(X,") = 0k (1 — %) + nk (%) = n*=1 where k is a positive integer. Also,
E(X*) = 0¥1 = 0. Hence E(X,*) -5 E(X*) asn — oo
L
Therefore, X,, —— Xdoes not imply E(Xnk) — E(X%).

The next example shows that weak convergence of distribution of function does
not imply the convergence of corresponding p.m.fs or p.d.fs.

Example 3: Let {X,,} be a sequence of r.vs with p.m.f.

1
1,if x=2+-
fn<x)=P(xn=x)={ f "o
0, otherwise
Show that F, ., F does not imply f,, — f.
Solution: Note that f,,(x) — f(x) asn — oo, where f(x) = 0 for all x.

The c.d.f. of X,, is given by

0,x<2+%
Fn(x):P(XnSx): 1
1; XZ2+;

which converges to



0, x<2
F(x)‘{1 L x>2

at all continuity points of F. Since F is the c.d.f. of ar.v. degenerate at x = 2
i.e,P(X=2)=1

) (1, x=2
ie, flx)= {0, otherwise

Thus, convergence of distribution functions does not imply the convergence of
corresponding p.m.fs.

Example 4: Let {X,,} be a sequence of r.vs with p.m.fP(X,, = 1) = %and

P
PX,=0)=1- % . Then show that X,, — 0.

P(Xn=1)=%, 0<e<l1

Solution: We have P(|X,| >¢€) = {
, =1

P
It follows that P(|X,,| > €) — 0 asn — oo, and we conclude that X,, — 0

Example 5: Let {X,,} be a sequence of r.vs defined by

P(X,=0)=1 —%, P(X,=1) =% n=12,..

qm
Show that X,, — X ,where P(X = 0) = 1.
Solution: Consider E(|X,, — 0|%) = E(|X,1?) = E(X,*) = 0? (1 — l) + 12 (1)

* n n n n n
=1 5 0asn— o
n

qm
Thus, X,, —— X, where X is degenerate at 0.



Example 6: Let {X,,} be a sequence of independent r.vs defined by

P(Xn=0)=1—%andP(Xn=1)=%, n=12,..
Show that X,, —— 0 but X,, —~> 0
. 2 2 2 1 2 (1 1
Solution: E(|X,, — 02) = E(1X,|?) = 0% (1-3) +12(3) =2 — 0asn — oo

qgm
Hence X,, — 0.

nO _
Also, P(X,, =0 foreverym <n <ng)= H(l—lj = Iﬂn—lwhich converges to
n=m n no
a.s
zero as n — oo for all values of m. Thus, X,, —% 0

Example 7: Let {X,,} be a sequence of independent r.vs defined by

P(an()) = 1—%andP(Xn=n) =%’r22' n=1,2,..

Show that X,, —— 0 but X,, —/ 0.

o
Solution: We have P(X,, =0 for m<n <ny)= H(l—irj
n

n=m

As ny — oo, the infinite product converges to some nonzero quantity, which itself
convergesto 1 asm — oo,

Thatis, P | lim X,, = 0] = 1. Therefore X,, N

n—oo

However, E(IX — 0]") = E(IX|") = 0" (1= %) 4n" x 2 = 1
n n
and hence E(|X|") = 1 as n — oo. Therefore, X,, 7r4> 0

Thus, X, —> 0 but X, —% 0



A sufficient condition for a. s. convergence:

We state a sufficient condition for the a. s. convergence without proof which is

Uan _X|>e
m=n

Example 8: Let {X,,} be a sequence of r.vs with P (Xn =+ %) = % Show that

sometimes to verify.

X, — X < limP =0, Ve>0

n—oo

r a.s
X,—™ 0 andX,— 0

Solution: We have E(|X,, — 0]") = E(|X,,|") = i(1) + i(l) -1 50

n" \2

T
as n — oo and hence X,, — 0. It follows that

0{‘Xj‘>g}:{\xn\>g}

j=n

_ 1
Choosingn > - we see that

o o} [Plil=o]) <2 (5 =025

J=n

= lim P{

0
n—o0
=N

{‘Xj‘>g}}:0 = Xni> 0

j
Implications always valid between modes of convergence

We state the following implications always valid between modes of convergence
without proof.

P d
1) X, — X=X, — X = X, —X

as P d
2) X, —mX = X, — X=X, —X



Counter examples to implications among the modes of convergence

d P
— X #Xn — X (SeeP1)
P r
—X 5 X, — X (SeeP2)

)
)
P a.s
3) X, —>X75Xn —— X (See P3)
r a.s
) Xp — X PH X, —X
a.s r
) X, —— XX, —X

The following theorem is known as Slutsky’s Theorem and is very useful in finding
the limiting distribution of certain r.vs. This theorem is stated without proof.

Theorem 1: Slutsky’s Theorem: Let {X,,,Y,,},n = 1, 2, ... be a sequence of pairs

L P
of random variables and let c be a constant. If X,, — X and Y,, —— ¢, then

L
(i) X,+Y,—X+c
L
(i) X, Y, —cX
X

X L
i) % dfcx0
Y, c

An example presented in P4 as an application of Slutsky’s theorem.



4.2. Convergence of sequences of random variables

Exercise:

1. Let X;,X,,.. be a sequence of r.vs with corresponding d.fs given by

o , x<n
+

E,(x) = % , —n<x<n
0o , xX=n

Does E,, converge to some d.f.

2. LetX;, Xy, ..beaiid U(0,0) r.vs. Let X1y = min(Xy, X5, ..., X) and consider
the sequence Y;, = nX(y). Does Y, converge in distribution to some r.v. Y? If
so, find the d.f. of r.v. Y.

3. Let X;,X;,.. bei.id. r. vs with continuous d.f. F .Let X,y = max(Xy, X,,..X},)

and consider the sequence of r.vs Y,, = n[l — F(X(n))].Find the limiting d.f. of
of Y,,.

4. Let X, X, .. be asequence of i.i.d r.vs with common p.d.f

_(e7*0 if x>0
f(x’e)_{o ,if x<6

—_ 714a
write X, =—ZX,
n /=1
(a) Show that X,, £,1 + 6
P
(b) Show that min{X,, X,,..X,} — 08

P
5. Let X;,X,,..bei.i.d U[0, 8] r.vs. Show that max{X;, X,,..,X,} — 0



Answers:

1. No
0 if y<o0
1—eY/° if y=0

. if y<0
3 F(y)_{l—e‘y if v>0

2. Yes. Y, — Y where F(y) = {



P1:

The j.p.m.f of X and X,, is given by

X 0 0 |PX=x
Xn
0 0 1 1
2 2
1 1 1
2 0 2
P(X, = x) 1 1 1
2 2

d P
Show that X,, — X but X,, -5 0



P1:

The j.p.m.f of X and X,, is given by

X, 0 0 |PX=x
X
0 0 1 1
2 2
1 1 1
2 0 2
P(X, = x) 1 1 1
2 2

d P
Show that X,, — X but X,, -5 0
Solution:
The p.m.fof X,, is P(X,, =0) = % = P(X,, = 1) and its c.d.f is given by

0 , x <0
F()={ ,0<x<1
1, x=>1

Thep.mfof XisP(X =0) = % = P(X = 1) and its c.d.f is given by

0o , x<O0
F(x) = % ,0<x<1
1, x=>1

d
Thus, E,(x) LF(x) asn — oo, Thatis X,, — X
1
But P [an —X| > 5] = P[|X, — X| = 1]
=P[X,=0,X=1]+P[X, =1,X = 0]

+-=1-40asn—o

Il
N | R
N | =

P d P
and hence X, 74 0 . Therefore, X,, — X but X, 74 0



P2:

Let {X,,} be a sequence of r.vs defined by P(X,, =0) =1 — % and
P(X,, =n) =% r>0n=12,...

P r
Show that (i) X,—0 and (ii) X,,—5~0



P2:

Let {X,,} be a sequence of r.vs defined by P(X,, =0) =1 — % and
P(X,, =n) =% r>0n=12,...

P r
Show that (i) X,—0 and (ii) X,,—5~0
Solution:

(i) We have

P(|X, = 0| >€) = P(X, =n) = —

nT
P
Therefore P(|X,, — 0| > €) — 0asn — oo. Thus, X,, — 0

.. 1 1
(i) We have E(|X,, — 0|") = E(|X,|") = 0 (1 - F) +n" (n—) =1
= E(X,—-0[")=1
= limE(|X,—0|") =1
n—oo

=>Xn7ré>0

P
Thus X, — 0 but X,, —%> 0



P3:

For each positive integer n there exist integers m and k (uniquely determined)
such that

n=2k+rm,0<m<2k¥k k=012, ..

Thus, forn =1, wehavek = 0and m = 0; forn = 5, we have k = 2 and
m = 1; and so on. Definer.vs X,, forn =1,2,..nonQ = [0,1] by

1
Xn(w) = { 2k — 2k
0, otherwise

P :
Show that X,, — 0 but X,, ﬁa& 0.



P3:

For each positive integer n there exist integers m and k (uniquely determined)
such that

n=2k+rm,0<m<2k¥k k=012, ..

Thus, forn =1, wehavek = 0and m = 0; forn = 5, we have k = 2 and
m = 1; and so on. Definer.vs X,, forn =1,2,..nonQ = [0,1] by

1
Xn(w) = { 2k — 2k
0, otherwise

P .
Show that X,, — 0 but X,, —> 0.

Solution:

Let the probability distribution of X, be given by

P(I) = length of the interval I € ().
Thus, P(X,, = 2¥) = Zikand P(X,=0)=1- Zik

The limit lim X,,(w) = Igian(W) does not exist for any w € (, so that X,, does
n—-oo —00

not converge almost surely. But

P(1X, — 0| >¢€) =P(X,| >¢€) =P(X,, > ¢€)

0 , e > 2k
%, 0<e<2k
2

and we see that

P(]X,, — 0| > €) — 0 asn (and hence k) — oo.

P a.s
Thus, X;, — 0 but X,, —~ 0.



P4:

Let X1, X5, ... be i.i.d.r.vs with common p.d.f. N(0, 1). Determine the limiting
distribution of the r.v.

AN (x1+ +Xp )

X3+--+X2



P4:

Let X1, X5, ... be i.i.d.r.vs with common p.d.f. N(0, 1). Determine the limiting
distribution of the r.v.

X1+-+X,
W, =n (X§+ +X2)
Solution:
Let U,, = (Xl + -+ X,)and V] = XEHXTH KR Then W, = %
n
t2

Since each X~N(0, 1), the m.g.f. of X is given by My (t) = e2

Then the m.g.f. of U,, is given by

t )4
— Y X.
M,, (t)=E[e"" |=E e[“/ﬁ]i=1 |

n t J
=| |My. (— (~ X s are independent)
M 75
n. .2
_ t</2n .. . . C
=11]e (+ X s are identically distributed)
i=1
t2  t2  t2 2 t2 t2

= e2n.e2n. e2n.e2n ....e2n (ntimes) = ez

t2

= My, (t) = ez whichis the m.g.f. of N(0, 1) r.v. By uniqueness of m.g.f.,
L

U,~N(0,1) i.e., U, — Z, where Z~N(0, 1).

Next, we find the m.g.f. of V}, and identify its probability distribution.

First, the m.g.f. of X2 is given by



1
Jw e—§x2(1—2t)dx

—o0

M Z(t):E[etxz}: ie‘xzf )dx =

X

dx

\/;J._OO 2z

1
Let (V1 —2t)x =y = dx = (1 — 2t)” zdy. Then

R S

(- total probability of N(0,1) is 1)

‘T\H

— Mo(t) = (1 26)"2

Next, MVn(t) — E[etVn] —F e(%) (X12+...+X121)]

(*+ X s are independent)

= My (t) = (1 — %)_E , t< % ,which is the m.g.f. of a Gamma distribution

: 2
with two parameters a = % and f = -

The p.d. f. of Gamma variate with two parameters (a, £) is defined by
1
flx)=—=—e B'x%lforx>0, a>0,8>0

Notation: X~G(a, )
If X~G(a, B) then its m.g.f. is given by My (t) = (1 — pt)™ @

Mean= E(X) = af and variance = V(X) = f?«a



2
The variance of V, is given by V(},) = B?a = (3)

n
n 2

2
n
We have forany e > 0,
V(Vn) , .
P{lV, - 1| > €} < = (By chebychev’s inequality)

2
=— —0asn—o o
ne

P L P
Thus, V;, — 1. We have thus shown thatU,, — Zand |, — 1

If follows by Slutsky’s theorem (iii)
v, L z .
= I=Z’ where Zis N(0,1)

Hence, W,~N (0, 1).



4.3

Weak Law of Large Numbers
— 1 n
Let {X,,} be a sequence of r.vsand let Xp ==Y Xj be the mean of first n r.vs. The
n:
1=1
weak laws deal with limits of probabilities involving X n. The strong laws deal with
probabilities involving limits of Xn.

Definition of Weak Law of Large Numbers

A sequence {X,,} of r.vs is said to satisfy the Weak Law of Large Numbers (WLLN)

if
Sn _ (S_n)
n n

n P
. Sn (Sn)
— - — ﬁ —
forany € > 0, where Sp, i§_1XI yle, E "

limP[

n—oo

<E]=1

Theorem1: Let {X,,} be a sequence of r.vs and let S,, = X; + - + X,, with
By

B, =V(S,) < co. If = — 0asn — oo, then forany € > 0,
. Sn g (Sn _
e 25 (2)] <] =1

i.e.,{X,} satisfies WLLN.

Proof: On applying ChebycheV’s inequality to the variable %” , we have

plle—p (@)= <ot e g
asn — oo. Thus,
e[ —6 ()2 0= tmp [ -£ () <o -1

= {X,,} satisfies WLLN.



Corollary 1: Let {X,,} be a sequence of r.vs, X,, = S:" andu =E (S:")

B
Ifn—'z1 — 0 asn — oo, then

lim P[X,, < k] =

n—oo

{O JAf k<pu
1 ,if k>u

Proof: Since WLLN holds for {X,,}, we have
Jim P[IX; — ul < €] = 1= lim PI[%; — il = ] = 0 (D)
Since {X,, <u—¢€}c{X, —ul =€}, wehave
P(X, <u—e€)<P(X,—ul=e

= lim P(X, Sp—€) < lim P(IX;, —pl 2 €)

:T}E%OP()TnSu—e)zo

:T}E%OP()TnSk)zo,wherekzu—e, i.e.,k < usincee >0

=>nlEréOP(X_nSk)=0ifk<u

Further, P(X,, < u+€) + P(|X,, — u| > €) = 1, since the region is larger than
sample space covered.

= lim Py <p+e) 21 (-.-nnggop(|x_n—u|>e)=o)
:Y}EréoP(X_nSu+e)=1

=>nl£130P(X_nSk)=1 wherek = u+e€i.e.,k > psincee >0
:>nliréoP(X_nSk)=1 ifk>u

0, k<u

Thus, nlE,réoP(Xn <k) ={1 k> p



Variations of the WLLN

The following are some special cases of Theorem1 which are stated without
proof.

Theorem 2: (Bernoulli’s WLLN)

Let {X,,} be a sequence of Bernoulli trials with probability of success equal to p. If
S,, is the number of successes in n trials, then

Sn_np
n

lim P

n—oo

|<e]=1, Ve>0

Theorem 3: (Khinchine’s WLLN)
Let {X,,} be a sequence of i.i.d.r.vs with E(X;) = u < oo,i = 1,2, ..., then the
WLLNSs holds i.e.,

. Sn
lim P[|——u| >e] =0
n

n—oo

Theorem 4: (Bernstein’s WLLN)

Let {X,,} be a sequence of random variables for which var(X,) = 0,2 <k, Vi,
where k is independent of n. If ;; = COU(Xi,Xj) — Qas|i—j| — o
(Asymptotic uncorrelatedness) then the WLLN holds.

Example 1: Let {X,,} be i.i.d.r.vs with mean u and variance o7, if

X12 +X22 + "'+Xn2 P
n

c

as n — oo for some constant c(0 < ¢ < ), then find c.
Solution: Here E(X;) = uand V(X;) = 62 V i.
LetS, = X;% + X,% + -+ X,,% . Then

E(S,) = nE(Xlz) (~+ Xsarei.i.d.r.vs)



=n |V + (E()’|
= E(S,) =n(o? + u?

Since E(X?) =V(X) + (E(X))2 = 02 + u? exists for each X2 in S, by
Khinchine’s WLLN, we have

Sn X124+ Xo 2+ +Xp?
n n

E(X,%) = p* + o?
Thus, ¢ = u? + o2.

Example 2: If the i.i.d. r.vs X, (k = 1,2, ...) assume the value 2727 wijth

probability % , examine if the WLLN holds for the sequence {X,}.

Solution:

E(Xk)= ngr_ZInr A i (2_2)|nr _ i(%jhw

=
00 In4 0
1 : 1 :
=> (—j converges since In4=1.39>1 LZ — converges if p>1
r _ np
r=1 n=1
Thus E(Xk)<oo

Since {X, } are i.i.d.r.vs with E (X)) < oo, the WLLN holds for the sequence, by
Khinchine’s theorem.

Example 3: Let {X,,} be a sequence of i.i.d U(0, 1) r.vs. For the geometric mean
1 P
G, = (X1.X,.....X,,)n, show that G,, — c where c is some constant. Find c.

Solution: Let Y = — [n X where X~U(0,1). The c.d.f. of Y is given by

FF(y)=P(Y<y)=P(—-InX<y)=PX=e™?Y) =f ldx=1—-e7

e~y



= Fy(y) =1 — e and the p.d.f of Y is given by

fry) = :—X(Fy(y)) =e Y fory > 0.
ThenE(Y) =V(Y) = 1.

Thus, the sequence {Y,,} is i.i.d with finite mean E(Y,,) = 1. Hence, by Khinchine’s
WLLN

n v, b
Z——> E(Y,) =1 (1)
i=1n
n n
X; Y;
But lnanzm—:—Z—
. n . n
=1 =1
n
ZYi InG 2
= —inG, @

i=1
From (1) and (2), we have

P . P
—-InG,— 1 i.e, G,— €
1
Thus, c=-.

Example 4: Let X; can have only two values i* and —i“ with equal probabilities.

If {X;} is a sequence of independent r.vs, then show that WLLN holds if a < % .
Solution: Here E(X;) = i“% — i“% = 0 and

V(X) = E(X?) = 29~ + (%~ = 2@

n
Let S, = D Xk .Then
k=1



n
B, =V(S,) = Z V(X;) (v X;s are independent)
i=1

n

=2i2a=12a+22a+”.+n2a
i=1

n
= f x?*dx (Euler — Maclaurion formula)
0

n2a+1 Bn n2a+1

. 1
= B, = === — O0asn - owifa <=
2a+1 n 2a+1 2

B 1
Thus,n—’z‘—>0asn—>oowhena<5

Therefore, {X,,} holds WLLN when a < %



4.3. Weak Law of Large Numbers

Exercise:

1) For the following sequence of independent r.vs, does the WLLN hold?
1 1
a) Py =%k) =5 P(X,=0)=1—-—
1 1
b) P(X, = +£2F) =W,P(Xk =0)= 1_ﬁ

I 7( =) =;
d) P(X, = +Vk) =~

2

2) Examine if WLLN holds for the sequence {X;} of i.i.d.r.vs with

6

m2K2’

Plx; = (1)1 k] = k=1,2,3,.., i=1,2,..

Hint: log, 2 = 1—l+1—1+1—---
2 3 4 5
3) Let Xy, X5, ..., X, be jointly normal with E(X;) = 0,E(X;)? = 1 forall i and

v — P, |] - ll =1
cov(X;, X;) = {O . otherwise
Examine if WLLN holds for the sequence {X,,}.

ANSWERS
a) No
b) Yes
c) Yes
d) No
e) No

2) Yes

3) Yes



P1:

A variate X, has the distribution
2 _
P =0)=1- (g,zTn) P(X) = £3%) = 372

If {X,}is a sequence of independent r.vs, then show that {X; } obeys WLLN



P1:

A variate X, has the distribution

2 _
P =0)=1- (B,zTn) P(X) = £3%) = 372

If {X,}is a sequence of independent r.vs, then show that {X; } obeys WLLN
Solution:
Here E(X,) = 3%.37(k+2) _ 3k 3-(2k+2) — () and

V(X,) = E(X2) = 32k3-(k+2) 4 32k 3-(2k+2)

=2, 32k3—(2k+1) — Z
9

k=1
n
B, =V (Sh)=>.V(X) (= X, s are independent)

k=1

_y2
=9 9

andhenceB—TZ‘=2—nZ=i — 0asn—0

n 9n In

Since i—’z‘ — 0asn — oo, {X;} obeys the WLLN.



P2:

Let {X,,} be a sequence of independent r.vs such that
P(X,=11)=>(1-2"), P(X,=+2"") =271

Does the WLLN hold for this sequence?



P2:

Let {X,,} be a sequence of independent r.vs such that
P(X,=+1)=2(1-27"), P(X,=+27") =2""1
Does the WLLN hold for this sequence?

Solution:

Here E(X,) =>(1—27") = (1—2"") + 2.2 1 -2 271 =

and V(X,) = E(X2) = %(1 —27™) +§(1 —27") 4 2721 p-n=1 4 p=2n p—n-1
=(1-2")+273n

=VX,)=2"3"-2"+1

n
Let S, :in . Then
i=1

V(S,)=DV (X)) (~ X; s are independent)
i1
nooo nooooan
=Y (2% -2 +1) =D 2% - > 2 4
i=1 i1 i1
= B, =V(S)==(1-8")—-(1-2")+n=——+——24n
" T 78n ' on 7

B 1 1 6
:)—n—

L 0
n2 — 7n2gn ' n22n 72 + n —vasn—®

Since i—’; — 0 asn — oo, WLLN holds for the given sequence.



P3:

Show that WLLN holds to the mean of a sequence of independent r.v s X,
specified by

P(X; = +VInk) = -

2



P3:

Show that WLLN holds to the mean of a sequence of independent r.v s X,
specified by

P(X; = +VInk) = -

2

Solution:
Here E(X;) = VIn .%— Vin ,% = 0 and

VX = EQXE) =5k +5nk = Ink

n
Let S, =ZSk . Then
k=1

n
V(S,)=D.V(Xy) (~ X 's are independent)

n
:ZInkz Inl1+Mn2+--+Inn=In(n!

= V(S,) = B, = In(n!) . (1)
By Stirling’s approximation
1
n! =\2me ™ n"*2 . (2)

1
ln(\/Zne_n.nn+7) —n+(n+%) In n+in v2m

Bn
We have — = g, = —

=(ln\/j_+n)+:—l(1+%)lnn
_In jg_n+(1+%)ln(n1/”)—>Oasn—>00 ( 7liﬁnolonl/” =1)

Hence lim 2 = 0. Thus, the sequence {X,, } holds WLLN.

n—oo n?



P4:

The variates X, X5, .. have equal expectations and finite variations. Is WLLN
applicable to this sequence if all covariances ag;; are negative?



P4:

The variates X, X5, .. have equal expectations and finite variations. Is WLLN
applicable to this sequence if all covariances ag;; are negative?

Solution:
We have
V(aX + bY) = a?V(X) + b?>V(Y) + 2ab cov (X,Y)
= a’0f + b?c# + 2aboyy
< a’0f + b?cf (= oxy <0)

= 0 < V(aX + bY) < a’0f + b0}

n
osv(mjs% SV (X)<2 (1)
n n’ & n

where A is the upper boundof V(X;,) Vi=1,2,...n

Now By _ V (X1+"‘+Xn

, == )<§—>Oasn—>00. (from (1))

n

Thus, WLLN is applicable to this sequence.



4.4

Strong Law of Large Numbers

Definition: A sequence of r.vs {X,,} is said to satisfy the strong law of large
numbers (SLLN) if

[Sn_E (Sn)

a.s
] > Qasn —
n

We state the following theorems without proof which are useful in checking
whether a given sequence satisfies SLLN or not.

Theorem1: (Kolmogorov’s SLLN)

This theorem is helpful when the r.vs in the sequence are independent but not
identically distributed.

Statement: Let {X,,} be a sequence of independent r.vs with E(X;) = u and

2

2 Sk’
V(X)) =02 <ofor=1,2,...If ZF < 0, then the SLLN holds for the
k=1
sequence {X,,}.
Theorem 2:

This theorem is helpful when the r.vs in the sequence are independent and
identically distributed (i.i.d).

Statement: The sequence {X,,} of i.i.d.r.vs holds SLLN iff E(X,,) exists.
Theorem 3: (Borel’s SLLN):
This theorem is helpful when the sequence consists of Bernoulli trials.

Statement: For a sequence of Bernoulli trials with constant probability of
success, the SLLN holds.



Example 1: Let {X,,} be a sequence of independent random variables with p.m.f.

given by
J— ny — —_ —_ 1
P(Xn - -—|_2 ) - 2(2n+1) 1P(Xn - 0) == 1_ﬁ
Does the SLLN hold for {X,}?
Solution: We have E(X,,) = 2" 22n+1 - 2" 22n+1 = 0 and
=V(Xp) = E(an) =2 — 22n+1 +2°" 22n+1 =1

2o &1 1 :
Further, > =1 =% = converges (- Z—p converges if p > 1).

n=1 N n=1N =N

Hence, the SLLN holds for {X,,}.

Example 2: For what value of a does the SLLN hold for the sequence

1
P(Xy = k%) =

Solution: We have E(X;) = k% % — k“% = 0 and
2 _ _ 2\ _ ,2al 2al _ 1,2a
o> =V(X) =E(X.°) =k k¥ o=k

2 kZa

o0 o0 o0 1
Further, Zi—"z = Z::—Z = kZ:; %

—. convergesif2 —2a >1
k=1 k=1

(Zi converges if p > 1).
=k®

=>2a<1=>a<%

Thus, SLLN holds if a < %



Example 3: Let {X,,} be a sequence of independent r.vs with p.m.f. given by

1 1
P(Xu=ty)=5

Check whether SLLN holds for {X,,} or not.

Solution: We have E(X,,) = %% — %% = 0 and

2 _ 1
=V(X,) = E(X, )_— +——_§
0 2 0 1
Further, > =" ="~ converges (Z—p converges if p > 1).
=n* Mn =1k

Therefore, {X,,} obeys SLLN.

Example 4: Let {X,,} be a sequence of independent r.vs with p.m.f. given by

Pty - 24 -

Check whether SLLN holds or not.
Solution: Here E(X) = 27% % — 2"‘% =0and
o> = V(X,) = E(X,.2) = 272k = 4 272k = = 22k
2 2
2 0 o0

Further ia—kzz Y 2a*= Z
=

k=1 k:

- converges. Therefore, {X,} obeys the SLLN.



Example 5: Let {X,,} be i.i.d.r.vs with mean u and variance 6% and asn — o,

X12 + -+ an as
n

c
for some constant ¢ (0 < ¢ < ), then find c.

Solution: Here E(X;) = pand V(X;) = 62 V i.

Let S, = X, + -+ X, . Then

E(S») = nE(X,2) = n[V(X) + (E(XD) | = n(o? + 1?)
= E(S,) =n(c? + u?)

— () =0t

By Theorem 2,

a.s
2 E(2) = @+
n

n

X12+...+Xn2 a.s
n

¢, where ¢ = g2 + u?.

Example 6: If the i.i.d.r.vs {X,,} assume the value 272" with probability % for
r = 1,2, ..., examine if the SLLN holds for the sequence {X,,}.

Solution: By Theorem 2, SLLN holds for i.i.d.r.vs {X,,} if E(X) exists V k.

Here we have to verify whether E (X} ) is finite or not.

We have

e}

1 < o (1
E(Xk) — z 2r—21nr2_r — Z 2-2Inr _ z (Z)
1 r=1

r=1 r=

— i Tln(%) ( qlnn = pln a)

r=1

Inr



© In 4

-2

r=1

=1
_ Em where In4 =1.39 > 1
r=1

which converges.

Thus, E(X) is finite and hence the SLLN holds for {X,,}.



4.4. Strong Law of Large Numbers

Exercise:
For the following sequences of independent r.vs, does the SLLN hold or not?
1. P(X, = £2F+1) = 27043 p(x, =0) =1 —27*+2)

1
2k+1 7

2. Py = +27%) = - P(X = 1) =2 (1 - 27%)

3. Examine if SLLN holds for the sequence {X;} of i.i.d.r.vs with

PIX; = (=1)k k] = k=123, ..i=12,..

m2k2’

4. LetX,,X,,..., X, bejointly normal with E(X;) = 0 ,E(Xl-z) = 1 forall i and

cov(X,, X;) = {0, otherwise

Examine if SLLN holds for the sequence {X;}.

Answer

No
Yes
Yes

il A S

Yes



P1:

Investigate the a.s. convergence of { Tn } to 0 where X,;s are independent and

1 1
P(X,=0)=1—-—P(X,=+1) =



P1:

Investigate the a.s. convergence of { Tn } to 0 where X,;s are independent and
P(X,=0)=1——-,P(X,=+1) = —
n— o n’ n— - T 2n
Solution:

HereE(Xn)=0(1—%)+ - - %=0 and

2n

1 1 1
o2 = V(X,) = E(X?) = 02 (1 —;) +12.14+12 2=

2n n

Thus, we have

=N p=nn” p3n n
S,) 1_(< 13 Sn _ o

But E| X |=—E ZXI :—Z(XI):O and — = n
n n k= N3

— a.s .
Therefore, X;, — 0



P2:

A variate X, has the distribution

PX,=0)=1- (L)' P(X, = +3K) = 3-2k+2)

32k+2

If {X,}is a sequence of independent r.vs, then show that {X, } obeys SLLN.



P2:

A variate X, has the distribution
_ _q1_(_2 _ kY —_ 2-(2k+2)
P(X; = 0) =1~ (573), P(X, = £3¥) = 3
If {X,}is a sequence of independent r.vs, then show that {X, } obeys SLLN.
Solution:
Here E(X,) = 3% 3-(2k+2) _ 3k 3-(2k+2) — ( and
O-k%, — V(XK) — E(szl) — 32k3—(2k+2) + 32k 3—(2k+2) =§

Then we have
['s) 2 o)
1 2 1
Zﬂ— =— » — Converges.

Thus {X,,} obeys the SLLN.



P3:

Let {X,,} be a sequence of independent r.vs such that
1
P(Xp = 11) =5(1-27"),P(X, = +27") = 27"

Does the SLLN hold for this sequence?



P3:
Let {X,,} be a sequence of independent r.vs such that
1
P(Xp = 11) =5(1-27"),P(X, = +27") = 27"

Does the SLLN hold for this sequence?

Solution:
Here E(X,) = 1%(1 —2 M -1 %(1 — 27 42 Mol _p-mp-n-l =
and 67 = V(X,) = E(X2) = 122(1 —27) + 122 (1 — 27") + 27217201
_|_2—2n 2—n—1
=2-(1—-2"+2.27mp 1

— o2 =1-27 4279

Further, we have Z_:Z_z Zzn > Z PE converges.
- — n

n=

Thus {X,,} obeys SLLN.



4.5

Central Limit Theorem

n
Let {X,,} be a sequence of independent random variables. Let S = Z X, . Inlaws
i=1

, S S L
of large numbers we considered convergence of:n toE (f) which is a constant

either in probability (in case of WLLN) or almost surely (in case of SLLN). Here we

. . L Sp ¢ .
consider some different situations, namely, 7” —> Z,where Z is a normal

S, 4 S
variate. If the sequence 7" — 7 ,7" is said to follow the central limit theorem

(CLT) or normal convergence. In this module we consider different Central Limit

Theorem:s.

Definition: A sequence of independent r.vs {X;} with mean E (X;) = u; and
V(X;) = 0;2 V i is said to follow Central Limit Theorem (CLT) under certain
conditions, if the random variable §,, = X; + X, + --- + X,, is asymptotically

n n
normal (AN) with mean u and variance a2 where = Z,ui and o’ = ZGiZ :
=1 =1

Notation: S,,~AN (i, ). Read as S,, follows asymptotically normal with mean u
and variance o2.

Note:

1. §, isasymptotically normal means S,, follows normal distribution as n — co.
Sp— . .
2. IfZ, = % , then Z,, follows asymptotically standard normal with mean 0

and variance 1 and we write Z,~AN (0, 1).



Variations of the CLT
The following are some variations of the CLT which are stated without proof.

Theorem 1 (De Moivre-Laplace CLT) : If {X,,} is a sequence of Bernoulli trials
with constant probability of success equal to p, then the distribution of the r.v.
S, = Xq + -+ X,, where X;’s are independent, is asymptotically normal (i. e,.

S,isAN(np,np(1 —p))
Theorem 2 (Lindeberg-Levy CLT) : This CLT theorem is for i.i.d.r.vs.

If {X;} is a sequence of i.i.d.r.vs with mean E(X;) = u; and variance
V(X;) = 0,%forall i, then the sum S,, = X, + --- + X,, is asymptotically normal
with mean u = nu, and variance 6? = no>.

Theorem 3 (Liapounoff’s CLT): This CLT theorem is for independent but not
identically distributed random variables.

Let {X;} be a sequence of independent random variables with mean E(X;) = y;
and variance V(X;) = 0, V i. Let us assume that third absolute moment, say

p;3 of X; about its mean exists i.e., p;> = E{|X; — p;|3}fori =1,2,..,nis
n

. . 3 L 3 4 2 2 lim »
finite. Let p° => p°, u=> p and 6> =) o’ .If = = 0, then the sum
= = '

= ' n— oo
n
S,=> X, is AN(u, 0?%).
=1
Example 1: If {X;} are i.i.d.r.vs with p.m.f (X; = +1) = %, find the asymptotic
n
distribution of S, =) _X;.
=1
Solution: Here E(X;) = 1.% — 1.% = 0 and

— 2y —q2 1 1_
VX)) =E(X*)=1%_+1%-=1



Since mean and variance exist for {X;}, by Lindeberg-Levy CLT, S,,~AN(0,n) or

Sn
2 ~AN(0,1).
Example 2: If {X;} are i.i.d. with E(X;) = 0, V(X;) = 6%, 0 < 6% < © and
- n
X, :12 X., then show that for any € > 0

ni=

>¢e)=-2 ¢ 252
P(X, =€) st Pasn—w

Solution: Let S, = X; + -+ X,,. Then E(S,)=>E(X;)=0 and
i=1

n
\Y (Sn): ZV (Xi ) =no?. Since {X;} are i.i.d with finite mean and variance, then
=)

we have S,,~AN[0,no?] (by Lindeberg-Levy CLT).

— s _
Let X,, = ;n.Then EX,) = %E(Sn) = % = 0 and

- 1 2 2
V&) = 5V(S) == =

n2

Thus, X, ~AN [0,Z]

We have P(X,, > €) = P (Xn_o > 620) =P (Z > %) where Z~N(0,1)
N

%
=1-P(z=X)



= P(X,=¢€) = 1—¢(CE) fore > 0 (1)

ZZ
But 1 — ®(2) =§\/%e_7 - (2)

(A result in normal distribution)

From (1) and (2), we have

1 TLEZ

ﬁP(XnZE)_ " 202

POy =0 =1- 029 o ke

Example 3: Examine if CLT holds for the sequence {X,} with p.m.f
P(X) = +2F) =270 (x, =0) =1 - 272,

Solution: Since it is a non identically distributed sequence of r.vs, for CLT to hold,
we have to verify the Liapounoff’s condition.

We have p;, = E(X,,) = 2k - 27Gk+D) _ 2k . 2-Ck+1) —
a2 =V(X,) = E(sz) — 22k . p—(2k+1) 4 22k . 2-(2k+1) = { and
3 = E{|X), — 0|3} = E(|X,,|?) = 23k - 27(2k+1) 4 23k . p—(2k+1)
= 2 .23k . >=(2k+1) — 9k

Further, we have



p3 22" —1)
3 3
(02)2 nz

: 3 : n_
Thus, im  _p s = lim 20 3 D _ 0o, Thus, the Liapounoff’s condition is not
n — oo (0_2)5 n — oo nz

satisfied and hence we cannot say that CLT holds for {X,}.
Example 4: Examine if CLT holds for the sequence {X,} with p.m.f
P(X; = +k®) =2 k24 P(X, =0) =1- k"2 a <.

Solution: Since it is a non identically distributed of r.vs, for CLT to hold, we have
to verify the Liapounov’s condition.

We have uyx = E(Xy) = k“.%.k‘zcZ — k“.%.k‘za =0,

o =V(X,) = E(X2) = kZ“é. k2% 4 kz"‘.%. k2e =

N |

+1=1and
2

pi = E(X, — 01} = B{(IX, [*} = k3.2 k2% + k3.2

k—2a
=~ k% +2k% = k¢
2 2

Further, we have

n n
“:Zuk ZZOZO ’
o R |
n n n n
o’=Y c,=>1=n and p’=) p;=>k*=1"+2"+..+n"
o R o o R e |

Note that p? < n.n%* = n**!

Now lim LA lim nt lim n“_% —0 if a<=
n—oo (0'2)3/2 ~ nooo ni/2 n—oo ! 2

. 3 . 1

Thus 7llll£zo G2 0if a<-

Therefore, CLT holds for the sequence {X,}.



Applications of central Limit Theorem:

In case of Bernoulli, Binomial and Poisson distributions, evaluation of probabilities

using p.m.f. are tedious. Using normal approximation for large samples to these

distributions, the probabilities can be easily evaluated.

(a) Let {X,,} be a sequence of i.i.d Bernoulli variate i.e., B(1,p).
LetS, = X, + -+ X,,

Then S,,~B(n,p), where E(S,,) = np and V(S,)) = np(1 — p) = npq
By Lindeberg Levy CLT for large n, S,,~AN (E(Sn), V(Sn))

= S,~AN (np, np(1 — p))

Sp—np

Vnp(1-p)

d
Then from (1), Z,, — Z where Z is N(0, 1)

Let Z,, =

1,
. Sp—np _ _ 2’
Thus, lim P (a <2 < b) P(a<Z<b) dz

n—->0o

1 (b -
——| e
\2m Ja
and the RHS can be evaluated using standard normal tables for given real
numbers a and b.

(b) Let {X,,} be a sequence of i.i.d Binomial variates . e, B(r, p).
LetS, = X, + -+ X,

Then E(S,)= E(iz;:xi]:

n n
E(X;)=> rp=nrp
=1 i=1

(+E(X) =1pVi

and V(S,)=V [i Xij: iv (X)) (+ X;s are independent)

(1)



(+ V&) =rp(1-p))
Thus E(S,)) = nrpand V(S,) = nrp(1 — p)
By Lindberg — Levy CLT, for large n, we have

Sn~AN(nrp, nrp(1 — p))

d
Then Z,, — Z where Z~N(0,1)

Thus, lim P(a <SP o b) =P(@a<Z<bh)= Lj’be‘ifdz
' nsoo - Jnrp(1-p) T -0 = V2m Ja

and the RHS can be evaluated using standard normal tables for given real
numbers a and b.

n
(c) Let {X,,} be a sequence of i.i.d Poisson variates . e., P(1). Let S, = Z X,
i=1

Here E(X;) = V(X;) = AV i. Then E(Sn):zn:E(Xi):nk
=]

n n
and V (S,)=V [Z X, j =>V(X;) =na (+ X; s are independent)
= i

Thus, by Lindeberg — Levy CLT, for large n, S,,~AN(na,nAl)

_ d
Let Z,, = S:L/n_?, Then Z,, — Z, where Z~N (0, 1)
1,
pes- . Sp—ni _ _ 1 b _EZ
The probabilities rlll_T)?;Lo P (a < Ny < b) =Pa<Z<b)= = jae dz



and the RHS can be evaluated using standard normal for given real numbers a
and b.

Example 5: A sample of 100 items is taken at random from a batch known to
contain 40% defectives. What is the probability that the sample contains

(i) at least 44 defetives,
(ii) exactly 44 defectives?
Solution:

1 , if the it" item is defective
LetXi={ f f ,fori=1,2,..

if the it" item is nondefective
It is given that P(defective) = P(X; =1) = 40% = 0.4
Then X; follows Bernoulli distribution i. e., B(1,0.4)
Let S, = X; + -+ X,,. Then S,~B(n, p)
Sincen = 100 and p = 0.4, S,~B(100,0.4)

Since n is large, computation of probabilities using binomial formula is difficult.
Hence, by CLT, we use normal approximation to compute the probabilities of S,,
instead of binomial distribution.

Here E(S,,) = np = 100.(0.4) = 40 and
V(S,) =np(1—p) = 100 X 0.4 X 0.6 = 24

vy V2d 49

Let Z,

d
Then by Lindeberg Levy CLT, we have Z,, — Z , where Z is N(0, 1).



(i) It should be noted that the continuous normal distribution is approximating
the discrete binomial distribution so that the continuity correction has to
be taken into account in determining the various probabilities. So finding
the probability of at least 44 defectives in a sample of 100 items requires
finding the area under the normal curve from 43.5 to 100.5

Therefore, the probability of at least 44 defectives is given by

<Z<
4.9 4.9

P(43.5<S, <100.5) =P (43-5—40 100.5—40)

= P(0.7143 < Z < 12.347)
=P(0<Z<12347)—-P(0< Z<0.7143)
=0.5-0.2624

(See the standard normal distribution table)

= 0.2376

(i)  The probability of exactly 44 defectives is
P(S, = 44) = P(43.5< S, < 44.5)

—p (43.5—40 <7< 4-4-.5—4-0)
4.9

4.9
= P(0.7143 < Z < 0.9184)
=P(0<Z<09184) — P(0 < Z < 0.7143)
= 0.3208 — 0.2624 (See table)

= 0.0584

100

1 _
Note: Using the binomial distribution, P(S, >44)= )" ( EOJ(OA)I‘ (0.6)""
K=24

100

and P(S,, = 44) = (44

) (0.4)**(0.6)>° = 0.0576 (Using Binomial tables).



As can be seen by comparing the answers, both sets of answers are remarkably
close.

Example 6: Let X;, X,, ... be i.i.d. Poisson variables with parameter A. Use CLT to
estimate P(120 < §,, < 160),whereS,, = X; + -+ X,,A=2andn =75
Solution: Since X; sarei.id P(A),E(X;)) =A=V(X;)fori =1,2,..n
n n
~E(S,)=D E(X;)=>_A=n\ and
i=1 i=1
n

v(sn)=v(2xij:gv(xi):nx

i=1
Hence by Lindberg — Levy CLT, for large n, we have

S,~AN(nA, nl) = AN(150, 150). After applying the continuity correction, the
required probability is

p=P(1195 < S, 160.5) = P (= < 7 < =220,

where Z~N(0,1)
= P(—-2.45<7 <£0.82)
=P(-245<7Z<0)+P(0<7Z<082)
=P(0<7Z<245)+P(0<7Z<0.82)
= 0.4929 + 0.2938 (From standard normal table)

= 0.7868



4.5. Central Limit Theorem

Exercise:

1.

The lifetime of a certain brand of an electric bulb may be considered as ar.v.
with mean 1200 hrs and standard deviation 250 hrs. Find the probability,
using CLT that the average lifetime of 60 bulbs exceeds 1250 hrs.

A distribution has unknown mean p and variance 62 equal to 1.5. Use CLT to
find how large a sample should be taken from the distribution in order that the
probability will be at least 0.95 that the sample mean will be within 0.5 of the
population mean.

. Arandom sample of size 100 is taken from a population whose mean is 60 and

variance is 400. Use CLT, with what probability can we assert that the mean of
the sample will not differ from u = 60 by more than 47.

The guaranteed average life of a certain type of electric light bulb is 1000 hrs
with a standard deviation of 125hrs. It is decided to sample the output so as
to ensure that 90% of the bulbs do not fall short of the guaranteed average by
more than 2.5%. Use CLT to find the minimum sample size.

. IfX;,i=1,2,..,50 are independent r.vs, each having a Poisson distribution

with parameter A = 0.03 and S,, = X; + - + X,, , evaluate P(S,, = 3), using
CLT.



Answers:

0.0606

at least 24
0.9544

41

0.1112

R wN e



P1:

Show that WLLN follows from CLT for the sequence of i.i.d.r.vs .



P1:

Show that WLLN follows from CLT for the sequence of i.i.d.r.vs .
Solution:

Let {X,,} be a sequence of i.i.d.r.vs with E(X;) = u and V(X;) = 02 Vi.
Then {X,,} obeys WLLN if

lim
n — ©O

— ,u| > E] = 0 (By Khinchine’s WLLN)

n
fore >0and S, =) X,.
=

lim
=
n — oo

— u| < 6] =1 e (D
Since € > 0 is fixed, for any positive constant k, we have

kovn < en . (2)

for all sufficiently large values of n (because any large multiple of v/n is negligible
in comparison with any small multiple of n)

From (2), we have |S,, — nu| < kavn = {|S, — nu| < en}

|Sp—np|

. Sp—nu
Le, = = <k= |<e

|Sn—nu| Sp—nu
Therefore, P{ s < k} { | < }
; lim |Sp—nul lim Sp—nu
L.e,n_)ooP{ s <k} n_)OOP{ |<e} .. (3)

. Spn—nu .

Asn — oo, by Lindeberg-Levy CLT, Z = s ~N(0,1) i.e., standard normal
variate. Then, we can choose large k such that

lim |Sp—nu| _ _

n_wop{—aﬁ <k}_P(|Z|<k)_1 ()



From (3) and (4), we have

lim Sn _

nroP i -ul<ef=1

= lim P{ Sn _ ,u| < E} = 1 (~ Probability can’t be more than 1) which is 1.
n — oo n

Therefore, WLLN holds.



P2:

Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = tk*) = % :



P2:

Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = tk*) = % :
Solution:

We have u;, = E(X;,) = k’li— k’li =0,

012 = V(X;) = k?A =+ k22~ = k?* and

P = E{IX, — 01} = E(IX,([®) = k32 -~ 4+ k3% -~ = k32

n n n
Let Snzkz_lxk.Thenwe have ,Lzzkzi,ukzo,azzz

k=1 k=1
n n
,03 :Zpks :ka and

=i =i

3 32 n 1

3 n a+

o kZ::lk 4 071 ) ke :J ey = N
= (2 k=1 ’ a+l

Euler — maclaurian formula

= X

; T 31+1

(02)2 (n 21)2

k
_ (24 +1)§ n(31+1)—(24+1)g
(314+1)

(22+41)

=" " pn2s50asn—ow
(31+1)

Since Liapnounoff’s condition is satisfied, CLT holds.



P3:

_ 1
Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = +27%) = >



P3:

Examine if CLT holds for the sequence {X;} with p.m.f. P(X; = +27%) = % .

Solution:

Wehave,uk=E(Xk)=2‘k-§—2‘k-%=0,

02 = V(X)) = E(X,”) = 272 -2 4 272k .2 = 272k and

1

P’ = E{|X, — 03} = E(|X,|*) = 273k '%"‘ 273k .~ = 273k

N

n n
Let S, =kz_1xk . Then we have ,u:kz_;,uk =0

= = E2k A4 4° 4"
n n1 o1 1 1 1
t= =2 =y ="t o4+ -=2(1-8") and
e e kzzlsk 8 & g" 7( )

(Gz)ﬁ [2(1‘4_” )}2 3

Since Liapounoff’s condition is not satisfied, we can’t say CLT holds or not.



P4:

Let X4, ..., X,, be i.i.d. standardized variates with E(X;") < oo. Find the limiting
distribution of
V(X Xy + X3X4 + o+ Xon_1X2n)

(Xlz + XZZ + + inz)

n



P4:

Let X4, ..., X,, be i.i.d. standardized variates with E(X;") < oo. Find the limiting
distribution of
V(X Xy + X3X4 + o+ Xon_1X2n)

(X12 + XZZ + + inz)

n

Solution:

Since X;s are i.i.d standardized variates, we have
EX)=0,VX)=E(X?)=1,i=12,..,n

LetY; = X,;_1Xy; ,i=12,...,n

= EY;)) =EX5_1)EX5) =0 (v X;s are independent)

and V(Y)) = E(Y;?) = E[X0i-1” X2:°] = E[X2i1 ] E[X2%] =1-1=1

HenceY;,i = 1,2,...,nare alsoi.i.d.r.vs. Hence CLT holds for S =ZYi . Further,

E(Sn):iE(Yi)=0and

V(Sn):ZV(Yi):n

i=1
Then by CLT

_ Sn—E(Sn) _ X1 Xot+Xon_1Xon

oSy Vn
Also E(X;*) = 1 (finite), i = 1,2, ...,n.

L Z where Z~N(0,1) asn — oo.

Hence, by Khinchine’s theorem, WLLN applies to the sequence {Xiz},
i =1,2,..,2n so that

X 24X+ 4+ X502 P
V, = L2 2 E(X;*)=1asn — oo.

2n




Hence, by Slutsky’s theorem, we have

2Vn(X. X, + -+ X, _. X L Z
lim (Un'Vn): ( 142 2n—1 Zn) T=Z~N(0,1)

n—oo X12 ++Xn2

V(X1 X2+ +X2n—1X2n)

Thus
’ X124+ Xp 2

L
»Z~N (0,5) (If Z~N(0,1), then cZ~N(0,c?)).



