7. A company has two plants to manufacture scooters. Plant I manufacutes 70%
of the scooters and Plant II manufactures 30%. At Plant I, 80% of the
scooters produced are of standard quality and at Plant 11, 90% of the scooters
produced are of standard quality. A scooter is picked at random and found to
be of standard quality. What is the chance that it has come from Plant I1?

8. Suppose there is a chance for a newly constructed building to collapse,
whether the design is faulty or not. The chance that the design in faulty is
10%. The chance that the building collapses in 95%. If the design is faulty and
otherwise it is 45%. It is seen that the building collapsed. What is the
probability that it is due to faulty design.

Answers:

E

45

a. 0.52 b. 0.035

. (i) 0.682, (i) 0.318.

3

() =0375

oo

1 1
a.- b. - C.
5 5

. 0.07
0.03253

0.19

® N v
Ul | w



Unit-2
Probability distributions

2.1

Random Variable

While performing a random experiment we are mainly concerned with the
assignment and computation of probabilities of events. In many experiments we
are interested in some function of the outcomes of the experiment as opposed to
the outcome itself. For instance, in tossing two dice we are interested in the sum
of faces of the dice and are not really concerned about the actual outcome. That
is, we may be interested in knowing that the sum is seven and not be concerned
over whether actual outcome was (1,6) or (2,5) or (3,4) or (4,3) or (5,2) or
(6,1). These quantities of interest or more formally these real valued function
defined on the sample space are known as random variables.

Random variable (r. v): Let S be the sample space associated with a random
experiment. Let R be the set of real numbers. If X:S — R, i.e., X is areal valued
function defined on the sample space, then X is known as a random variable. In
other words, random variable is a function which takes real values which are
determined by the outcomes in the sample space.

The random variables are denoted by capital letters X, Y, Z ... etc.

Notation: Leta,b € R. The set of all w in S such that X(w) = a is denoted by
X = a.Thatis, X = a denotes the event {w € S|X(w) = a}. Similarly X < a
denotes the event {w € S|X(w) < a}and a < X < b denotes the event

{w € S|X(w) € (a,b]}.



Let us consider a random experiment of three tosses of a coin. Then the sample
space S consits of 23 = 8 points as given below.

S={HT}x{HT}x{H,T}
= {HH,HT,TH,TT} X {H,T}
= {HHH,HTH, THH,TTH,HHT, HTT, THT, TTT}

For each outcome w in S define X (w) as the number of heads in the outcome w.
Then X may take any one of the values 0,1, 2 or 3. For each outcome in S, we
have one value of X. Thus,

X(HHH) =3,

X(HTH) = X(THH) = X(HHT) =2

X(TTH) = X(HTT) = X(THT) = 1 and

X(TTT) =0
This shows that X is a random variable.
Notethat X =0,X = 1,X = 2 and X = 3 respectively denote the events
{TTT},{TTH,HTT, THT}{HTH,THH,HHT} and {HHH}

Discrete Random Variable (d. r. v): If the random variable assumes only a finite or
countably infinite set of values, it is known as discrete random variable.

For example, the number of students attending the class, the number of
defectives in a lot consisting of manufactured items and the number of accidents
taking place on a busy road, etc., are all discrete random variables. In the above
example X isa d.r.v.

Continuous Random Variable (c. r. v): If a random variable can assume
uncountable set of values, it is said to a continuous random variable.

For example, the age, height or weight of the students in a class is all continuous
random variables. In case of continuous random variable, we usually talk of the
value in a particular interval and not at a point. Generally, discrete random



variable represents count data while continuous random variable represent
measured data.

The probabilistic behavior of a d.r.v.X at each real point is described by a function
called probability mass function and it is defined below:

Probability Mass Function (p.m.f): Let X be a discrete random variable with
distinct values x4, X5, ..., X5, ... .The function p : R = R defined as

_P(X:xl)zpl ifx=Xi
pe =1 if X% x,0= 1,2,

is called the probability mass function of r.v.X, if (i) p(x) = 0 Vx € R and
(i) > p(x)=1

xeR
Probability Distribution: The set of all possible ordered pairs

(x,p(x)),i = 1,2,...,m, ... is called the probability distribution of the r.v.X.

In particular, if X takes the values x4, x,, x3, ..., X, then the probability of X is
usually represented in a tabular form as given below:

Probability Distribution of r. v. x

X X1 Xy X3 .. Xn
p(x) |p1 D2 pP3s -  DPn

Note: The concept of probability distribution is analogous to that of frequency
distribution. Just as frequency distribution tells us how the total frequency is
distributed among different values (or classes) of the variable, similarly a
probability distribution tells us how total probability 1 is distributed among the
various values which the r. v. can take.

Example 1: Obtain the probability distribution of X, the number of heads in
three tosses of a coin (or a simultaneous toss of three coins).

Solution:



The sample space S consists of 23 = 8 sample points, as give below:

S ={H,T}x {H,T} x {H, T} = {HH, HT, TH, TT} X {H, T}

= {HHH,HTH,THH,TTH, HHT, HTT, THT, TTT}

Obviously, X is a random variable which can take the values 0, 1, 2 or 3.

The probability distribution of X is computed as given below.

No. of heads X=a No. of favourable | p(x) = P(X = a)
a {w € S|X(w) = a} | cases
0 {TTT} 1 1
8
1 {TTH,HTT,THT} 3 3
8
2 {HTH,THH,HHT} 3 3
8
3 {HHH} 1 1
8
Hence, the probability distribution of X is given by:
X 0 1 2 3
p(x) : 1 3 3 1
8 8 8 8

Probability Density Function (p. d. f): Let X be a continuous random variable
defined on the sample space S. Let f(x) be a real valued function defined on R

b

such that, for any real numbers a and b(a < b), P(a < X < b) =J' f (x)dx.

a

If the function f(x) satisfies (i) f(x) = 0 Vx € R and (ii) T f(x)dx=1 then

—00

f(x) is known as probability density function (p.d.f) of X




Note:

1. IfXisac.r.v, then P(X = a) = 0 where a is some real number.
2. Unlike discrete probability distribution, a continuous probability distribution
can’t be presented in a tabular form.

Cumulative Distribution Function (c. d. f): The cumulative distribution function
of a r.v. X is defined by

> p(t) if Xisad.rv.withpm.f p(x)

t<x

Fx)=PX <x)=={
[ f(t)dtif Xisacrv.withpd.f f(x)

Note: If X is a continuous random variable, then %F(x) = f(x)

Properties of c.d.f.

Ifa <b,P(a<X <b)=F(b)—F(a)
O0<F(x)<landF(x) <F(y)ifx<y
F(—©) =0and F(o) =1

Discontinuities of F(x) are atmost countable.

il S

Note: The c.d.f. is used to find the cumulative probabilities in a probability
distribution.

Example 2:

(i) Find the constant k such that

_(kx* , 0<x<3
f) _{ 0 , otherwise

is a p.d.f.

(ii) ComputeP(1<x<2)
(iii)  Find the c.d.f and use it to compute P(1 < x < 2)



Solution:

(i) f(x)isap.d.fif
1 f(x)dx=1

3

3
3
—k[x2dx=k| X | =1 k=1
0 3 9
0
1
0 , otherwise

(ii)

(iii)  We have,
F(x)=P(X <x)= | f(u)du

If x < 0,then F(x) =0.1f0 < x < 3, then

3
_ 1 _1f 24 X
F(x)—_iof(u)du—g(j)u du—27
If x = 3, then
3 X 13 2 X 1
F(x)=[f(u)du+[f(u)du==[u“du+[du=<x9+0=1
0 3 9% 3 9
Thus, required c.d.fis
o , x <0
X3
F(x) =< — <
(x) 7 0<x<3
1, x =3
Hence P(1<x<2)=P(x<2)—P(x<1)
=F(2)-F(1)

A S 1 _ 7

T 27 27 27 27 12



Example 3: A die is tossed twice. Getting an odd number is termed as a success.
Find the probability distribution and c.d.f of the number of successes.

Solution: Since the cases favorable to getting an odd number in a throw of a die
arel,3,5, i.e., 3 in all.

Probability of success(S) = Z = %; Probability of failure (F) = 1 —% = %

If X dentoes the number of successes in two throws of a die, then X is a random
variable which takes the values 0,1,2.

P(X = 0) = P[F in 1* throw and F in 2" throw]

= P(FF) = P(F) X P(F) =S x> =+
P(X =1)=P(SandF) + P(F and S)

= P(S)P(F) + P(F)P(S)
P(X =2)=P(SandS) = P(S)P(S) =5 x5 =

Hence the probability distribution of X is given by :

X 0 1 2
px) | 1 1 1
4 2 4
The c.d.f is given by
0 if x<O0
% if 0<x<l
F(X)= 3
= if 1<x<?2
1 I X <
1 if x>2




Example 4: Two cards are drawn

(a) successively with replacement
(b) simultaneously (successively without replacement),

from a well shuffled deck of 52 cards. Find the probability distribution of the
number of aces.

Solution: Let X denote the number of aces obtained in a draw of two cards.
Obviously, X is a random variable which can take the values 0, 1 or 2.

(a) Probability of drawing an ace is % = %
= Probability of drawing a non-ace is1 — % = g )

Since the cards are drawn with replacement, all the draws are independent.

P(X = 2) = P(Ace and Ace) = P(Ace) X P(Ace) = 1—13 X % =

P(X = 1) = P(Ace and Non-ace) + P(Non-ace and Ace)

= P(Ace) X P(Non-ace) + P(Non-ace) X P(Ace)

1 12 12 1 24
==X ot X =
13 13 13 13 169

P(X = 0) = P(Non-ace and Non-ace)

= P(Non-ace) X P(Non-ace) = 1—2 X 1—2 = % :

Hence, the probability distribution of X is given by:

X: 0 1 2
p(x): 144 24 1
169 169 169

(b) If cards are drawn without replacement, then exhaustive number of cases of

drawing 2 cards out of 52 cards is 52C2.



. P(X = 0) = P(No ace) = P(Both cards are non-aces)

_®C, 48x47 188
¥C, 52x51 221

P(X = 1) = P(one ace) = P(one ace and one non-ace)

_'Cx®C, _ 4x48x2 32
“C, 52x51 221

‘C, 4x3 1
“C, 52x51 221

P(X = 2) = P(both aces) =

Hence, the probability distribution of X is given by :

x =+ 0 1 2
p(x): 188 32 1
221 221 221

Example 5: If X is a continuous random variable with p.d.f
kx , 0<x<1
k ,1<x<?2
—k(x-3) ,2<x<3
0 ,elsewhere

f(X)=<

(i) Determine k.
(ii) Compute P(x <1.5)

Solution:

(i)  Since f(x) is the p.d.f, so we have



(i)

Of f (x)dx=1

—00

1 2 3
= [ f (x)dx+ [ f (x)dx+ [ f (x)dx
0 1 2

=1

1 2 3
= [kxdx+ [kdx+[—k(x—=3)dx=1
0 1 2

2 2

1 3
X 2 X

:>5+2k—k—k[(g—9j—(2—6)}

15 1 15
P(x<15)= | f(x)dx=£f(x)dx+_£of(x)dx

2

1
15
=kxdx+jkdx=kl£1 +k[XE° =k
1
0

o—F

2

=1

{1+1
272

=

1
2



P1:

Two dice are rolled at random. Obtain the probability distribution of the sum of
the numbers on them.

Solution:

When two dice are rolled, the sample space S consists of 62 = 36, sample points
as shown.

S={(1,1),(1,2),...,(1,6),2,1),(2,2), .. (2,6),(3,1),(3,2), .., (3,6)
(4,1),(4,2), ..., (4,6),(5,1), (5,2), ..., (5,6), (6,1),(6,2), ..., (6,6)}

Let X denote the sum of the numbers on the two dice. Then X is a random
variable which can take the values 2, 3,4, ..., 12 with the probability distribution
given by:



Sum of Favourable sample points No. of p(x)
numbers (x) favourable
cases
2 1,1 1 1
36
3 (1,2), (2.1) 2 2
36
4 (1,3),(3,1),(2,2) 3 i
36
5 (1,4),(4,1),(2,3),(3,2) 4 i
36
6 (1,5),(5,1),(2,4),(4,2),(3,3) 5 i
36
7 (1,6),(6,1),(2,5),(5,2),(3,4), (4,3) 6 i
36
8 (2,6),(6,2),(3,5),(5,3),(4,4) 5 i
36
9 (3,6),(6,3),(4,5),(5,4) 4 4
36
10| (46),(64),(55) 3 3
36
11 (5,6), (6,5) 2 2
36
12 (6,6) 1 1
36
Hence, the probability distribution of X is given by:
X 2 3 4 5 6 7 8 9 10 11 12
p(x) 1 2 3 4 5 6 5 4 3 2 1
36 36 36 36 36 36 36 36 36 36 36




P2:

Four bad apples are mixed accidentally with 20 good apples. Obtain the
probability distribution of the number of bad apples in a draw of 2 apples at
random.

Solution:

Let X denote the number of bad apples drawn. Then X is a random variable which

can take the values 0, 1 or 2. There are 4 + 20 = 24 apples, in all and the
exhaustive number of cases of drawing 2 apples is 24C2.
“C, 20x19 95
P(X = O) = 2 = X =

“C, 24x23 138

4 20
v Cx7C 2x4x20 40
P =1)= “C,  24x23 138

4Cz _ 4x3 3
“C, 24x23 138°

P(X=2) =

Hence, the probability distribution of X is given by :

X : 0 1 2
p(x) : 95 40 3
138 138 138




P3:

The diameter of a telephone cable, say, x is assumed to be continuous random
variable with p.d.f. f(x) = kx(1 —x),0 <x < 1.

i. Find k for which the above is a p.d.f.
ii. Determine b such that P(x < b) = P(x > b).

Solution:

i. f(x) =kx(1—x),0<x < 1isthe p.d.f. of a continuous random

1 1
variable x if [ f(x)dx=1. Thatis k[x(1-x)dx=1
0 0

(i) Given P(x < b) = P(x > b).That s,

- :3b2 - 2b3} - [1—3b2 + 2b3}
= 4b3-6b2+1=0
= (20-1)(2b% ~2b-1)=0

1+3
2

_1
:>b—§,b—

Hence, b = %is the only value lying in [0,1] and satisfying P(x < b) = P(x > b)



P4:

The time one has to spend in point of a bank counter is observed to be a
random variable x with the p.d.f.

(0 . x<0
S(x+1) , 0=x<1
g(x—%j : 13x<g
f(x)= g[g— )  Sex<2
%(4—x) ., 2<x<3
% . 3<x<6

0 , X<6

Let A, B be the events defined as
A : One waits between 0 and 2 minutes inclusive

B : One waits between 1 and 3 minutes inclusive

i. Show that P(B|A) =

WIN

ii. ShowthatP(ANB) =

Solution:

[l
©| -
>
N
+
>
+
(e
N‘XN
|
N X
| I—
+
ol
1
o1
|
I\J‘XN
L 1
N

Ol




21,1131
66 6 6 2
1
ThusP(B|A)=P§:£f)=%=§
2

i. P(AnB)=P(AUB)=1-P(AUB)
1

=1-[P(A)+P(B)-P(ANB)] =1 _§=§
Alternatively, A N B means the waiting time more than 3 minutes.

So,

P(AB)=P(x>3)= [ f (x)dx=] f (x)dx+] f (x)dx
3 3 3
16 1 3 1



2.1. Random Variables

Exercise

1. State, with reasons, if the following probability distributions are admissible or

not.
(i)
X: 0 1 2
p(x): 0.3 0.2 0.5
(ii)
X: -1 0 2
p(x): 0.4 0.4 0.3
(iii)
X: 0 1 2 3
p(x): 0.2 0.3 0.3 0.1
(iv)
X: -2 -1 0 1 2
p(x): 0.3 0.4 ~0.2 0.2 0.3

2. Two dice are thrown simultaneously and getting a number less than 3 on a die
is termed as a success. Obtain the probability distribution of the number of
success.

3. Obtain the probability distribution of the number of sixes in two tosses of a
die.
4. Obtain the probability distribution of number of heads of two tosses of a coin.

5. Three cards are drawn at random successively, with replacement, from a well
shuffled pack of cards, getting ‘a card of diamonds’ is termed as a success.
Obtain probability distribution of the number of successes.

6. Two cards are drawn without replacement, form a well shuffled pack of cards.
Obtain the probability distribution of the number of face cards (Jack, Queen,
King and Ace).



7. Five defective mangoes are accidently mixed with twenty good ones and by
looking at them it is not possible to difference between them. Four mangoes
are drawn at random from the lot. Find the probability distribution of x, the
number of defective mangoes.

8. Two bad eggs are mixed accidentally with 10 good ones and three are drawn
at random from the lot. Obtain the probability distribution of the number of
bad eggs drawn.

9. An urn contains 6 red and 4 white balls. Three balls are known at random.

Obtain the probability distribution of the number of white balls drawn.

10.Suppose that the life in hours of a certain part of radio tube is a continuous
random variable x with p.d. f given by

£(x) = {%, when x = 100
0, otherwise

(i) What is the probability that all of three such tubes in a given radio set will
have to be replaced during the first 150 hours of operation?

(ii)  What is the probability that none of three of the original tubes will have to
be replaced during that first 150 hours of operation?

(iii)  What is the probability that a tube will last less than 200 hours if it is
known that the tube still functioning after 150 hours of service.

(iv)  What is the maximum number of tubes that many be inserted into a set so
that there is a probability of 0.5 that after 150 hours of services all of them
are still functioning?



Answers:

(i)

(ii)
(iii)
(iv)

Yes

No, since ) p(x) > 1
No, since ) p(x) < 1
No, since p(0) = —0.2 which is not possible.

x 0 1 2
p(x) : 4 4 4
9 9 9
X 0 1 2
p(x) : | 2 10 L
36 36 36
X 0 1 2
p(x): | 2 z 1
4 4 4
X: 0 1 2 3
p(x): 27 27 2 1
64 64 64 64
X: 0 1 2
p(x)- & _ 105 36C1X16C1 _ 2 ﬁ _ ﬂ
52¢, 221 52¢, 221 52¢c, 221




X: 0 1 2 3 4
p(x): | 20c, _ 969 5¢, X 20c, S¢, X 20, 5c4 X 20¢, 5, _ 1
25¢, 2530 25¢, 25, 25¢, 25¢, 2530
_ 1140 380 _ 40
"~ 2530 = 5e3) ~ 2530
X 0 1 2 3
pG) | W12 ZoXlg 5 Zoxig i g
12¢, 22 12, 22 12¢, 22
X 0 1 2 3
p(x): S 15 9 1
30 30 30 30

(ii)
(iii)
(iv)

_ AR WINW]| R

.7 (= 2 approximately)




2.4

Discrete Probability Distributions

Modules 2.1 and 2.2 deal with general properties of random variables. Random
variables with special probability distributions are encountered in different fields
of science and engineering. Some specific discrete probability distributions are
discussed in this module and some specific continuous probability distributions
are discussed in the next module 2.5.

Discrete Uniform Distribution: A r.v.X is said to have a discrete uniform
distribution over the range [1, n], if its p.m.f. is given by

1
p(x)=PX=x)={, * *~ 1,2,..,n
0 , otherwise

Notation: X~ U(n) ,read as X follows discrete uniform distribution with
parameter n.

Note: If all possible values of a r.v. are equally likely, then this distribution is used.

Example 1: If an unbiased coin is tossed once and X is equal to number of heads,
then X = 0,1 and

PX=0)=P(X=1)= %and X~U(2).

Example 2: If an unbiased die is thrown once and X is equal to number on the die,
thenx = 1,2,3,4,5,6 and P(X = i) = %fori =1,2,3,4,5,6 and X~U(6).

Mean and Variance: We have E(X) =12i :nT+1
N

and E(Xz):%gig _ (n+l)((32n+1)

Thus V(X )= E(X?)~(E(X))’ =—(n+12§”_1)



Bernoulli Experiment: A random experiment whose outcomes are of two types,
success (S) and failure (F), occurring with probabilities p and g(= 1 — p)
respectively, is called a Bernoulli experiment.

Conducting a Bernoulli experiment once is known as Bernoulli trial. Note that p
and g are same in each trial and outcomes of different trials are independent.

Bernoulli distribution: In a Bernoulli experiment, if a r.v.X is defined such that it
takes value 1 with probability p when S occurs and 0 with probability g when F
occurs, then we say that X follows Bernoulli distribution and its p.m.f. is given by

_ N _(p*¢*™ , x=01
=P(X = x) =
() ( 2 { 0 , otherwise

Examples:

1) Tossing of a coin (results a head or tail)
2) Performance of a student in an examination (results pass or failure)
3) Sex of an unborn child (results female or male)

Mean and Variance:

Mean=u=EX)=0Xqg+1xp=p

and E(X?) =0%xq+12xp=p

~ Variance = % = E(X?) — (E(X))Z =p-p®>=p(l—p) =pq

Binomial Distribution: Suppose we conduct n independent Bernoulli trials and we
define

X = number of successes in n trials.
Then X is a discrete random variable and it takes the values 0,1,2,...,n.

Derivation of P(X = x): Note that X = x means that there are x successes and
(n — x) failures in n trials in a specified order (say) SSFSFFFS ... FSF.



Since outcomes of different trials are independent, by Multiplication Theorem, we
have

P(SSFSFFFS ...FSF) = P(S) - P(S) - P(F) - P(S) - P(F) - P(F) - P(F) - P(S) -
.P(F)-P(S) - P(F)

=pprarqqqpr--qprq
=pp P qq . q=pqt

(x ti;nes) (n—x fimes)

. .. m -
But x successes in n trials can occur in (x) orders and the probability for each of

these orders is same, viz., p*q™*. Hence by addition theorem of probability

p(x) =P(X =x) = (Z) P g™

Definition: A r.v. X is said to follow a binomial distribution with parameters n and
p if its p.m.f. is given by

n [—
p(x) =P(X =x) ={(x)pan *, x=012.,n0<p<lqg=1-p

0 , otherwise

Notation: X~B(n,p). Read as X follows binomial distribution with parameters n
and p.

Real life examples:

1) Number of heads in n tosses of a coin
2) Number of boys in a family of n children
3) Number of times hitting a target in n attempts

Note:

1.

i p(x) = i (Z) P g =(q+p)" =1



2. The c.d.f. of X is given by

x
n

Fx) =P(X <x) = z (k) p*q™* ,x=0,1,2,..,n
k=0

Example 1: Four fair coins are tossed. If the outcomes are assumed to be
independent, then find the p.m.f. and c.d.f. of the number of heads obtained.

Solution: Let X be the no. of heads in tossing 4 coins.

Then X~B (4, %) where p = P(head) = %

HE'e
- () = ()E) rr= 01234

Thusp(x) = P(X = x)

ey = () ()= 4
=)=
@ =(5)(%) =5
p® =(5) (%) =5
@ =(,) (%) =%
The p.m.f p(x) and c.d.f F(x) are given in the following table.
X 0 1 2 3 4
p(x) 1 4 6 4 1
16 16 16 16 16
F(x) 1 5 11 15 1
16 16 16 16




Example 2: A and B play a game in which their chances of winning are in the
ratio 3 : 2. Find A’s chance of winning at least three games out of the five
games played.

Solution:

Define X = No. of games A winning out of 5.

Here p = P(A winning) = %and n=>5and X~B (5,2). Thus,

p(x) =PX=x) = (956) (S)x (%)S_x forx =0,1,...,5.

Required to find:
P (A winning at least 3 out of 5 games) = P(X = 3)

—P(X=3)+P(X=4)+P(X=5)

-0+
=2[10x4+5x3x2+1x9]

_ 27%(40+30+9)
- 3125

= 0.68

Example 3: The probability of a man hitting a target is % .

(i) If he fires 7 times, what is the probability of his hitting the target at
least twice?
(ii) How many times must he fire so that the probability of his hitting the

. 2
target at least once is greater than 3 ?

Solution: Let X be the no. of times a man hitting the target in 7 fires. Here

p = P(man hitting the target) = iand n ="7.Then X~B (7, i) and
p(x) = (7) G)x (Z)Fx forx =0,1,2,...,7.

X



(i)  P(at least two hits) =P(X=>2)=1—-[P(X=0)+P(X =1)]
=1-[p(0) +p(1)]
= O+ D))= =o0ss
(ii)  Find n such that P(X > 1) >
=1-PX=0)> g
= -1+P(X=0)<—=
= P(X = 0) <§

n\ /1\% /3\"* 1
= (o)) ) <3
N\ 1
=(3) <3
= n[log3 —log4] <log1—log3
= nflog4 —log 3] > log3
=>n> _log3 _ 3.8 ,since n cannot be fractional, the
log4—log3

required number of shots is 4.

Mean of Binomial Distribution:

n n
p=E0 =Y xp@ =) x(})pra"
x=0 x=0
n
— E 71_'1 X n X _— ZE: n'_l x 1 -X
_zx(x)(x—l np x—l

x=1
=np(q +p)"~" =np
= uU=np
Variance of Binomial Distribution:

= V(X) = npq (See P, for proof)



Example 4: One hundred balls are tossed into 50 boxes. What is the expected
number of balls in the tenth box.

Solution: If we think of the balls tossed as Bernoulli trials in which a success is
defined as getting a ball in the tenth box, then p = 5—10. If X denotes the number of
balls that go into the tenth box.

Then X~B (100, %) and E(X) = np = 100 X = = 2.

. . et et 4
Example 5: The mean and variance of binomial distribution are 4 and 3

respectively. Find P(X > 1).
Solution: Here X~B(n,p). Butnp = 4 and np(1 —p) = g.

Hence4(1—p)=§=>1—p=§=>p=§andn=%=4>< = 6.

N W

Thus, X~B (6,§) and hence P(X > 1) = 1 — P(X = 0)

(66 -1-6)

Poisson Distribution:

e~y

x!

If n - oo and p — 0 such that 1 = np fixed, then (;l) p*(1—p)"™* —
which is the p.m.f. of Poisson distribution (See P,). Thus the p.m.f. of Poisson

distribution is obtained as the limit of p.m.f. of binomial distribution.

Definition: A r.v.X is said to follow a Poisson distribution with parameter A if its
p.m.f. is given by

e~ Ax
p(x)=PX=x)={" » *=0L2.51>0
0 ) otherwise

Notation: Read X~P(A) as: X follows poisson distribution with parameter A.



Real life examples

1) Number of defectives in a packet of 100 blades.

2) Number of telephone calls received at a particular telephone exchange in
some unit of time.

3) Number of print mistakes in a page of a book.

4) The number of fragments received by a surface area ‘A’ from a fragment atom
bomb.

5) The emission of radio active (alpha) particles.

6) Number of air accidents in some unit of time.

Note :
-1 71X X i
1. 2 P(X)=2] =e’) —=elel=lvet=) =
x=0 x=0 X! x=0 X! i=0 I'
2. The c.d.f. of X is given by
PRI
F(x) = P(X < x) =z =

k=0

Example 6: Messages arrive at a switchboard in a Poisson manner at an average
rate of six per hour. Find the probability for each of the following events:

a) Exactly two messages arrive within one hour.
b) No message arrives within one hour.
c) At least three messages arrive within one hour.

Solution: Let X be the r.v. that denotes the number of messages arriving at the
switchboard within a one-hour interval. Then X~P(6) and its p.m.f is given by

e forx = 0,12, ...
x!

P(X = x) = p(x) =



e~
a) P(X=2) =% _ 32—6e_6 = 18e~°.

—660
b) P(X =0) = -6,

P(XZS)—1—{P(X=O)+P(X=1)+P(X=2)}
—6,0 —6,1 —6,2
=1—{e & ¢ 6}=1—e—6{1+6+18}=1—25e—6
0! 1! 2!

=e

Example 7: In a book of 520 pages, 390 typo-graphical errors occur. Assuming
Poisson law for the number of errors per page, find the probability that a
random sample of 5 pages will contain no error.

Solution:

A = Average number of typo-graphical errors/page= % = 0.75

Let X = Number of errors per page

075 X
Then X~P(0.75) and p(x) = P(X = x) = 607#
P(No error)= P(X = 0) = p(0) = e 07>

P(A random sample of 5 pages contain no error)= [p(0)]®> = [e7%7°]°> = 737>

Mean of Poisson Distribution : The mean of poisson distribution is given by

oo oo

,u=E(X):pr(x)=er/ux i _1)' le tet =)

x=0 x=1

>u=A

Variance of Poisson Distribution:

[00] (o]

E(X?) = z X2P(x) = Z[x(x — 1)+ x]p(x)

x=0 x=0



[0/0] [0 0]
-A1x

=Zx(x—1)'p(X)+§:xp(x):zx(x_l)ex!/l )

x=2 x=2

* Ax—z
=e—Wz + A= e Zeh 4 )
. (x = 2)!
x=

=EX>)=22+21
The variance of Poisson distribution is given by
V(X) = EX?) - (EX)) =22+1-22=1
=VX)=41
Note that for Poisson distribution, mean and variance are equal.

Example 8: If X and Y are independent Poisson variates such that
P(X=1)=P(X=2)and P(Y = 2) = P(Y = 3), find the variance of X — 2Y.

Solution: Let X~P (A1) and Y~P(u). Then

e

PX=x)=

Ayx
~ forx = 0,1,2,...; A > 0 and

X

e

P(Y=y)= M!”yfory =0,12,..; u>0.

y

e~

AAZ
=12 -21=0

SinceP(X=1)=P(X =2); e * = .

=>AA1-2)=0=1=0,2=1=2(~ 1= 0isnotadmissible)

- 2 - 3
Since P(Y = 2) = P(Y = 3), then 2 Z“ =2 Z“ = u3-3u2=0

= u*(u-3)=0=u=03=u=3.

VX =2Y)=12V(X)+ (-2)?V({Y)=2A+4u=2+4%x3=2+12=14



Negative Binomial (or Pascal) Distribution:

Let X denote the number of failures before the ™ success in a sequence of
Bernoulli trials. Then the number of trials required is X + 7.

Derivation of P(X = x):

In x + 7 trials, the last trial must be a success whose probability is p. In the

remaining (x + r — 1) trials, we must have (r — 1) successes whose probability is
(x +r—1

1 )pr_lq" (Using binomial distribution).

Thus, by multiplication theorem, we have

p(x)=P(X=x)=(x:izl)pr_qu'pz(xj:izl)prqx

Definition: A random variable X is said to follow a Negative binomial
distribution(NBD) with parameters r and p if its p.m.f is given by
x+r—1

roX _
P(X)=P(X=x)={( r—1 )P q* , x=012,..
0 , otherwise

Notation: X~NB(r,p).
Note:
L (P =CT) (FO=62))

_ (etr-1)(x+r-2)..(r+1r

x!

o r D) (=r=1)..(-r—x+2)(-r—x+1) _ X -r
= (1) =07()

Thus, the p.m.f. of NBD can be written as

p(x) = {(_xr) p'(—-q)* , x=012,..
0

, otherwise



Further, it is the (x + 1) term in the expansion of p” (1 — q)~", a binomial
expansion with negative index. Therefore, the distribution is known as negative
binomial distribution.

. Y p(x)=p i(_r](—q)x =p'(1-q) =pp =1
x=0 x=0\ X
Mean of NBD: The mean of NBD is given by
p=E@ =) xp) =Y xp@ = x(T)p 0
x=0 x=1 x=1
=) x() (7Y o = neneo 2. (7Y o

= (-N(Qp (1 - )~

r
— rqprp—(r+1) — ?q

Variance of NBD: g2 = ;—Z (See P5 for proof)

3. Notice that % = p < 1 and this implies that mean is smaller than variance in

NBD.
4. If Y = Number of trials required to get r™ success, then Y = X + r and

P(Yz)’)=P(X+T=y)=P(X=y—r)=(¥:i)p7‘qy—r

fory :T',T'+ 1,...and E(y) — E(X) +7r= %'{' 1 and V(Y) = V(X) :;—Z

Real life examples

1) Number of tails before the third head.
2) Number of girls before the second son.
3) Number of non-defectives before the third defective.



Example 9: Find the probability that there are two daughters before the second
son in a family when probability of a son is 0.5.

Solution: Let X = the number of daughters before second son
menP0r =2 = (*327 )6 () = (T HET

and P(X = 2) = (3) (1)4 =3

1/ \2 16

Example 10: An item is produced in large numbers. The machine is known to
produce 5% defectives. A quality control inspector is examining the items by
taking them at random. What is the probability that at least 4 items are to be
examined in order to get 2 defectives?

Solution: Let Y = No. of items to be examined in order to get 2 defectives. Here

p =(defective)= 1(5)—0 = 0.05.

Then P(Y = y) = (} _ 1) (0.05)*(0.95)”

= P(Y =y) = (y — 1)(0.05)?(0.95)V2

We want to find

3
PY=>4)=1—- ) PY=y)=1—{P(Y =2) 4+ P(Y =3)}
y=2

=1 —{(0.05)? + 2(0.05)%(0.95)} = 0.9928
Geometric distribution:

Let X denotes the number of failures before the first success in a sequence of
Bernoulli trials. Then the required number of trials is X + 1.

Geometric distribution is a particular case of negative binomial distribution
withr = 1.



Definition: A random variable X is said to follow a Geometric distribution (GD)
with parameter p if its p.m.f. is given by

_ L _(p-q* for x=0,1,2,..
p(x) =P =)= { 0, otherwise
Notation: X~GD(r)

Mean and variance of GD

,u=%and02 =;—2(taker= 1in pu and 2 of NBD)

Note: Let Y = Number of trials required to get first success, thenY = X + 1 and

pq” ! for y=123,..

P(Y=J’)=P(X+1=y):P(X=y_1)={ 0, otherwise

Further, E(Y) = E(X) + 1 = %and V(Y) =V(X) = :—2

Real life examples

1) Number of tails before the third head
2) Number of girls before the second son
3) Number of non-defectives before the first defective

Example 11: find the probability that there are two daughters before the first
son in a family where probability of a sonis 0.5.

Solution: Let X = Number of daughters before the first son.

ThenP(X =x) = (l) . (l)x = (1)x+1 forx =0,1,2, ...

2 2 2

and P(X =2) = (1)2+1 = (1)3 _1

2 2 8

Hyper geometric Distribution:

Consider an urn with N balls, M of which are white and N — M are red. Suppose
we draw a sample of n balls at random with replacement. Let X denote the



number of white balls in the sample. Then X~B(n,p) where p = %which

remains same for all trials and outcomes of different trials are independent. The

p.m.fof X is givenby P(X = x) = (Z) (%)x (1 — %)n_x fori =1,2,..,n.

If the sample is selected without replacement, p is not same for all trials and
outcomes of different trials are not independent and hence binomial distribution
cannot be applied.

Derivation of P(X = x): The number of all possible samples without

replacement = (];\c])

The number of samples in which there are x white balls and

(n — x) red balls = (’)‘64) (’;’l:])‘:’)
Thus p(x) = P(X = x) = (1\);1)(1),/1:1)\6/1)

N

()

Definition: A random variable X is said to follow the hyper geometric distribution
if its p.m.f is given by

p(x) = P(X = x) = (17\{) ’ N ,
0 ) otherwise

Example 12: A bag contains 4 white balls and 3 green balls. Three balls are
drawn. What is the probability that 2 are white.

Solution:N =4+3 =7, M =4n=23

X = Number of white balls and

P(X — 2) — (g)(i) _ 4X3x3x6 _ 18

(g) T 2Xx7x6X5 35




|
|
|

< zZ2 S Z- 2

"

=1 if m|n n, M):

=1if min(n,M)=M

Mean and variance of Hyper geometric distribution:

The mean is given by u = % and variance is given by 2 =

min(n, M) = n (For proof, see P,).

N2(N-1)

NM(N-M)(N-n) i€



P1:

If X~B(n,p), then show that V(X) = npq.

Proof: We already derived that E(X)=>_xp(x)=np.
E(X?)= pr Z[xx 1)+x | p(x)

= 3 x(x=1) p(x)+ X x p(x)

X=2 x=0

:gx(x—l)@(j p*q"™ +np
-
—n(n-1)p Z[ jpx -

=n(n-1)p*(q+p)" +np

= E(X?)=n(n-1) p*+np and hence

V(X)= E(Xz)—(E(X))2 =n(n-1)p*+np-n’p? =npg



P2:

lim lim (n) X n—x _ € *A%

If)»=np,thenn_>Oop_)0 x =

Proof:

(==

() a-r

nn-1)(n-2)..(n—x+1) (%)x (1 . A)n

)




P3:

For negative binomial distribution, show that V(X) = ;—‘ZI .

Proof:

—-r «
We already derived that p(X) =( Xj p’ (—Q)




Thus,V(X)zE(XZ)—(E(X)) :r(r+1)_2+”__“1
Y p p
r’g®> rq® nq r°g’
= +—+—=
p>2  p> p p’
=%(Q+p)

=V (X)



P4:
For hyper geometric distribution, show that mean and variance are given by
u=EX) = % and

NM(N-M)(N-n)

o’ =V(X) = NEN-D)

when min(n, M) = n.

Proof:

We have p(x) =

.



nM
= UuU=—

N
Now,E(XZ):XZ:(;x2 p(x Z[x x—1)+x|p(x) (x-1) px+2xp
o[ J(nN—xMJ
= : o
-
Zn:x(x—l)('\)/('j(M 1)[M ZJ[S_XMJW
"
o)
M (M)
MM (N2
G
:>E(X )_n(n )M (M -1) nMm



(on simplification)
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—
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2.4. Discrete Probability Distributions

Exercise

1. Ten coins are tossed simultaneously. Find the probability of getting at least
seven heads.

2. A multiple choice test consists of 8 questions with 3 answers to each question
(of which only one is correct). A student answers each question by rolling a
balanced die and checking the first answer if he gets 1 or 2, the second answer
if he gets 3 or 4 and the third answer if he gets 5 or 6. To get a distinction, the
student must secure at least 75% correct answers. If there is no negative
marking, what is the probability that the student secures a distinction?

3. In a precision bombing attack there is a 50% chance that any one bomb will
strike the target. Two direct hits are required to destroy the target completely.
How many bombs must be dropped to give a 99% chance or better of
completely destroying the target?

4. A manufacturer of pins knows that 5% of his product is defective. If he sells
pins in boxes of 100 and guarantees that not more than 10 pins will be
defective, what is the probability that a box fails to meet the guaranteed
quality?

5. Aninsurance company insures 4,000 people against loss of both eyes in a car
accident. Based on previous data, the rates were computed on the assumption
that on the average 10 persons in 1,00,000 will have car accident each year
that result in this type of injury. What is the probability that more than 3 of the
insured will collect on their policy in a given year?



. A manufacturer, who produces medicine bottles, finds that 0.1% of the bottles
are defective. The bottles are packed in boxes containing 500 bottles. A drug
manufacturer buys 100 boxes from the product of bottles. Find how many
boxes will contain (i) no defective, and (ii) at least two defectives.

. Six coins are tossed 6,400 times. Using Poisson distribution, find the
approximate probability of getting six heads two times.

. Find the probability that a person tossing 3 coins will get either all heads or all
tails, for the second time on the fifth toss.

. If the probability is 0.4 that a child exposed to a certain contagious disease will
catch it, what is the probability that the tenth child exposed to the disease will
be third to catch it.

10. If the probabilities of having a male or female child are both 0.5, find the

probability that
a) a family’s fourth child is their first son
b) a family’s seventh child is their second daughter
c) a family’s tenth child is their fourth or fifth son



Answers:

176

© 1024

129
729%9

9. (3) (0.4)3(0.6)7

10. a) (0.5)* b) 6(0.5)7

¢) 210(0.5)1°



2.5

Continuous Probability Distributions

The continuous probability distributions are used in a number of applications in
engineering. For example in error analysis, given a set of data or probability distribution,
it is possible to estimate the probability that a measurement (temperature, pressure,
flow rate) will fall within a desire range, and hence determine how reliable an
instrument or piece of equipment is. Also, one can calibrate an instrument

(ex. Temperature sensor) from the manufacturer on a regular basis and use a probability
distribution to see of the variance in the instruments’ measurements increases or
decreases over time.

Uniform Distribution

A continuous random variable (c. r. v.) X is said to have a uniform distribution over the
interval [a, b] if its p. d. f. is given by

1
fe)=1{p—q’ a<x<bh
0o , otherwise

Notation: X ~ U(a, b). Read as X follows uniform distribution with parameters a and b.
It is used to model events that are equally likely to occur at any time within a given time
interval. The plot of p. d. f. is given below:

=1 e
B e - -
v
-




The cumulative distribution function (c. d. f.) of X is given by

o , x<a
xX—a
Fx)=pX <x)= g a<x<bh
1, x=b
The mean of X is given by
o0 b b X
,LL=E(X)=I xf(x)dx:j xf(x)dx=| —— dx
—o0 a a b-a
- .2 1b 22 _
_ X ] :b a :(ba)(b+a):b+a:>‘u:b+_a
[2(b-a)l 2(b—a) 2(b—a) 2 2
@ OO b b X2
Now, E (X?) = X2 f(x)dx:j x2 f (x)dx=| —— dx
J_» a g b—a
_ [ x3 ]b __ b3-a® _ (b—a)(b*+ab+a?) _ b*+ab+a?
- Be-ol, " 30-0) 3(b—a) 3
2 2
— E(Xz) _ b +agb+a

Thus, the variance of X is given by ¢? = E(X?) — (E(X))2

__ b?+ab+a®  b*+2ab+a?

o 3 4

__ b?-2ab+a?
o 12

2 _ (b—a)z
12

=10



Example 1: The time that a professor takes to grade a paper is uniformly distributed
between 5 minutes and 10 minutes. Find the mean and variance of the time the
professor takes to grade a paper.

Solution: Let X denotes the time the professor takes to grade a paper. Then
X~ U(5,10).

10+5

pu=EX) =25 _ 75andg? = y(x) = 208 _ 28

12

5
— (minutes) 2

Normal Distribution

The normal distribution was first discovered by De — Movire and Laplace as the limiting
form of Binomial distribution. Through a historical error it was credited to Gauss who
first made reference to it as the distribution of errors in Astromy. Gauss used the normal
curve to describe theory of accidental errors of measurements involved in the
calculation of orbits of heavenly bodies.

Definition: A c. r. v. X is said to have a normal distribution with parameters y and ¢? if
its p. d. f. is given by

f&x) =

o

{__(u)}_oo<x<oo,—oo<u<oo,a>0

The c. d. f. of X is given by

Fix)=PX<x)= jj f(t)dtzmlzﬁj-_X exp{_%(t?ujz}dt

Notation: X~N (i, 62). Read as X follows normal distribution with parameters u

and o2.
Note:

1. The graph of f(x) is famous bell — shaped curve and is symmetric about the line
X = u. The top of the bell is directly above u. For large values of g, the curve tends



to flatten out and for small values of g, it has a sharp peak. The curve of f(x) is
given below.

xX=u

Normalprobability curve

2. Whenever the random variable is continuous and the probabilities of it are increasing
and then decreasing, in such cases we can think of using normal distribution.

Real life examples:

1) The heights of students.

2) The weights of students.

3) The diameters of bolts manufactured.

4) The lives of electrical bulbs manufactured.

o0
3. Note that J' f(x)dx=1

—0o0

Standard Normal distribution

X_
If X~N(u,02) thenZ = Tﬂ is known as standard normal distribution with mean

E(Z) = 0, with variance V(Z) = 1 and we write Z~N (0, 1).Its p. d. f. is given by

1 1
g(2) = .exp (—Ezz), —00 < z < 00



and its c. d. f. is given by

d(z)=P(Z<2z)= J‘_X g(t)dt: \/]é_n"f exp{_%tz}dt

Area Property of Normal Distribution

£ X~N(u,02), then P(u< X <x) = | f(x)dx=—t_[ xu) d
If X~ ,0%), then <X<xq)= X)ax = expy—| —— X
H H ! .L ( ) GVZR.L g ( o j

LetZ=%.ThenX—u=0Z.

fX =u,thenZ =0.If X =x,,thenZ =%=Zl (say).

SP(u<X<x)=P(0<Z< zl):_[ozlg(z)dz :% Ozlexp{—%zz}dz

1 —lz
where g(z) = —e 2

o 2is the p. d. f. of standard normal variate. The definite integral

Z
_[0 g (Z) dz is known as normal probability integral and gives the area under standard

normal curve between the ordinates at z = 0 and z = z,. These areas have been
tabulated for different values of z; at intervals of 0.01 in the table given at the end of
the module.

In particular, the probability that the random variable X lies in the interval
(u—o,u+ o) isgiven by

Pu—o<X<u+o)=P(-1<Z<1)
1
:I_lg(z)dz

1
= 2.[0 g (Z) dz (by symmetry)

=2 x0.3413 (from table)



= P(u—o0c<X<u+o)=0.6826

Similarly, P(u —20 < X <u+20)=P(-2<7Z<2)
=2XP(0<Z<2)=2x0.4772(see table)

= Pu—20<X<u+20)=09544

andP(u—30c<X<u+30)=P(-3<Z7Z<3)

=2xP(0<Z<3)

= 2 X 0.49865 (see table)
= P(u—-3c<X<u+30)=0.9973

Thus, the probability that a normal variate X lies outside the range u £ 30 is given by
P(lx —u>30|)=P(Z| >3)=1-P(|Z] £3)
=1-P(-3<7Z<3)=1-0.9973 =0.0027

Thus, in all probability, we should expect a normal variate to lie within the range
u £ 30, though theoretically, it may range from —oo to oo.

The probabilities computed above are exhibited in the following figure.

/ 0.6826
—_—

&
<

__/ 0.9544 > \_,

> X
u-36 u-2c u—c U mHteo u+2c u+3c
1
0

-3 -2 -1

|
1 2 3

€ 0.9973

-
>



Note: The Gamma function defined below is used to evaluate mean and variance of the

normal distribution.
r'(n)= _[0 e *x"dX forn > 0

Im+1)=nTlT(n)

['(n+ 1) = n!, Where nis a positive integer.

()=
Mean of Normal distribution
- 1 e A
E(X)_j_wxf (x)dx_(7 2”J-_ooxe dx

Letz=%.Thenx=,u+az,dx=adzand
1 [ee] 7322
E(X)=—= +oz)e ? dz
(X)=g=]_ (uro2)
e 2 dz+-2 (" ze 2 dz=pux1+0

Ny J2r 3=

Note that the integral in first term is 1 since total probability is one and the integral in
the second term in zero since the integral is an odd function.

Therefore, Mean = E(X) = u

Variance of Normal distribution
VX) = E(X - E(X))" = E(X — ) (< E(X) = )
l(x—y

[ = (e

—00




Let%= z.Thenx — u = 0z,dx = odz and

1,
—-=z
2 dz

0'2 o 5 _EZZ 2(72 © 5

V(X)zij' z°e 2 dz:i_[ z°e
27 - 2790

(Since the integrand is an even function)

1 2 _ _ _at
Letzz =t :z—manddZ—\/Z_t.Then

2 3
2 ) —1
— LI e 't2 dt

2
_20- © —t dt
VOO -k e

2
= % r G) (Gamma function)
_20 1 (N _o —_ 2
_\/E'z'r(z)_\/ﬁ'ﬁ_a
= V(X) = o?

Note: Standard deviation = \/V(X) = Vo? = o

Example 2: If X is normally distributed with mean 12 and standard deviation , then

(a) Find the probabilities of the following :

(i) X=>20
(i) X < 20 and
(iii) 0 < X < 12

(b) FindxwhenP(X > x) =0.24
(c) Findx; andx, whenP(x; <X <x3)=0.5and P(X > x,) = 0.25

Solution:
(a)itisgiventhaty =12ando =4i.e., X~N(12,16)

. _ X-12 _ X-12 20—-12
(i) Let Z =22 then P(X 2 20) = P (2 > 222
—P(Z22)=05-P0<Z<2)

=0.5-0.4772 (from table)
= 0.0228



Z=10 £L=2

(ii) P(X <20)=1—P(X >20)=1-0.0228 = 0.9722
_ 0—-12 X—-12 12—-12
(i) POsx<12)=P( 220
=P(-3<2<0)
=P(0<Z<3) (by symmetry)
= 0.4986 (from table)
(b) P(X > x) = 0.24
=P(E2>52)=024= P(Z>2) =024, where z ="

N :'\"1 iEiiac s

]

X=u
=10
= P(0<Z<z)=0.5-024—0.26

~. From normal tables, corresponding to probability 0.26, value of
z = 0.71(approximately)



Hence 0.71 = z =%=> x=071x4+12=14.84

(c) Wearegiventhat P(x; < X <x,) =0.5and (X > x,) = 0.25

=P (x1—12 <2 < x2—12) =0.5and P (X—12 > x2—12) = 0.25
4 4 4 4 4

x,—12 x,—12

= P(z, <Z<2z,)=05and P(Z > z,) = 0.25, where z; = and z, =

0.25

]
-

H g

X=x; X=nu A=
Z=z, £=10 Z

i
&4
*

By symmetry of normal curve, z; = —z,. Find z, such that P(0 < Z < z,) = 0.25
Corresponding to probability 0.25 from the normal table, we have z, = 0.67
approximately. Thus

x2_12

=0.67 = x, =12+ 4x0.67 = 14.68

x2_12 _

similarly, 2 = —z, = %2 = —0.67 = x, =12 -4 X 0.67 = 9.32




Example 3: The local authorities in a certain city install 10, 000 electric lamps in the
streets of the city. If these lamps have an average life of 1,000 burning hours with a
standard deviation of 200 hours, assuming normality, what number of lamps might
be expected to fail

(i) in the first 800 and 1200 burning hours?
(ii) between 800 and 1200 burning hours?

After what period of burning hours would you expect that

(a) 10% of the lamps would fail?
(b) 10% of the lamps would be still burning?

Solution:

Let X denote the life of a bulb in burning hours. Here u = 1000, ¢ = 200 and
X~N(1000,40000)

. . _ X-1000 800—-1000
(i) Find P(X < 800) = P( iy — )
= P(Z < 1), where Z = =2 ~N(0,1)

=P(Z>1)=05-P(0<Z<1)
= 0.5-0.3413 = 0.1587
= Out of 10,000 bulbs, number of bulbs which fail in the first 800 hours is

10,000 x 0.1587 = 1,587.

800—1000 _ X—1000 _ 1200—1000
< < )

(ii) Find P(800 < X < 1200) = P( — _ .

=P(-1<Z<1)=2P00<Z<1)

= 2x0.3413 = 0.6826



Z==-1 £L=10 £=1

Hence, the expected number of bulbs with life between 800 and 1200 hours of burning
life is 10,000 X 0.6826 = 6,826.

(a) Let 10% of the bulbs fail after x; hours of burning life. Then we have to find x; such
that

P(X < x;)=0.10=> P (X‘zt‘;"o "1;(1)300) =0.10
= P(Z < —z;) = 0.10, where z; = — (xi;:)m)

= P(0<Z<2z)=05-0.10=0.40

From table corresponding to probability 0.40, we have

x1—1000

z1=1.28=>—( )=1.28
= x, = 1000 — 1.28 X 200 = 1000 — 256 = 744.

0.40

X=x, X=pu
= Z=10 Z=z

Thus, after 744 hours of burning life, 10% of the bulbs will fail.

(b) Let 10% of the bulbs be still burning after x, hours of burning life. Then we have

P(X > x,) =0.10 = P (X‘1°°° 2200 = 0.10




x,—1000
200

= P(Z > z,) = 0.10 ,where z, =

From normal tables, z, = 1.28 and hence

x,—1000
200

= 1.28 = x, =1000+ 1.28 X 200 = 1000 + 256 = 1256

Hence, after 1,256 hours of burning life, 10% of the bulbs will be still burning.

De Moivre-Laplace Theorem (Normal Approximation to Binomial Distribution)

. . n _
Let X~B(n,p). Then its p.m.f. is given by p(x) = (x) p*q"*forx =0,1,2,...,n. The
mean and variance of X are given by u = np and 62 = npq respectively. Now,

k (N
P(k, <X <k,)= Z(x] p*q"* for some non-negative integers k, and k, such that

x=k,
n
k, < k5. Since the binomial coefficient (x) grows quite rapidly with n, it is very difficult

to compute P(k; < X < k,) for large n. In this context, normal approximation to

binomial distribution is extremely useful.
X—u X—np

let Z = =

o Vnpq

distribution can be approximated by the standard normal distribution. Thus,

. If n is large with neither p nor g close to zero, the binomial

: : k. —np k,—np 1 7, 32
lim P(k, <X <k,)= lim P| 2——=<Z <2 = e?dz
(k ) [\/npq \/nqu «/27rLl

where z, = K =P and 7, = K =P

Jnpg © Jnpg




This is a very good approximation when both np and npq are greater than 5.

Example 4: A coin is tossed 10 times. Find the probability of getting between 4 and 7
heads inclusive using the (a) binomial distribution and (b) the normal approximation
to the binomial distribution.

Solution:

(a) Let X denote the number of heads in 10 tosses. Then X~B (10,%) andu=np =5
and 02 = npq = 2.5 and

ssn-Soon- 3012 (3T

10) (10) (10) (10
4 )5 "6 )77 ) 792
= = =0.7734
1024 1024

(b) The discrete binomial probability distribution is approximated to continuous normal
probability distribution. The integers 4,5,6,7 lie in the interval  (3.5to 7.5). Thus,

3.5-5 7.5-5
P(4<X<7)=P(35<X<75)=P| —F/—<Z<—F—
( ) ( ) (x/25 «/2.5]

~P(-0.95<Z <1.58)=P(-0.95<Z <0)+P(0<Z <1.58)
~P(0<Z<0.95)+P(0<Z <158)
—0.3289+0.4429 = 0.7718

0.3289 0.4429




Exponential distribution: A c.r.v. X is said to follow exponential distribution with
parameter A if its p.m.f. is given by

£(x) = {Ae(;’“‘ , x>0

, x<0

The c.d.f. is given by

—at X
F(x)=P Io t)dt= ijo g = ﬂ[e—} —1 ¢
= F(x)=1-¢*
Notation: X~E (1). Read as X follows exponential distribution with parameter A.

Real life examples of exponential distribution

1. The time taken to serve a customer at a petrol pump, railway booking counter or any
other service facility.

2. The period of time for which an electronic component operates without any
breakdown.

3. The time between two successive arrivals at any service facility.

Mean and Variance of exponential distribution
For r>1 E(Xr):jgoxr f (x)dx:/ljgoxre‘“dx
Let Ax = t. Then t varies between 0 to «o and dx = % . Then

(X )=y [L) et 8L e

=E(X")= %?i) —r(usmg Gamma function)

(r+1] 1Olt

Thus, mean = u = E(X)——and E(X) %=%
-2 _1_1
FERY

Hence 02 = V(X) = E(X?) — (E(X)) =%



1 1
Therefore, 4 = —and g% = TR

Example 5: Assume that the length of phone calls made at a particular telephone
booth is exponentially distributed with a mean of 3 minutes. If you arrive at the
telephone booth just as Ramu was about to make a call, find the following:

a. The probability that you will wait more than 5 minutes before Ramu is done with

the call.
b. The probability that Ramu’s call will last between 2 minutes and 6 minutes.

Solution: Let X be a r.v. that denotes the length of calls made at the telephone booth.

Since the mean length of calls % = 3, the p.d.f. is given by

X

1 x
fG) =5e7

o0

a. P(X >5):j;f(x)dx:%j;e;dx:[e 3}5 —e?

6
6 1.6 -2 _X 2 B
b. P[2£X§6]=j2f(x)dx=§j2e3dx:[—e3L=e3—e2

Memory lessness property of exponential distribution

The exponential distribution is used extensively in reliability engineering to model the
lifetimes of systems. Suppose the life X of an equipment is exponentially distributed

with a mean of% . Assume that the equipment has not failed by time t. We want to find

the probability that X < t + s given that X > t for some nonnegative additional time s.

Thus,

P(Xss+t,X>t) _ P(t<Xss+t) _ F(s+t)—-F(t)
P(Xx>t)  P(X>t)  1-F(b)

PX<s+tlX>t) =

(1_e—l(s+t))_(1_e—lt) e—lt_e—l(5‘+t)

— = =1—e?=F(s)=PX <5s)

e—At e—At

SPX<s+t|X>t)=PX<s)



This indicates that the process only remembers the present and not the past.

Example 6: In example 5, Ramu, who is using the phone at the telephone booth, had
already talked for 2 minutes before you arrived. According to the memory lessness
property of the exponential distribution, the mean time until Ramu is done with the
call is still 3 minutes. The random variable forgets the length of time the call had lasted
before you arrived.

Relationship between exponential and Poisson distributions

Let A denote the mean number of arrivals per unit of time, say per second. Then the
mean number of arrivals in t seconds is At.

Let X denote the number of arrivals during an interval of t seconds.
Let Y denote the time between two successive arrivals.

. e—lt(lt)x
If X~P(At) ie,p(x) =P(X =x) = Tforx =0,1,2,...; t=>0,then

Y~E(A)i.e., f(x) = le .



Standard Normal Distribution Table

0

4

Z | .00 .01 | .02 .03 .04 .05 .06 .07 .08 .09
0.0 {.0000 .0040 |.0080 |.0120 |.0160 |.0199 |.0239 |.0279 |.0319 | .0359
0.1].0398 0438 |.04/8 |.0517 |.0557 |.059 |.0636 |.0675 |.07/14 | .0753
0.2 |.0793 0832 |.0871 |.0910 |.0948 |.0987 |.1026 |.1064 |.1103 | .1141
0.3 ].1179 J217 11255 |.1293 |.1331 [.1368 |.1406 |.1443 |.1480 | .1517
0.4 |.1554 1591 |.11628 |.1664 |.1700 |.1736 |.1772 |.1808 |.1844 | .1879
0.5 ].1915 1950 111985 1.2019 |.2054 |.2088 |.2123 |.2157 |.2190 | .2224
0.6 |.2257 2291 2324 |.2357 |.2389 |.2422 |.2454 |.2486 |.2517 | .2549
0.7 |.2580 2611 2642 |.2673 |.2704 (2734 2764 |.2794 |.2823 | .2852
0.8 |.2881 2910 |.2939 |.2967 |.2995 |.3023 |3051 |.3078 |.3106 | .3133
0.9 |.3159 3186 3212|3238 |.3264 |[.3289 (3315 |.3340 |.3365 | .3389
1.0 |.3413 3438 |.3461 3485 |.3508 [.3531 |.3554 |.3577 |.3599 | 3621
1.1 (.3643 3665 3686 |.3708 |.3729 (3749 |3770 |.3790 |.3810 | .3830
1.2 |.3849 3869 |.3888 |.3907 [.3925 (3944 (3962 |.3980 |[.3997 | 4015
1.3 |.4032 A049 4066 |.4082 4099 |[4115 |4131 |A4A147 (4162 | 4177
1.4 14192 A207 (4222 4236 |4251 (4265 (4279 |4292 (4306 | 4319
1.5 14332 A345 14357 4370 4382 14394 14406 4418 4429 | A44]
1.6 |.4452 AA63 | 4474 14484 14495 (4505 (4515 (4525 [4535 | 4545
1.7 | 4554 A564 |A573 4582 4591 (4599 4608 |4616 [4625 | 4633
1.8 |.4641 A649 4656 |4664 4671 |4678 |4686 |.4693 (4699 | 4706
1.9 4713 A719 |4726 (4732 |A738 |4744 |4750 |A4A756 (4761 | 4767
2.0 14772 A778 |A783 4788 4793 |4798 |A4A803 |.4808 [.4812 | 4817
2.1|.4821 A826 |4A830 |4834 |4838 |4842 |A846 |4850 |4854 | 4857
2.2 |.4861 A864 4868 |.4871 |4875 (4878 |.A4A881 |.4884 (4887 | 4890
2.3 |.4893 A896 4898 4901 [4904 |4906 (4909 |4911 |4913 | 4916
2.4 14918 4920 (4922 4925 |4927 |4929 (4931 |4932 |4934 | 4936
2.5 14938 A940 14941 14943 14945 (4946 14948 14949 (4951 | 4952




2.6 |.4953 A955 4956 4957 |4959 (4960 (4961 |4962 [4963 | 4964
2.7 |.4965 4966 4967 |4968 [4969 (4970 (4971 (4972 4973 | 4974
2.8 |.4974 A975 4976 4977 4977 |4978 4979 |4979 |4980 | 4981
2.9 |.4981 4982 4982 4983 |4984 |4984 4985 |.4985 |.4986 | 4986
3.0 |.4987 A987 14987 4988 4988 [4989 14989 14989 (4990 | 4990
3.1|.4990 4991 4991 4991 [4992 (4992 4992 |4992 [4993 | 4993
3.2 |.4993 4993 |.4994 4994 4994 (4994 4994 (4995 4995 | 4995
3.3 |.4995 A995 4995 499 [4996 [4996 |.499% |.499% |.499% | 4997
3.4 |.4997 A997 4997 4997 |4997 |4997 (4997 |4997 |4997 | 4998
3.5 4998 A998 14998 14998 4998 4998 4998 [.4998 4998 | 4998




P1:

The weights in pounds of parcels arriving at a package delivery company’s
warehouse can be modeled by an N(5, 16) normal random variable X.

a) What is the probability that a randomly selected parcel weighs between 1
and 10 pounds?

b) What is the probability that a randomly selected parcel weighs more than
9 pounds?

Solution:

Since X~N(5,16), we have u = 5 and 62 = 16.

a) P(1 <X<10)=P(1%5<Z<%‘5)=P(—1<Z<1.25)

=P(-1<Z<0)+P(0<Z<1.25)

=P(0<Z<1)+P(0<Z<1.25)
= 0.3413 + 0.3943 = 0.7356 (Use table)

b) P(X>9)=P(Z>?)=P(z> 1)
=05-P(0<Z<1)
= 0.5 — 0.3413
= 0.1587 (Use table)



P2:

The marks obtained by a number of students for a certain subject are assumed
to be approximately normally distributed with mean value 65 and with a
standard deviation of 5. If 3 students are selected at random from this set, what
is the probability that exactly 2 of them will have marks over 70?

Solution:

Let X denotes marks obtained by a student in a certain subject. Then
X~N(65,25) and

70—65
5

p(x)=P(X>70)=P(Z> )=P(z>1)
=05-P0<Z<1)

= 0.5 —-0.3413 (Use table)
= 0.1587

Let Y denote the number of students who got more than 70 marks in a sample of
3 students.

Then Y~B(3,p) and P(Y = 2) = (;) (0.1587)2(0.8413)



P3:

The time taken by a person while speaking over a telephone is exponentially
distributed with mean 4 minutes.

i) Find the probability that he speaks for more than 6 minutes but less
than 7 minutes.

i) Out of 6 calls that he makes, what is the probability that exactly 2 calls
take him more than 3 minutes each.

iiij How many calls out of 100 are expected to take more than 3 minutes
each?

Solution:

Let X be the time taken (in minutes) per call. We are given that X is exponentially
distributed with mean 4 minutes.

1 x
ORI
0 , otherwise
7
. i s 7
() Pe<X<7)=2(les=2|% | —e4_e3(=0.04936
476 4 1
-l
(i) p(x>3)=[ e =5 S | =e(<04724)
45

Let Y denote the number of calls each with more than 3 minutes out of 6 calls.
Then
Y~B(6,P) where P = 0.4724
“P(Y =2)= (g) (0.4764)2(0.5276)* = 0.2594

(iii) Expected number of calls out of 100 that will be longer than 3 minutes each
=100 %X P(X > 3)
=100 X 0.4724 = 47.24 = 47(approximately)



P4:

The mileage (in thousands of miles) which car owners get with a certain kind of
tyres is a random variable having probability density function

1

f(x) =410

_x
10 , x>0

e
0 , otherwise
Find the probability that one of these tyres will last

i) at most 5,000 miles.
i) anywhere from 8,000 to 12,000 miles.

Solution:

Let X represents the mileage in thousands of miles

5 1

) PX<5)=F(G)=l—-ew=1—ez=1-0.6065=0.3935

i) P(B<X<12)=F(12)—F(8) =e %8 —¢~12=0.148



2.5. Continuous Probability Distributions

Exercise:

1)

2)

3)

4)

5)

X is a normal variate with mean 30 and standard deviation 5. Find the
probabilities that
(i) 26 < X <40 (ii))X =45 (iii)|X —30]| >5

There are 600 engineering students in the B.Tech. classes of a university and
the probability for any student to need a copy of a particular book from the
university library on any day is 0.05. How many copies of the book should be
kept in the university library so that the probability may be greater than 0.90
that none of the students needing a copy from the library has to come back
disappointed? (use normal approximation to the binomial distribution)

In a distribution exactly normal, 10.03% of the items are under 25kg weight
and 89.97% of the items are under 70kg weight. What are the mean and
standard deviatioin of the distribution?

In an examination it is laid down that a student passes if he secures 30 percent
or more marks. He is placed in the first, second or third division according as
he secures 60% or more marks, between 45% and 60% marks and marks
between 30% and 45% respectively. He gets distinction in case he secures
80% or more marks. It is noticed from the result that 10% of the students
failed in the examination, where as 5% of them obtained distinction. Calculate
the percentage of students placed in the examination. (Assume normal
distribution to marks)

A sample of 100 items is taken at random from a batch known to contain 40%
defectives. What is the probability that the sample contains (i) at least

44 defectives and (ii) exactly 44 defectives? (use normal approximation to the
binomial distribution)



6) If X is uniformaly distributed with mean 1 and variance 3 ,find P(X < 0).

7) Subway trains on a certain line run every half hour between mid-night and six
in the morning. What is the probability that a man entering the station at a
random time during this period will have to wait at least twenty minutes?

8) Suppose the life time of an electric component has exponential distribution
with a mean life of 500 hrs.
(i) Find the probability that it will give additional 600 hrs life given that the
component has been working for the last 300hrs.
(ii)  Find the probability that it will work for more than 600hrs.

9) The life(in hours) of electronic tubes manufactured by a certain process is
known to have p.d.f.

1 1
fa) =m0 o X =400
0 , Otherwise

Find the probability of one such tube lasting for
(i) at least 800hrs.

(ii)  at most 1200hrs.

(iii)  anywhere between 500 and 800hrs.



Answers:

1) (i) 0.7653 (i) 0.00135 (iii) 0.3174
2) 37

3) u=475and o =17.578

4) 34%

5) (i) 0.2376 (ii) 0.0584

6) -

7)

W | =

8) (i)e™s (ii)es

9) (i)e™?! (ii) e™? (iii)e_%—e‘l



2.2

Bivariate random variable

In the real life situations more than one variable effects the outcome of a random
experiment. For example, consider an electronic system consisting of two
components. Suppose the system will fail if both the components fail. The
probability distribution of the life of the system depends jointly on the probability
distributions of lives of the components. Knowing the probability distributions of
lives of the components will not provide us the enough information. What we
need is the probability distribution of the simultaneous behavior of lives of the
components. A pair of random variables is known as a bivariate random variable.
The individual random variables in the pair may be related.

Bivariate random variable: let S be the sample space associated with a
random experiment. Let R be the real line. If (X,Y):S — R X R,
i.e.,(X,Y)(w) = (X(a)), Y(w)) Y w €S, then the pair (X,Y) is known as a
bivariate random variable.

Note:

1. If X and Y are both discrete random variables, then (X,Y) is a bivariate
discrete random variable.

2. If X and Y are both continuous random variables, then (X,Y) is a bivariate
continuous random variable.

Joint probability mass function: Let (X,Y) be a bivariate discrete random
variable, which takes the values (xi,yj) fori =1,2,3,...,mandj =123, .., n.
Let

p(xl-,yj) = P(X =x;,Y = yj) Viandj

m n
Then p(xi,yj) >0Viandjand > > p(xi ,yj):l. The function p(x, y) is

=1 =1
known as joint probability mass function (j.p.m.f) of (X,Y).



Marginal probability mass functions: Let (X,Y) be a bivariate discrete random
variable with joint probability mass function given by (x,y) . The marginal
probability mass function of X and Y are given by

n
p1(x;) =3 p(Xi ,yj) fori =1,2,3,...,mand
=

m .
p2(¥)) =i§1p(xi yj)fori=123,..,n
respectively.
Note: X and Y are independent if and only if p(x;, ;) = py(x)p2 (%) ¥ (i, ))

Conditional probability mass functions: Let (X,Y) be a bivariate discrete random
variable with joint probability mass function given by p(x, y). The conditional
probability mass function of X given y = y; andthe conditional probability mass

function of Y given x = x; are given by

p(xy; .

paz2(xil y;) = p(Ty,-]))fo” =1,2,3,...,m and
p(x1y;) .

Pz|1(J’j| X;) = p(Txi;) j=123,..,n

respectively.

Example 1: A fair coin is tossed three times. Let X be a random variable that
takes the value 0 if the first toss is a tail and the value 1 if the first toss is a head
and Y be a random variable that defines the total number of heads in the three
tosses. Then

i Determine the joint, marginal and conditional mass functions of X
andY.
ii. Are X and Y independent?



Solution:

i. The sample space and values of X and Y are given in the following table:

Out comes in sample space | Value of X Value of Y
HHH 1 3
HHT 1 2
HTH 1 2
HTT 1 1
THH 0 2
THT 0 1
TTH 0 1
TTT 0 0

Here X takes the values 0 and 1 and Y takes the values 0,1,2 and 3. Then the
j-p.m.f of (x,y) is computed as below:

p(0,0) = P(X = 0,Y = 0) =R({TTT}) = -

p(0,1) = P(X =0,Y =1) = P({THT,TTH}) =~ =,

p(0,2) = P(X = 0,Y = 2) = P({THH}) = -

p(0,3) =P(X =0,¥ =3) =0
p(1,0)=P(X =1,Y=0)=0

p(1,1) =P(X =1,Y = 1) = P({HTT}) =§

p(1,2) =P(X =1,Y =2) = P(( HTH,HHT}) = g =

e

p(1,3) = P(X = 1,Y = 3) = P({HHH}) =~

The m.p.m.f of X is given by

1 2 1 1
p1(0) = p(0,0) + p(0,1) +p(0,2) + p(0,3) =+~ +-+0 =" and



1 2 1
p(D=pAL0)+ pA1D+p(A2)+p(13)=0+g+g+g
The m.p.m.f of Y is given by
1 1
p2(0) = p(0,0) +p(L0) = £ +0 = 2
1 0,1)+p(1,1 2 1 _3
p2(D)=p(0 D) +pAQD =g+g=g
2 0,2) +p(1,2 ! 2 >
p2(2) =p(0.2) +p(12) =g+g=3
1 1
p.(3) =p(03)+p(13)=0+-=2
8 8
The conditional p.m.f of X given Y is computed below:
1
_p0) 5 _ p(10) _ 0 _
b1)2 (0]0) = 220 % =1, P1)2 (110) = 7,(0) % =0
p(0,1) s 2 p(1,1) !
_pPOL _ s _ 2 —_pPLY _ s _ 2
b1)2 O0lD) = (D) % =3 P1)2 1D = o) % .
1 2
_p0O2) 3 _1 _pr(2) 3 _2
pu 012) =255 =1 =5, pi (112) =550 = 1 =3
1
_p@©3) 0 _ p(13) _ 5 _
P12 (0[3) = 223 % =0, P12 (1[3) = 2. (3) % =1
The conditional p.m.f. of Y given X is computed as below:
POO) _ 5 _ 1 p(01)  + 1
_ P00 5 __1 — 4 _1
P O10) =580 = =3 P (110) =200 =% =
1
_p02) 5 _1 p(03) _ 0 _
P2j1 (2]0) = 2 (0) % = b2j1 (3l0) = P (0) % =0
1
_p10) _ o0 _ p(L1) _ 5 _1
P21 O0lD) = P % =0, P2)1 1y = (D) % =



1,3
=3 papp (311) =222 =

(12)
2|1) ="E
P2|1( |1) (D)

pi(1)

SR

N|>-x|.(>|>—x
N |-

NlHlOOlH

i. Here p(0,0) =% ,p1(0) =% and p,(0) =%
Since p(0,0) # p;(0)p,(0), X and Y are not independent .

Example 2 : The j.p.m.f. of (X,Y) is given by

K(2x+Yy) for x=1,2,y=12
0 otherwise

p(X,y)={

where k is a constant

a. Find the value of k.
b. Find marginal and conditional p.m.fs.
c. Are X andY independent.

Solution:

2 2
a. Since p(x,y)isaj.p.m.f, > > p(Xy)=

x=1y=1
2 2 2. 2
> > p(xy)=k¥ 3 (2x+y)=k(3+4+5+6)=18k =1.
x=1ly=1 x=1ly=L

Thus k = —
18
b. The m.p.m.f. of X is given by

2
pl(x)zyizlp(x,y) 1y2_ ZX+y——8[(2x+1) (2x+2)]= 4123

Thus, p;(x) = %forx =1,2.

The m.p.m.f of Y is given by



2 1 2y+6  y+3
P,(¥)= ap( ):18)(; 2x+y =75 (2+Y)+(4+Y)]= {; —y;

Thus, p,(y) = 3%3 fory=1,2

The c.p.m.f. of X givenY is given by

1
p(x,y) _1_8(2x+)’) _2x+y

P12 (x]y) = = =
p2(¥) %8(237 +6) 2v+6

Thus, py2 (x]y) = Xy forx =1,2

The c.p.m.f. of Y given X is given by

1
p(x,y) _1_8(2x +y) _2x+y

p2|1(y|x) = =7 =
p1(x) E(4x+3) 4x + 3
Thus, po;1 (V1x) = =1,2
c. Note that p;(x).p,(y) = ik .y+3 * p(x,y) .

Thus, X and Y are not mdependent.

Joint probability density function: Let (X,Y) be a bivariate continuous random
variable. Let

bd
Plasx<bc<y<d)=[[f(xy)dxdy

ac



for some real numbers a, b, ¢,d such thata < b and ¢ < d. Then

i. f(x,y) =0V(x,y) and
i ][ f(xy)xdy=1

—00 —00

and the function f(x, y) is known as the joint probability density function of the
bivariate continuous random variable (X, Y).

Marginal probability density function: Let (X,Y) be a bivariate continuous
random variable with j.p.d.f. f(x, y). The marginal probability density functions of
X and Y are given by

0 (0.0]

fl(x)=_I f(x,y)dy and fz(y)=_f f(xy)dx

respectively.
Note: X and Y are independent if and onlyif f(x,¥) = f1(x). f,(y)

Conditional probability density functions: Let (X,Y) be a bivariate continuous
random variable with j.p.d.f. f(x,y). Let f;(x) and f,(y) be the m.p.d.fs of X and
Y respectively.The conditional probability density function of X given Y and the
conditional probability density function of Y given Xare given by

_ fxy)
f1|2 (xly) = o) and

f,y)
f1(x)

f2|1 ylx) =

respectively.

Cumulative distribution function: The cumulative distribution of a bivariate
random variable (X, Y) is defined by

F(x,y)=P(X <x,Y <y)and



Y, p(t,s) if (X,Y)isa d.rv with j.pm.f.p(X,y)
<X Sy
F(XY)=1 % o
[ | f(t,s)dtdsif (X,Y)isa crv withj.pd.f.f(x,y)

—00 —00
Properties of cumulative distribution function

1. 0<F(x,y)<1

2. F(0,00) =1,F(—00,—) =0

3. Pla<X<bY<d)=F(b,d)—F(ad) and
P(X<bc<Y<d)=F(b,d)—F(b,c)

4, P@a<X<b,c<Y <d)=F(b,d)—F(a,d)—F(b,c) + F(a,c)

Marginal cumulative distribution function: Let (X,Y) be a bivariate random
variable with c.d.f. F(x, y).The marginal cumulative distribution functions of X
and Y are given by F;(x) = F(x,) and F,( y) = F(oo,y) respectively.

Note:

If (X,Y) is a bivariate continuous random variable with c.d.f. F(x, y), then its
j.p.d.f. is given by

0%F(x,y)
fy) = Tay

Example 3: The j.p.d.f. of (X, Y).is given by

f (X y): e_(X+y) for 0<x<o0,0< y <oo
0 otherwise

a. Find marginal p.d.fsof Xand Y.
b. Are X and Y independent?

Solution:

a. The m.p.d.f of X is given by
o0 Q0 [00)
()= ] Foyy=[e X Ydy—e X [eVdy—eX.1=¢X
0 0 0



_ e Xfor x>0
0 otherwise

The m.p.d.f. of Y is given by

fa(y) :Ojo f(x,y)dx= Ofe_(Xer)dx = e_yofe_xdx —e Y 1=¢7Y
0 0 0

_Je7Yfory=0
0 otherwise

b. Since fi(x). L,(y) = e *.e7Y = e~**¥) = f(x,y), X and Y are independent.

Example 4: The j.p.d.f. of (X,Y) is given by

f(X’y):{xe_X(erl) 0<X<0,0<y<a0

0 otherwise

a. Determine the marginal and conditional p.d.fs
b. Are X and Y independent.

Solution: The m.p.d.f of X is given by

° © = © —Xy Y=*
f1(x)= (f) F(xy)dy= (I) e XY gy = yex (j) e Ydy =xe X {e__x} —e %
y=0

= fy(x)=e7% for 0<x <o
The m.p.d.f. of Y is given by

—X(y+) Xy "

1 2 —Xy+)
y+1 +y+1£e d
0

Xe
dx = X

fz(y):ogf(x,y)dx:ogxe

(using integration by parts)



1
(y+1

for 0<y<ow

:>f2(y): )2

The conditional p.d.f of X given Y is given by

f(x’ y) B X. e—x.(y+1)

L0 1
(y + 1)2

fiz(xly) = = x(y + 1)2e~*0+D

= fi(xly) =x(y + 1)2e >0+ for 0 < x < oo
The conditional p.d.f of Y given X is given by

Fry) _ x.er O
i) e

= f2|1(x|Y) =x.e Yfor0<x <o

=x.e %Y

f2|1(x|J’) =

1
(y+1)?

Note that f; (x). f,(y) = e™*. # f(x,y). Hence, X and Y are not

independent .



Example 5: The j.p.d.f of (X, Y) is given by f(x,y) = kx3y for
O0<x<2 0<y<1.

a. Findk
b. Findthe m.p.d.fsof XandY
c. Are X andY independent.

Solution:
2
00

0 0

21 21 2 (1
a. We have ”f(x,y)dxdy:jjkx3ydxdy:ij3(jyddex:ij3%dx
00 0

21
Now ] FOy)xdy=1=2k=1=k :%
" 00

The j.p.d.f of (X,Y) is given by
f(x,y)z%x3y for0<x<2 0<y<l1

The m.p.d.f of X is given by

N

e == Doy 33| 48
0 0

0
= filx) = for0 <x <2

The m.p.d.f. of Y is given by

2 1 24 1 [y 2
L) = f(xy)dx=Zy[x7dx=Zy| = | =2y
5 27} 2Y| 2

= fL(y) =2yfor0 <y <1.



b. Notethat f; (x)f,(y) = x;.Zy = %’ = f(x,¥),V(x,y)

Since fi(x)f,(y) = f(x,y),V(x,y) X and Y are independent.



P1:

The c.d.f. of bivariate discrete random variable (x, y) is given by

1
— f =1l y=1
3 or x=1y
> for x=1,y=2
F(X,y)=18 '
1 oy
7 for x=2,y=1
1 for x=2,y=2
Find a) j.p.m.f. of (x,y) b) m.p.m.f. of x c) m.p.m.f. of y

Solution:

The j.p.m.f. is obtained from the relationship F(X,y)= >"> p(t,s). Thus

t<Xs<y
F(1,1) =< =p(1,1)
5 5 1 1
F(1,2) =p(1,1) +p(1,2) = S = p(1,2) = S—o=2
1 1 1
F21) =p(L1) +p1)=t=p2 1) =1-1=1

F(22)=p1,1D)+p(12)+p21)+p(22)=1=p(22) = i

Thus, the j.p.m.f is given by

for x=1y=1
for x=1y=2

for x=2,y=1

Nl ©OF N Ol

for x=2,y=2



The m.p.m.f of X is given by

p(11)+ p(1,2):§ for x=1

P, (X)= 3
p(2.1)+ p(2,2):§ for x=2

The m.p.m.f of Y is given by

p(1.1)+ p(2,1):% for y=1
pz(Y): 3
p(1.2)+ p(2,2)=z for y=2



P2:

The j.p.m.f. of (X,Y) is given in the following table:

XX 1 2 3 4 Total
1 4 3 2 1 10
36 36 36 36 36
2 1 3 3 2 9
36 36 36 36 36
3 5 1 1 1 3
36 36 36 36 36
4 1 2 1 5 9
36 36 36 36 36
Total E i l i 1
36 36 36 36

Find a) The m.p.m.fs of x and y
b) Conditional p.m.f. of x giveny =1
c) Conditional p.m.f. of y givenx = 2
Solution:

a) The marginal p.m.f of x is given by

p1(x) = Z p(x,y)
y

4
“pi(D)= Y p(Ly) =p(L1) +p(1,2) +p(13) +p(14)
y=1
_ 43,2 .1 _10
36 36 36 36 36
Similarly,

4
9
P@) =) p2y) =5
y=1

4
8
p1(3) = zlp(&y) =3¢ and
y:




b)

4
9
p1(4) = z p(4,y) = 36
y=1

Thus, the m.p.m.f. of x is given in the following table:

X 1 2 3 4
pl(x) 10 9 8 9
36 36 36 36

Similarly, we can obtain the m.p.d.f. of y as given in the following table:

y 1 2 3 4
36 36 36 36

The conditional p.m.f. of x given y = 1 is given by

(1) = 2% for x = 1,2,3,4.

p2(1)

_p@y _
P1|2(1|1) = )

Similarly, we can find

1 5
P1|2(2|1) -1 ,p1|2(3|1) — N and P1|3(4|1) =
Hence, the conditional p.m.f. of x given y = 1 is given in the following table:

glells

1

1
1

X 1 2 3 4
p12(x|1) 4 1 S5 1
11 11 11 11

Similarly, we can obtain the conditional p.m.f. of y given x = 2 as given in the

following table:

y

p2|1(}’|2)

O | =

W =N

W =W

NJENIES




P3:
If X and Y are two random variables having j.p.d.f.

1
fx,y) = 5(6—x—y), 0<x<2 2<y<4

0 , otherwise

Find () P(X < 1nY < 3) (ii) P(X + Y < 3) and (iii) P(X < 1|Y < 3).

Solution:

. 13 113 3

(1)) P(X <1nY <3)=[] f(x,y)dxdy == [[(6—Xx—Yy)dxdy =
00 802 8

i) P(X+Y <3)=1{"1"(6 dxdy = >

(i) P(X+Y < )_g(j) g( —X—y)dx y_z

_P(x<1ny<3)

(ili) P(X <1]Y <3)= P(y<3)

123 5
But P(Y <3)=§(j)£(6—x—y)dxdy=§

Hence P(X <1]Y <3)=8 =3

00| Ulloo| W



P4:
The j.p.d.f. of (X,Y) is given by

F(X,y)= 2,0<x<1,0<y<x
77710, otherwise

a) Find marginal and conditional p.d.fs of x and y.
b) Check for independence of x and y.

Solution:
a) The m.p.d.f. of X is given by
fl(x):Zj)( f (x,y)dy:ZZdy:ZX
= f(x)=2x,0<x<1

The m.p.d.f. of Y is given by

fZ(Y)=if(x,y)dx=i2dx:2(1_y)

= f2(y):2(1—y),0< y<1l

The conditional p.d.f of X given Y is given by

) 2 1
f1|2(x|}’) = a " =

)  20-y) 1-y
The conditional p.d.f of Y given X is given by

, 2
f2|1(J’|x) = AP =

y<x<1

1
=—=—,0<x<1
f1(x) 2xX X x

b) Since fi(x) - L(y) =2x-2(1—y) =4x(1 —y) # f(x,y), X and Y are not
independent.



2.3

Mathematical Expectation

The term expectation is used for the process of averaging when a random variable
is involved. It is the number used to locate the centre of the probability
distribution (p.m.f or p.d.f) of a random variable. A probability distribution is
described by certain satisfied measures which are computed using mathematical
expectation (or expectation)

Let X be a random variable defined on a sample space S. Let g(.) be a function of
X such that g(X) is a random variable. Then the expected value of g(X) is
defined by

> a(x)p(x) if Xisad.rvwith pm.f. p(x)
X

E(g(X))=1 Y T ey
[ g(x) f(x)dx if X isacrvwithpd.f. f(x)

provided these values exist.
Mean and moments:

i. Let g(X) = X.Then, by formula (1), expected value of X is defined by
>xp(x)if X isad.rvwith pm.f. p(x)
X

[xf(x)dx if X isacrvwithpd.f. f(x)
—00

Then E(X) is called the mean of the random variable X and it is denoted by .

ii. Let g(X) = (X — A)" where A is an arbitrary constant and r is a non negative
integer. Then the formula (1) gives
Z(X—A)r p(x) if Xisad.rvwithpm.f. p(x)
' X
E(X-A) =pr =15 r
[ (x=A) f(x)dx if Xisacrvwithpd.f. f(x)

—00



The quantity E(X — A) is called the " moment about 4 and it is denoted by ...
If A = 0, then u, are known as Raw Moments.

iii. Letg(X) = (X — E(X))T = (X — w)".Then the formula (1) gives

Z(X—p)r p(x) if Xisad.rvwithpm.f. p(x)
X

E(X-p) =pr={ o ;
[ (x=p) f(x)dx if Xisacrvwithpd.f. f(x)

—00

The function E(X — p)" is called the r" central moment of X and it is denoted
by

iv. Ifr =2,thenu, = d? = E(X — n)? and it is known as the variance of the
random variable X and it is denoted by V/(X) or 2.

v. Mean (u) and variance (02) are important statistical measures of a
probability distribution.

Example 1: Let X be a d.r.v with the p.m.f. given below:

x _3 6 9
p(x) 1 1 1
6 2 3

Find E(X)and E(X?).
Solution:

E(X)—z 3t EX ot IXe e —s4343 =
=2, %P 6 2 3° 2 7

X
E(XZ)—Z 25 (x) = 9 X = + 36 X = + 81 X = = =
=2, 0P =9%g 2 3”2

X



Example 2: Find the expectation of the number on a die when thrown.

Solution: Let X be the random variable representing the number on a die when
thrown. Then X can take any one of the values 1,2,3,4,5,6 each with equal

probability %. Hence

E(X)—z —1><1+2><1+3><1+4><1+5><1+6><1
=2, Xp) =1xg 6 6 6 6 6

X

=Z(1+2+3+4+5+6) =

[N

6.7
)

7
— ET)()=='§

Example 3: Two unbiased dice are thrown. Find the expected values of the sum
of numbers of points on them.

Solution: Define X is the sum of the numbers obtained on the two dice and
X =2,3,4,...,12 and its probability distributionis given by

X

2 3 4 5 6 7 8 9
p(x)| 1 2 3 4 5 6 5 4 3 2 1
36 | 36 | 36 136 | 36 | 36 | 36 | 36 | 36 | 36 | 36

1 2 3 4 5
l;()() —-:§:JX}9(X) & 2 X:§2§'+ 3 X:§2§'+ 4 X:§;§'+ 5 X:§;§'+ 6 X:§;§'+

T X+ IX 410X+ 11X Z+12 X~
36 36 36 36 36 36

252

1
=§EQ+6+12+ﬂ%Hm+42+M%H%+80+2Z+ﬂ):§g=7

= EX) =7

Example 4: In four tosses of a coin, let X be the number of heads. Find the mean
and variance of X.




Solution: The sample space S consists of 2* = 16 outcomes and the following
table gives the outcomes and the value of X for each outcome is

S.No Out come X

1 TTTT 0

2 TTTH 1

3 TTHT 1

4 TTHH 2

5 THTT 1

6 THTH 2

7 THHT 2

8 THHH 3

9 HTTT 1

10 HTTH 2

11 HTHT 2

12 HTHH 3

13 HHTT 2

14 HHTH 3

15 HHHT 3

16 HHHH 4

1 4 6 4 1
The p.m.f of X is given in the following table:

X 0 1 2 3 4
p(x) 1 4 6 4 1
16 16 16 16 16

E(X)—Z —0><1+1><4+2><6+3><4+4><1
= 2 xpe) =0x% 16 16 16 6

X

_1! 0+4+12+12+4 —32—2
_16( )_16_

= EX) =2

VOO = B =2)* = ) (x = 2)% p(x)




1 4 6 4 1
=0-22x—+(1-2P°x—+2-2)"x—+B-22x—+(4-2)%*x—
( ) 16+( ) 16+( ) 16+( ) 16+( ) T

1 4 6 4 1 1 16
=4><—+1><—+0><—+1x—+4x——1—6(4+4+4+4)=—=1

16 16 16 16 16 16

=VX) =1
Example 5: Find the mean and variance of the random variable X, whose p.d.fis
given by

1

=, O<x<?2

f(x)=42

0, otherwise

Solution:

2
2
E(X) =%x.f (x)dx_l%x.dx_l{x—] =1-0=1
0 20 2

= Mean of the random variable X'is 1.

Variance = E(X — 1)? =

2

2 2 3
12 140 2 L (x-1)T ) 1 o2 1
g)(x 1) .f(x)dx_icj)(x 1) .dx_E 3 L_ixg_é

= Variance of the random variable X is %
Example 6: Find the mean of the random variable X whose p.d.f. is given by

—X
f(x): e, x>0 |
0 , otherwise



Solution:

0 12 X X o0 X _xT®
E(X) =[xf(x)dx==[xe *dx=|—xe + (e "dx=0+|—e =0+1=1
[ (xpx = [ xe X[ xe X e | =]

=FEX)=1
Theorems on Mathematical Expectation:

The following theorems are proved by assuming that the random variables are
continuous. If the random variables are discrete, the proof remains the same
except replacing integration by summation.

Theorem 1: If X is a random variable and a and b are constants then
E(aX + b) = aE(X) + b.

Proof: Let X be a c.r.v with p.d.f. f(x). Then

E(aX +b) =

T (ax+b) f (x).dx:aof X f(x) dx+bojo f(x).dx=aE(X)+b [ Of f (x).dx:lJ

Corollary 1: If b = 0, then E(aX) = aE(X)

Corollary2:If X =1and b = 0,then E(a) = a

Theorem 2: Addition Theorem of mathematical expectation.

If X and Y are random variables, then E(X + Y) = E(X) + E(Y) provided all the
expectations exist.

Proof: Let X and Y be continuous random variables with j.p.d.f.f (x, y) and
m.p.d.fs be f; (x) and f,(y) respectively. Then by definition,

EQX) = | x fy(x)dx and E(Y) = [ y.f(y)dy

—00 —00

Now, E(X +Y) = T of(x+ y) f(x,y).dx.dy

—00 —00



o0 o0

=[] xf(x,y)dxdy+ojo Ojoyf(X,Y)dXdy

—00 —00 —00 —00

7 xﬁ f(x,y)dy}dx+ i y[of f(X,y) dX}dy

—00 —00 —00 —00

:_T X fl(x)dx+_of y fp(y)dy=E(X)+E(Y)

“EX+Y)=EX)+E®)

Generalization: If X, X,, X5 ... X,, are random variables, then
EX{+X,+X3+-+X,) =EX,) + EX;) + E(X3) ... + E(X,,) provided all
the expectations exist.

Theorem 3: Multiplication Theorem of mathematical Expectations
If X and Y are independent random variables, then E(XY) = E(X) E(Y).
Proof: Let X and Y be continuous random variables with j.p.d.f.f (x, y) and

m.p.d.fs be f; (x) and f,(y) respectively. Then by definition,

E(X) = | xfi(x)dx.and E(Y) = [ y f,(y)dy

Now, E(X.Y) = | <[ (xy) F(x,y)dxdy

~ T T (x,y) fr(X) fo(y) dxdy (- X and Y are independent)

—00 —00

:@x fl(x)de(zy fz(y)dy]= E(X)E(Y)

Generalization: If X4, X5, X5 ... X;, are independent random variables, then
E(X1X,X3...X,) = E(X1)E(X2)E(X3) ... E(X},) .



Theorem 4: Mathematical expectation of a linear combination of random
variables.

Let X4, X5, X3 ... X,, be any n random variables and a4 ,a,, a3, ....a,, be anyn
constants. Then

E(a1X1 + a,X, + a3X3 + -+ a,X,) = a1E(X{) + a,E(X;) + azE(X3) + -+ a,E(X;,)
provided all the expectations exist.
The proof follows using Theorem 1 and generalization of Theorem 2.
Theorem 5: V(X) = E(X2) — (E(X))"
Proof: V(X) = E[X — E(X)]?
—F [XZ — 2XE(X) + (E(X))Z]
= E(X?) - 2E(X EQ0) + E(E(X))°
= E(X*) —2E(X)E(X) + (E(X))2 ~E(X) isa constantand E(E(X)) = E(X)
= V(X) = EX?) - 2(EC))° +(EX))
= V() = EX?) - (EX))
Note: The formula is simple to use instead of E(X — E(X))Z.

Theorem 6: If X is a random variable, and a and b are constants, then
V(ax + b) = a> V(X).

Proof:LletY = aX + b. ThenE(Y) = E(aX + b) = aE(X) + b and
Y — E(Y) = a(X — E(X))
S E(Y-E®))" = a?E(X - E(X))’

= V(Y) = a’V(X) = V(aX + b) = a?V(X)



Corollary 1: If a = 0, then V(b) = 0 i. e., variance of a constant is zero.
Corollary 2: If b = 0, then V(aX) = a?V(X)

Covariance: If X and Y are two random variables, then the covariance between
them is defined by

Cov(X,Y) = E[(X — E(X))(Y — E(Y))]

= E[XY — XE(Y) — YE(X) + E(X)E(Y)]
=E(XY)—-E ((XE(Y)) — E(YE(X)) +E(E(X)E(Y))
= E(XY) — E(X)E(Y) — E(Y)E(X) + E(X)E(Y)

= E(XY) — E(X)E(Y)

Note:

1. If X andY are independent, then Cov(X,Y) =0
2. Cov(aX,bY) = abCov(X,Y) where a and b are constants.
3. Cov(X +a,Y +b) =Cov(X,Y).

Theorem 7: Variance of a linear combination of random variables.

Let X4, X5, X3, ..., X,, be any n random variables and a4, a,,as, ...,a, are n
constants, then

v (z": aiXi> = z": a’V(X;) + 2 z": z": a;a;Cov(X; X;)

i=1 i=1 i=1 j=1

Proof:

n n n
Let U :_zlaixi , then E (U) =_zlaiE(xi)and U—EU) =_zlai (X-E(Xj))



= (U-EW)" =

élai (Xi-E(x}))" +2§1J§1 a2 (Xi ~E(Xi)( X -E(Xj)
i<j

= E(U-EW)" =

Zale(X -E(X )) +2§JZ_:1 8ja [(Xi_E(Xi))(XJ'_E(XJ'))}

:v(ga-x-] V(U)= zazv( )+2zz
=N = i=1j=1
i<j

aiaj COV(Xi ,Xj)

Note:

1. If X4, X,, X3, ..., X,, are independent, thenV[ZaI J Za,ZV( i)
| a4 =1

2. fa; =a,=1and a3z =--.=a,, = 0, then
V(Xl + Xz) = V(Xl) + V(Xz) + ZCOU(Xl,Xz)

3. fa; =1,a, =—1andaz =--.=a, =0, then
V(X1 — X2) =V(X1) + V(Xz) — 2Cov(X4,X3)
4. If X1 and X, are independent, then V(X + X,) = V(X;) + V(X3,)

Example 7: The j.p.d.f. of X and Y is given by

2—-Xx-Yy ,0<x<10<y<l
f(x,y)= _
(x.Y) {O , otherwise

Find

i m.p.d.fsof XandY
ii. c.p.dfsof XandY
iii. VX)andV(Y)



iv. Covariance between X andY

Solutions:

i i ; 2T 1 3
L ROO=F(xy)dy =](2-x=y)dy = 2y =Xy =5 | =2-X—5=5—X
0 0 0

2
0 . otherwise

3
——x ,0<xx<1
fl(X):{

3
Similarly fz(y):{ﬁ_y O<y<1

0 . otherwise

i fipGdy) =T =5 0<xy <1

L 2
_fxy) _ 2-x-y
and fon O1) = 550 = 50 <&y <1
1 (3 5
ii.  E(X) =(£xf1(x)dx:(j)x(§—dex:E and

t 1,03 1
E(X?) = [x2£ (x)dXx=[X?| = —x |dx ==
(X°) gxl(x)xgx(zxjx4
Thus V(X) =E(X?) — (E(X)) =2 -2 =1L

4 144 144

Similarly V(Y) = %

11 1
iv. EXY)=[[xyf(x,y)dxdy=] W(Z—x—y)dxdy:% (verify!)
00 0

o—

1 5 5 1
“ Cov(X,Y) = EXY) —EX)E(Y) = 2~ 505 = 7=



P1:

Let X be ad.r.v. with p.m.f given by

% . Xx=0
p(¥)=13
=, X=2
3 )
Find the mean and variance of X.
Solution:
1 2
Here p(0) = 3 andp(2) = 3
Then
E(X)—z COxitp2xoot

X

and

1 2 8
E(X?) = 2 =02 x=4+22x—=—
(X4) Exp(x) ><3 ><3 3

X

8 16 8
SV =EX) = (EX) =5- 5 =5

. 4 . . 8
Thus, mean is equal to 3 and variance is equal to 5



P2:

Find the mean and variance of the random variable, whose p.d.f. is given by

—AX
f (X) _ A€ , X > 0 -
0 .otherwise

Solution:

E(X)= Of x f (x)dx:o(jjx f (x)dx:kogxe_xxdx:k“¢J +%Te_7‘xdx}
0

—x\”
_alo-|® Py
J{o < H_x[kzj_k
and E(X?)= T %2 F (x)dx = [ X2 F (x)dx =2 | x2eMXdx
o 0 0

x2 g—X > o0 y g=AX 2% 2 1 2
=\ ' +2[ = dx :}{O+—jx.e_ de}?{—.—z}:—z
Aoy 0 A A0 Al o

Ths V(D) = B0~ (B 5 -5 =




P3:

A student doing a summer internship in a company was asked to model the life
term of certain equipment that the company makes. After a series of tests, the
student proposed that the life time of the equipment can be modeled by a
random variable X that has p.d.f.

X
10
Xe
f(x)= 100 x>0
0 . otherwise

a. Show that f(x) is a valid p.d.f.
b. What is the probability that the lifetime of the equipment exceeds 20?

c. Find the mean?

Solution:
. Consid f (x)dx=—= 10d
a. Consider (j) (x)dx 100(j)xe X
1 X7 w =X
—_= ]| 10 10
100 [ 10xe ] +10£e dx
0
X o0
_ 1o 10 -1 100=
=100 0 100[e } _100><100_1
0

Thus, f(x) isa valid p.d.f.

X

. X, X
b, P(X >20) = [ f(x)dx=-—-1|-10xe 10| +10]e 100x
20 100 20
20



1
~100

C. Mean=

1
~100

=0+

2002 — {100e 10
20
1 o0

E(X)= [ X T (x)x =15
0
X7 _X
20 7
10 10
10x%e } 00jxe dx
0

20 =20

X
2% 107x



P4:

A box contains a white and b black balls. ¢ balls are drawn at random. Find the
expected value of the number of white balls drawn.

Solution:

Let a variable X; associated with i* drawn, be defined as follows:

. _ |1 if the ™ ball drawniswhite
0.if the it ball drawnisblack

Then the number of S of white balls among ¢ balls drawn is given by

Cc

— E(S)= z E(X)

But P(X; = 1) = P( of drawinga white ball ) = —

a
a+b

and P(X; = 0) = P( of drawing a black ball ) = L

a+b

~EX)=1PX;=1)+0.PX:=0)=PX;=1) = ﬁ and hence

+

Cc

: a ac
E(S)=;E(Xi)=2a+b=a+b'

=1




2.6

Functions of Random Variables

The previous modules discussed basic properties of events defined in a given
sample space and the random variables used to represent those events. The
fundamental assumption that was made in those modules is that events can
always be defined by random variables. However, in many applications, the
events are functions of other events. For example, the time until a complex
system fails is a function of the time to failure of the individual components that
make up the system. This means that the random variable used to represent the
time to failure of the complex system is a function of the random variables used
to represent the times to failure of the component parts of the system. This
module deals with functions of random variables. Because of the complexity
involved in computing the c.d.fs and p.d.fs of multiple random variables, the
discussion is restricted to functions of at most two random variables.

Functions of One Random Variable: Let X be a r.v. with p.d.f. (or p.m.f.) fx (x)
and c.d.f. Fy(x). Let Y be the new random variable that is a function of X. That is,

Y =g(X)
Then we are interested in computing p.d.f (or p.m.f.) fy (y) and c.d.f. Fy(y) of Y.
For example, letY = X + 5. Then
Fr(y) =P <y)=P[X+5<y]l=PlX<y—-5]=F(y—5)

Linear Functions: Consider the function g(X) = aX + b, where a and b are
constants. The c.d.f of Y is given by

Fy(y)=P{Y <y}=PlaX +b < y]

- <22 -5 ()

a

where a is positive .The p.d.f. of Y is given by



FrO) = (B ) = = (e (52)) = (= (@) (&)

—b du 1
whereu =2= and = ==, Thus,
a dy a

=) =)k E)

If a < 0, we have,

FFy)=PY <y)=P@X+b<y)=P@X<y-D>)
=p(x2)=1-{plx<22|-P|x =22]} (va<0)

The change in sign on the second line arises from the fact that a is negative. If X is

]

continuous, P [ = = 0. Thus, the c.d.f and p.d.f for the case of negative a

are given by

Ro)=1-Plx<2

—b
=15 ()

Therefore, fy(y) = diy(FY()’)) == (2) fx (%)

Therefore, the general p.d.f. of Y is given by

fry) = |a|fX (y b)

Example 1: Find the p.d.f of Y in terms of the p.d.fof X ifY = 2X + 7.

Solution: From the results obtained above,
—7
Fy(y) = Fx (yT)

and  fy(y) = G) fx (312;7)



Power Functions: Consider the quadratic function Y = X?2. The plot of Y against X
is shown in the following figure where we see that for one value of Y there are

two values of X, namely VY and =Y.

y

Thus, the c.d.f of Y is given by
Fy(y) = P[Y <y] = P[X* <]
=P[IX| <.\[y], y>0
= P~ <X <]
= Fx(\y) = Fx (=)

The p.d.f of Y is given by

fr ) = L = L[ ((Y) = Fe(=yY)]

letu =,y = yz Thus — —y 2 and

fry) = % [Fx (\J¥) = Fx (=)
= = (F) 5+ 5 (R (-w)



- %y_% = (Fe ) + = (Fe (—w))]

= L2 () + f ()]

_ fx Wy)+fx (—Vy)
2.y

If fy (x) is an even function, then fy(x) = fy(—x) and Fxy(—x) = 1 — Fy(x).
Thus, we have

,y >0

£ () = OV D) _ 256D _ fx6)
Y 2y 24y N

Example2: Find the p.d.f of the random variable Y = X?, where X is the
standard normal random variable.

x2
Solution: Since the p.d.f. of X is given by fy(x) = \/%_n e 2 ,whichisaneven

function, we know that
Fr ) = Fx(\/y) = Fx(=/¥)
= 25 (y) - 1

Therefore, if we let u = ﬁ, then

CdFyQ) L dFy@) 1
fry) = o = 2— — v

=fo(\/§)

vy

1 Y
—me 2, y>0




Sum of Two Independent Random variables

Consider two independent continuous random variables X and Y. We are
interested in computing the c.d.f and p.d.f of their sum g(X,Y) =S =X 4+ Y. The
random variable S can be used to model the reliability of systems with stand-by
connections, as shown in fig.1 In such systems, the component A whose time-to-
failure is represented by the random variable X is the primary component, and
the component B whose time-to-failure is represented by the random variable Y
is the backup component that is brought into operation when the primary
component fails. Thus, S represents the time until the system fails, which is the
sum of the lifetimes of both components.

Iinput @ A #® Output

N

fig.1

Their c.d.f. can be obtained as follows:

F (s)=P[S<s]=P[X +Y SS]:y f, (X, y)dxdy

where D isthe set D = {(x,y)|x + y < s}, which is the area to the left of the line
s = x + y as shownin fig. 2.

Thus,
Fo(s)=[" %) £ (xy)dxdy =7 [7)f, (x) £, () dxdy
= (715 £ (0 et (v)ay

=" F(s—y)f,(y)dy



The p.d.f. of S is obtained by differentiating the c.d.f., as follows:

fo(5) = Fs ()= [ P (=9) B ()

=7 F (s (v)dy
= [t (s=y) £, (y)dy

where we have assumed that we can interchange differentiation and integration.
The expression on the right-hand side is a well-known result in signal analysis

D={(xy)|x+y<s}

fig.?2

called the convolution integral. Thus, we find that the p.d.f of the sum S of two
independent random variables X and Y is the convolution of the p.d.fs of the two
random variables; that is,

fs(S) = fx (S)fY(S)



Example 3: Find the p.d.f. of the sum of X and Y if the two random variables are
independent random variables with the common p.d.f.

1

fxw =fyw=1{g 0<u<4
0 otherwise

Solution: The limits of integration of the p.d.f of S = X + Y can be computed with
the aid of fig.3 When 0 < s < 4 (see fig.3 (a) where fy (s — x) is shown in
dashed lines),

s1 s
fo(s)=[. —dy=—
s(8)=Jo1s Y =15

For4 < s < 8 (see fig.3 (b)), we obtain

Thus,
S
— ,0s<4
16
s(6)=922 4<s<s8
16
0 , otherwise
ﬁ\-(.t') fr(s = x) £ () fr(s — %)
i ' :
I
: | | i
J § I I
[
| l | |
! i | |
| : 0 sS4 4 s
0 : 4
fig 3(a) fig 3(b)

Fig.3: Convolutionof p.d.fs(a) 0<s<4and(b) 4<s<8



The p.d.f of S = X + Y is illustrated in the following figure.

fs(s)

0 4 8

Example 4: The time X between consecutive snowstorms in winter is a random
variable with the p.d.f.

_ (AeAx x>0
fx() = {0 . otherwise

Assume it has not snowed up until now. What is the p.d.f. of the time U until
the second snowstorm?

Solution: Let X be the random variable that denotes the time until the first
snowstorm from the reference time, and let Y be the random variable that
denotes the time between the first snowstorm and the second snowstorm. If we
assume that the times between snowstorms are independent, then X and Y are
independent and identically distributed random variables. That is, the p.d.f of Y is
given by

_ Ae™ y=0
fr) = {O , otherwise

Thus, U = X + Y, and the p.d.f. of U is given by

fo ) = fo FeCOfy (u— x)dx



Since fy(x) = 0whenx <0, fy(u —x) = 0whenu —x < 0 (orx > u). Thus,
the range of interest in the integration is 0 < x < u, and we obtain

£, (u)=[; f, (x) f, (u=x)dx
= jg Ae e MU gy = A2 [ dx
0
=A2ue™ u>0
This is the Erlang — 2 distribution.

Note: A random variable X is said to follow Erlang-k distribution if its p.d.f. is
given by

k=1 ,—2x

fx) = k-1’ k=12,.;1>0,x=>0
0 . x<0

Sum of Two Discrete Random Variables

The examples above deal with continuous random variables.
Let Z =X + Y, where X and Y are discrete random variables. Then the p.m.f of Z
is given by

pZ(z)zP[Zzz]=P[X+Y=Z]=ZP[X:k,Y=2—k]
k<z

= pry[k;z — k]
k<2

If X and Y are independent random variables, then the p.m.f. of Z is the
convolution of the p.m.f of X and the p.m.f of Y. That is,

Py@ = pry(kz =1 = ) py(py (2= 1)
k<z k<z



Sum of Two Independent Binomial Random Variables

Let X and Y be two independent binomial random variables with parameters
(n,p) and (m, p), respectively and their sum be Z; thatis, Z = X 4+ Y. Then the
p.m.f of Z is given by

pz(z)=P[X +Y =2]

[X—kY:z—k]:Zn:P[X:k]P[Yzz—k]

U [sz )
¥t >“*”’10(EJKZTJ

n
Using the combinatorial identity (n+mj: > (n]( m j, we obtain
z k=o\k )\ z—k

I M: I M:

P2 (2)= (” : m) 0% (1-p)" ™

This result shows that the sum of two independent binomial random variables
with parameters (n,p) and (m, p) is a binomial random variable with parameter
(n+m,p).

Minimum of Two Independent Random Variables

Consider two independent continuous random variables X and Y. We are
interested in a random variable U that is the minimum of X and Y; that is,

U = min(X,Y). The random variable U can be used to represent the reliability of
systems with series connections, as shown in fig.4 .Such systems are operational
as long as all components are operational. The first component to fail causes the
system to fail. Thus, if in the example shown in fig. 4, the times-to-failure are



represented by the random variables X and Y, then S represents the time until
the system fails, which is the minimum of the lifetimes of the two components.

The c.d.f. of U can be obtained as follows:
Fy(u) =P[U <u] =P[minX,Y) <u]=P[X<u,X<Y)u({l <uX>Y)]

Since P[A U B] = P[A] + P[B] — P[A n B], we have that F; (u) = Fy(u) +
Fy(u) — Fyy (u,u). Also, since X and Y are independent, we obtain the c.d.f. and
p.d.f. of U as follows:

Fy(uw) = Fy(u) + Fy(u) — Fyy (w,u) = Fxy(u) + Fy(w) — Fxy (WFy (w)
fow) =< Fy(w) = fr@) + fr (W) — fyy )Fy (w) — F (w) fyy ()
= fr {1 = Fr (W} + fr {1 — Fr(w)}

Input @ A B # Output

fig.4
fig.4: Series connection modeled by random variable U

Example 5: Assume that U = min(X,Y), where X and Y are independent
random variables with the respective p.d.fs

fx(x) =2 x>0

fr(y) =pe™™ y=0
where A > 0 and u > 0. What is the p.d.f. of U?

Solution: We first obtain the c.d.fs of X and Y, which are as follows:

X
Fx(x)=P[X <x]= j leWdw =1 — e
0

y
F)=P[Y <y]= f pe ™ ™Wdw=1—e W
0



Thus, the p.d.f of U is given by
fu@) = frW{1 - Fy (W} + fy {1l - Fx(w}
= le Me M 4 yeHu oMU

= A+ e AW 4 >0
This is exponential distribution with mean Tin
U

Maximum of Two Independent Random Variables

Consider two independent continuous random variables X and Y. We are
interested in the c.d.f. and p.d.f. of the random variable W that is the maximum
of the two random variables; that is, W = max(X,Y). The random variable W can
be used to represent the reliability of systems with parallel connections, as shown
in

Input @—— £ Output

fig.5
fig.5: Parallel connection modeled by the random variable W

In such systems, we are interested in passing a signal between the two endpoints
through either the component labeled A or the component labeled B. Thus, as
long as one or both components are operational, the system is operational. This
implies that the system is declared to have failed when both paths become
unavailable. That is, the reliability of the system depends on the reliability of the
last component to fail.



The c.d.f of W can be obtained by noting that if the greater of the two random
variables is less than or equal to w, then the smaller random variable must also
be less than or equal to w. Thus,

Fy(w) =P[W <w] =Pmax(X,Y) <w]=P[X<w)n (Y <w)]
= Fyy(w,w)

Since X and Y are independent, we obtain the c.d.f and p.d.f of W as follows:
FW(W) = ny(W, W) = Fx(W)Fy(W)

fiw W) = =Fyyw) = fW)Fy(w) + Fy(w)f, (w)

Example 6: Assume that W = max(X,Y), where X and Y are independent
random variables with the respective p.d.fs:

fx(x) =2 x>0

fr(y) =pe™ y=>0
where A > 0 and u > 0. What is the pdf of W.

Solution: We first obtain the c.d.fs of X and Y, which are as follows:

X
Fy(x) =P[X <x] = f e Mdz=1—e
0

y
F0) = PIY <yl = [ petdz=1-e
0

Thus, the p.d.f of W is given by
fwW) = fy(W)Fy(w) + Fy (W) fy (w)
=le™™ (1 —e ™)+ pue ™ (1—-e)
= e ™™ + pe™™ — (A + pwe AV >0

1 1

1
Note that the mean of W is— + )
A u A+u



Two Functions of Two Random Variables

Let X and Y be two random variables with a given joint p.d.f fyy (x, y). Assume
that U and W are two functions of X and Y; thatis, U = g(X,Y) and

W = h(X,Y). Sometimes it is necessary to obtain the joint p.d.f of U and W/,
fuw (u, w), in terms of the p.d.fs of X and Y.

It can be shown that fy; (1, w) is given by

_ fxy (e1y1) |, fxy (x2,y2) Fxy Gen,yn)
fow (w,w) = UGyl Gyl J Genyn)l

where (x1,v1), (x2,V2), ..., (x,,, y,,) are real solutions of the equations
u=g(x,y)andw = h(x,y); and J(x, y) is called the Jacobian of the
transformation {u = g(x,y),w = h(x,y)} and defined by

dg dg

_|ox ay| o0g oh ag on

G y) = oh 0h ~Ox 0y 9y ox
dx dy

Example7:LetU = g(X,Y)=X+Yand W = h(X,Y) = X — Y. Find
fuow(uw).
Solution: The unique solution to the equationsu = x + yandw =x —y is

u+w u—w . . .
X =— and y = — Thus, there is only one set of solutions. Since

Ju Jdu
ox ay| 1 o1
JCoy) = ow ow _|1 —1|__2
dx Ody
we obtain
_frxy) 1 u+w u—wy 1 u+w u—w
fow ) = e = o () =g he ()



Application of the Transformation Method

Assume that U = g(X,Y), and we are required to find the p.d.f. of U. We can use
the above transformation method by defining an auxiliary function W = X or

W =Y so we can obtain the joint p.d.f. fyy (u, w) of U and W. Then we obtain
the required marginal p.d.f. f;; (u) as follows:

fuw) = j_ fuw (w, w)dw

Example 8: Find the p.d.f. of the random variable U = X + Y, where the joint
p.d.f.of Xand Y, fxy(x,y), is given.

Solution: We define the auxiliary random variable W = X. Then the unique
solution to the two equationsisx = wand y = u — w, and the Jacobian of the
transformation is

ou ou
_ox ay|_j1 o1y _
]("’”‘aw ow| 11 ol
dx Jy

-1

Since there is only one solution to the equations, we have that

_fxr (w,u—w)

fow (@, w) = —1] = fxr(w,u —w)

fu(w) =f fUW(u'W)szf fxy(w,u —w)dw

This reduces to the convolution integral. We obtained earlier when X and Y are
independent.



Example 9: Find the p.d.f. of the random variable U = X — Y, where the joint
p.d.f. of X andY is given.

Solution: We define the auxiliary random variable W = X. Then the unique
solution to the two equationsis x = wand y = w — u, and the Jacobian of the
transformation is

ou ou
_ox ay|_ 1 -1y _
JCoy) = ow ow _|1 0|_1
dx Ody

Since there is only one solution to the equations, we have that

fuw W, w) = fyy(w,w —u)
fu (W) =j fuw(u;W)szf fxy (w,w —u)dw

Example 10: The joint p.d.f of two random variables X and Y is given by
fxy(x,y). If we define the random variable U = XY, determine the p.d.f of U.

Solution: We define the auxiliary random variable W = X. Then the unique

u

solution to the two equationsisx = wandy = % =—, and the Jacobian of the

transformation is

ou ou
dx dy
ow Jdw
dx Ody

SR

Jx,y) =

Since there is only one solution to the equations, we have that

_fy(ey) 1 u
=T = it (vg)

1 u

fuw) = f_oo fuw (u, w)dw = f_‘” — fxy (W,—) dw

lwl w

fow (w,w)



P1:
Obtain the p.d.f.of Z = X + Y, where X and Y are two independent random
variables with the following p.d.fs:

1
fx(x)={m asxsh
0 ; otherwise
1
fy(y):{m ; c<y<d;d—c<b—a
0 ; otherwise

Solution:
The two p.d.fs are shown in the fig. 1. To evaluate the limits of integration of
the p.d.f. of Z, we consider the following regions represented by the diagram
shown in fig. 2.
Whenz <a+c, f;(z) =0.Whena+ c < z < a + d (see figure 2(i), we
obtain)

1 Z_Cd Z—C—a
f:0) = G = ay@- c)L RCEICEr

When a + d < z < b + c (see fig. 2(ii)), we obtain)

zZ—C 1
f2(2) =

dy =
When b + ¢ < z < b + d (see fig. 2(ii)), we obtain

b-a)(d—0) ), _, b—a

b+d-—z

(2) = —— jbd _
Aoy Teis B At C TS

fx(x) fr®

a b c d
Figure 1: p.d.fsof X and Y



f X (x) f X (x) f X (x)

Sfy(z—x) fy(z=x) fy(z=x)
] I I
i ! I
| | |
I | |
D . " ] 3 o] !
oy ' SATRA ' 5449 '
. . i |
35 o iz e £ = %
-daz—c 2 b Y a z—d z—c bz a z—d pz-c:

(i) (ii) (iii)
Figure 2: Convolution of the p.d.fs for different values z
Finally, when z > b + d, f;(z) = 0, thus, the p.d.f of Z is given by

( 0 , z<a+c
Z—a—c
b-Dd—0 ' a+c<z<a+d
1
fZ(Z)=<b_a : a+d<z<b+c
brd-z b+c<z<b+d
c <z
(b—a)ld—-—c) ' -
\ 0 , z>b+d

The p.d.fis graphically illustrated in the following figure which is a trapezoid.

Note that when b — a = d — ¢, the p.d.f reduces to an isosceles triangle
b+d .
centered at z = % In the special case when a = cand b = d, the

isosceles triangle is centered at z = a + b.
f.\' (x)

(2}



P2:
Find the p.d.f of U, which is the sum of X and Y that are independent
random variables with the following p.d.fs:

fx(x) = 2e7** , x>0

fr)=2ye™ |, y=0
Solution:
Since X and Y are independent random variables and the p.d.f of U is given by

fo ) = fo fe COfy (u—x) dx

u
= f le ™ 22 (u — x)e A u=x)gx
0
u
= A3~ M f(u — x)dx
0

_ x214 B 2
=A3e Au [ux_?] =/13€ Au [uz __]
0

_ /13u26—lu
2

/13uZe—lu
- 2
This is known as Erlang — 3 distribution.

u=0




2.6. Functions of Random Variables:

Exercise

1) The p.m.f. of X is given by

X -2 -1 1 2
8 8 8 8

Find the probability distribution of Y = 4X + 3.

2) Ar.v. X is exponentially distributed with parameter1. Find the p.d.f. of y = Vx

3) Let X be a c.r.v with p.d.f.

X
o) = {E , 1<x<5
0 , otherwise
find the p.d.f.ofy = 2X + 4
4) If the c.r.v X has the p.d.f.
2
“(x+1), —-1<x<?2
fx) = {9
, otherwise

find the p.d.f. of y = X?

5) Findthe p.d. f of W = X + Y where X and Y are independent r.v s with the
following p.d.fs:

fr(x)=1e™,x>0
and fyr(y) =ue ™™, y >0, where 1 # pu.

6) The j.p.d.f of two random variables X and Y is given by fyy (xy). Find the p.d.f

ofV=£
14



N

w

N

(92

(0]

ANSWERS

Y -5 -1 7 11
1267 1 3 3 1
8 8 8 8
_ {2y e’ y=0
SO {0 ) otherwise
y—4
.f(y)={ﬁ' 6<y<14
0, otherwise
2
ﬁ ,0 < y < 1
— 1 +1
O {a(%) 1<y<4
kO , otherwise
A (7w — g=aw) >
e e w=>0
fuw) = {H e
0, otherwise

fr @) =17 Iwl fry (ow, w)dw




2.7

Correlation coefficient and Bivariate Normal Distribution

Meaning of correlation:

In a bivariate distribution we may be interested to find out if there is any correlation
or covariance between the two variables under study. If the change in one variable
affects a change in the other variable, the variables are said to be correlated. If the
two variables deviate in the same direction, i. e., if the increase (or decrease) in one
results in a corresponding increase (or decrease) in the other, correlation is said to
be positive. But, if they constantly deviate in the opposite directions, i. e., if increase
(or decrease) in one results in corresponding decrease (or increase) in the other,
correlation is said to be negative. For example, the correlation between (i) the
heights and weights of a group of persons, and (ii) the income and expenditure; is
positive and the correlation between (i) price and demand of a commodity and (ii)
the volume and pressure of a perfect gas; is negative. Correlation is said to be perfect
if the deviation in one variable is followed by a corresponding and proportional
deviation in the other.

Karl Pearson’s Coefficient of Correlation:

As a measure of intensity or degree of linear relationship between two variables, Karl
Pearson, a British Biometrician developed a formula called correlation coefficient.
Correlation coefficient between two variables X and Y, usually denoted by p(X,Y)
or Pxy, is a numerical measure of linear relationship between them and is defined by

oxy _ cov(X)Y)

pPXY) = oxoy VX)) JV(Y)

where ayy = cov (X,Y) = E[(X —EX)) (Y —E®))].

o = V() = E[(x = EQO)| and 0y = V(¥) = E[(¥ = EO)]’



Note:

1. p(X,Y) provides a measure of linear relationship between X and Y. For non —
linear relationship, however, it is not suitable.

2. Karl Pearson’s correlation coefficient is also called product — moment correlation
coefficient.

Properties:

1. -1 < p(X,Y) < 1.If p = —1, the correlation is perfect and negative. If p = 1,
the correlation is perfect and positive.
2. Correlation coefficient is independent of change of origin and scale. That is, if

U=""andV ==, then p(U,V) = p(X,Y)
Theorem: Two independent variables are uncorrelated.
Proof:
Consider ayy = cov (X,Y) = E[(X —EX))(Y — E(X))]
= oy =EX,Y)-EX).ECY) .. (1)
If X and Y are independent, then
EXY)=EX).ECYY . (2)
From (1) and (2), if X and Y are independent, then p(X,Y) =0

The converse need not be true. That is, uncorrelated variables need not be
independent.

Example 1:Let X~N(0,1) and Y = X2. Then E(X) = E(X3) = 0.
Solution: Consider cov (X,Y) = E(XY) —E(X).E(Y) = E(X3®) — E(X).E(X?)
=0-0=0

= cov (X,Y) = 0 but X and Y are related by Y = X?2.



Thus, uncorrelated variables need not be independent.
Note: The converse is true if the joint distribution of (X, Y) is bivariate normal.

Example 2: The j.p.m.f of (X,Y) is given below:

X -1 1

Y
0 1 3
8 8
2 2
1 8 8

Find the correlation coefficient between X and Y

Solution : Computation of marginal p.m.fs
X
Y -1 1 g)

0 1 3 4
8 8
4
2 2 il
1 8 8 8
p(x) 3 5 1

8 8

We have

3 5 3 5 2 1
E(X)—ZXP(X)—(—1)X§+1X§——§+§—§—Z,
E(X) = $x?P(x) = (-1)? S+ 12 x 2=+ 2 = 1, then

v = Exd) - (o) =1- () =1-L =

4



Similarly, E(Y) =Yy g(y) =0x§+1x§—8

E(Y?) =Y y24(y) =02x§+ 12x§=§=§and

2 2
V) = B0 - (50) =3- (1) =3- 1=t
Further,E(XY)=0><(—1)x%+0x1x§+1x(—1)x§+1x1x§=0

Thus, cov (X,Y) = E(XY) — E(X)E(Y)

covXY) _ s — 1 — _02582

...p(X,Y)=—\/%W— 1_5><§_ N

Example 3: Two random variables X and Y have the joint probability density

function

_(2-x—y , 0<x<1,0<y<1
fxy) = { 0 otherwise

)

Find correlation coefficient between X and Y.

Solution: By symmetry in x and y we have f;(x) = f,(y), E(X) = E(Y) and
VX)=V()

The m.p.d.f X is given by

1 1 3
fl(X)=j0f(x,y)dy=j0(2—x—y)dy=§—x

if 0<x<1

3
Thus, fi(x) = {5 —x
0 , otherwise



Consider.

E(X)=lefl(x)dxzfolx(;_x>dxzjol(;x_x2>dx=%

s oo [ ()

Further,

E(XY) =L1J:xyf(x,y)dxdy =L1J:xy 2—-—x—y)dxdy

1 1 1 xz x3 xz 1
0 0 0 2 3 2
0
1

! 1y 2y
—fo y(1‘§‘§)dy—L y(§‘z)dy

_jlz o[ 11
L3 2)Y T3 6| T3 6

1
6

1
“EQXY) =2

2 52 25  36-25
Thus, V(X) = E(X?) — (E(X)) Z%_(ﬁ) Z%‘mz i44 Z%

and cov (X,Y) = E(XY) - EQE(Y) =2 — (= )2 _1_2 _24-25 1

12 6 144 144 144
-~ The correlation coefficient is given by

1 1
cov(X)Y) _ Taz Taz 1



Bivariate Normal Distribution:

The bivaraite normal distribution is a generalization of a normal distribution for a
single value.

Let X and Y be two normally correlated variables with correlation coefficient p. Let
EX) =, VX)=0f ,E(Y) =pyand V(¥) = 03,

Definition: The bivariate continuous random variable (X,Y) is said to follow
bivariate normal distribution with parameters u,, i, 62,0 and p if its p.d.f. is given
by

— _ 1 (x-m)* (x—u)(y—u2) | -u2)A].
f(x y) 210102 1—p? exp[ 2(1—,02){ a? Zp 0,07 T o2 }]'

—00 < X, Y, Ui, Uy <00, 04 >0,0, >0and -1 < p < 1.

Notation: (X, Y)~BN (uy, 4y, 02,0%, p). Read as (X, Y) follows bivariate normal
distribution with parameters u,, u,0f, 5% and p.

Note: The curve z = f(x,y) which is the equation of a surface in three dimensions is
called the Normal correlation surface.

Marginal p.d.fs of X and Y: The m.p.d.f of X is given by

fi(x) = f £ y)dy

Y H2

Letv = ,theny = u, + o,vand dy = g,dv

Therefore,

_ 02 o _ 1 x—pp\ 2 _ X—Hq 2
fl(x) " 2mo102/1-p2 f_oo exP[ 2(1-p?) {( o1 ) 2p U( o1 )+ v }] dv

e[| e | - 0 ()

[v p(x “1)] =t.Thendv = /1 — p? dt

Let
V1-p2



s filx) = [——(x ”1)] I exp (—f) dt
p[—— M) ]\/ﬁ

chrl

N2
= fi(x) =61$ﬁexp [—%(xd—fl) ]for—oo<x<oo

Similarly, it can be shown that

fz(Y)_Gre p[ yul)]for—OO<x<oo

Hence X~N(uy,0%) and Y~N (u,, 02).

Note: If (X,Y)~BN(uy, iy, 62,02, p ), then X~N(uy,0f) and Y~N (uy, 07)
Conditional p.d.fsof X and Y

The conditional probability density function (c.p.d.f.) of X for given Y is given by

f(x,y)
()

(
= p[zu pZ){(x #1) 20 () (59 + (5 uz) (1- (1_p2))}]

__ e S POV S N SO _ ot 200 _ )2
W ew exp[z(l_pz)af{(x H) ZpUZ(x 1)y .Uz)+0_22,0()’ 1) }]

f1|2( x|y ) =

1 -1 _ o 2
PN wd [2(1_[32)0% {(x t1) P, .Uz)} ]
I S [ S VRN DA
Therefore, f1)2(x|y) N e [2(1_/)2)0% {(x ) —p uz)}]
which is the univariate normal distribution with mean
EX|Y =y) = +p3t (= iz) and

VXY =y) = af(1—p?)



Thus, the c.p.d.f of X for fixed Y is given by
% 2 2
XY =y)~N i +p— O~ Ha) 0i (1 = p*)
2

Similarly, the c.p.d.f of Y for fixed X = x is given by

__ 1 -1 ) =% — V] -
f2|1(y|x) - szJl——,Dzexp I:z(l_pZ)o.zz {(y “2) p oy (X Ml)} ], o0 < y <

Thus, the c.p.d.f of Y for fixed X is given by

(VIX = )~N [u, + pj—j(x ~ w031 - p?)|

Example 4: If (X,Y)~BN (5,10, 1,25, p) where p > 0, find p when
P(4<Y <16|X =5)=0.954

Solution:
Here u; = 5,u, = 10, 0 = 1,07 = 25. We know that (Y|X = x)~N[u, 2]

where u = u, + p%(x — ) and 0? = 62(1 — p?).
1

Here st =10 + p X 2(5 — 5) = 10and 0 = 25(1 — p?)

Thus (Y|X = 5)~NJ[10,25(1 — p?)]. We want to find p so that
P(4<Y <16|X =5)=0.954

_Y-p _ v-10 4-10 16-10\ _
letZz == N(0,1)=>P(—a <z<* ) 0.954

=>P(—§<z<§)=0.954=>P(0<z<§)=0.477

6
From standard normal table, we have - = 2 = 0=3 = ¢g%2=9

9 9 16 4
25(1—p?) =9 =1—p?=— = p?=1——=— —X_08
= 25(1=p)=9=1-p"=7z=p 2525 P73



Example 5: Find cor(X,Y) for the jointly normal distribution

2x —y)% +2x
{@2x-y) y}],_oo<x,y<oo

fx,y) =

exp

1
21V/3 6

Solution: Given (X,Y)~BN (uy, 4y, 0,02, p ). Then its p.d.f. is given by

_ 1 1 (x — uy)? =)y —p2) | (v — p)?
L o e e |
We have
{2x-y)* + 2xy}]
xX,y) = exp |— ,—0 < x,y < 00
fen) =25 [ 5 y
. 1 4x%+y?—2
ie, f(xy)=o—=exp [—%] e —@)

Comparing (1) and (2), we get u; = u, = 0. Then (1) becomes

x> 2 X
) ! AT 3)
x,y) = exp|—
Y 210,041 — p? P 2(1-p?)

Comparing (2) and (3) , we find

1
01001 =p2 =3 ,0,2(1 - p?) =2, 0> (1 — p?) = 3and —L—— =~

o102(1-p2) 3

: 1
On solving we get 0,2 = 1,0,% = 4,p% = Z

Thus cor(X,Y) = p = \/% — i%

Example 6: Determine the parameters of the bivariate normal distribution

{16(x —2)2 —12(x—2)(y +3) + 9(y + 3)%}
216

f(x,y) = cexp

Solution: If (X, Y)~BN(uy, iy, 0,2, 0,2, p), then



((5) 2o (2) 2 + (22

2(1-p2)

exp |—

1
f(x, y) - 21040, /_1_p2

Comparing these functions, we get

1 16 1
210,054/ 1 — p? 216 2(1—p?)oy?

Ui = 27“2 =-3,c=

9 1 12 2p
216  2(1 —p2)o,2 '216  20,0,(1 — p?)

~(1=p*o? = 24—7 ,(1=p?)o? =12,0,0,(1 — p?) = 18p
= (1-po%0,> =81 = (18p)? = p* =,

Further, 0; = 3 and 0, = 4.

1 1 1
Thus, ¢ = =

2moy053/1-p% 5 v axa ’1_1 1213
4

1
« (X,Y)~BN (2,3,9,16, E)
Example 7: If X~N(u, 6%) and (Y|x)~N(x, 6?), show that
(X,Y)~BN(u, p, 6%,26%,p) .

Solution: We are given that

__1 _1(x=m\?] _
16 = e -4 <<

1 1 2]
g(ylx) = =—exp [—5(—) | e <y<w

+hGy) = g0 = gmzew |- {(F) + (22) ]

2102

Consider (%%)” = (7227)" = (2£)" 4 (52) - 2(52) (%)




Thus, h(x,y) =

[+ () 2 () )]
The bivariate normal p.d.f. is given by

floy) = m p[ 2(1- pz) {(x H) —2p (xafl) (y;_fz) * (y;_:‘Z)Z}]

On comparing h(x, y) with f(x,y), we get

1
0102\/1_92202 ) 012(1—102):502

0,0,(1 — p?) 2
=0
p

, 0*(1—p?) =a?, Hi=H=H1

. 1
On solving, we get p? = 5 0,% = 20%, 0,% = 02,

Thus, (X,Y)~BN (,u,,u,a 20 ,\/_)

Example 8: The variables X and Y are connected by the equation aX + bY + ¢ = 0.
Show that the correlation between them is —1 if signs of @ and b are same and +1
if they are different signs.

Solution: Given aX +bY +c=0=aEX)+bE(Y)+c =0

alX —EX)]+b[Y-EXY)]=0=>[X-EWX)] = —S[Y—E(Y)]

~covX,Y) =E[X-EXHY -E)}] = ——E(Y E(Y)) = ——ay and
ox? = E(X —EX))" = ZE(Y —EM))” =50y
cov(X,)Y) —BUYZ _ — —oy? . —%
9x'9y J oy? ﬁay |§|GY2 |§|

cov(X,Y) { 1 , if aand b have opposite signs
oo p = —-———--—=

Oy * Oy —1, if aand b have same signs



2.7 .Correlation coefficient and Bivariate Normal Distribution

Exercise:

1. Find the correlation coefficient between X and Y for each of the j.p.d.f.
f(x,y) of (X,Y) given below:

3

() f(xy)={5<x2+y2) . 0sxs<1, 0sys]
, otherwise

N _(c+y) 0<x,y<1

(i) floy)= { 0 ) otherwise

_ (2xy , 0<x<1, 0<y<l1

(i) fCoy) = { 0 ) otherwise

2. If X,Y and Z are uncorrelated r.vs with 0 mean and standard deviations 5, 12
and 9 repecitvelyand U = X + Y and V =Y + Z, then find the correlation
coefficient between U and V.

3. If X, Y, Z are uncorrelated r.vs having same variance, find the correlation

coefficient between (X + Y) and (Y + Z).

4. If the independent r.vs X and Y have variance 36 and 16 respectively, find the
correlation coefficient between (X +Y) and (X —Y).



1. (i) —0.2055

48
65

(i) ——

ANSWERS

(i) 0.8



